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Abstract. In the present article, we propose a numerical reso-
lution of the Caputo—Fabrizio temporal fractional wave equation
with non-homogenous Dirichlet and Neumann functional con-
ditions. We derive and analyze the semi- and fully discrete ap-
proximations using the introduced finite difference scheme for the
time Caputo—Fabrizio derivative and the finite element scheme
for the spacial derivative. Result of the existence and unique-
ness of the solution is discussed, stability and error estimates
are established. To support the theoretical studies, a numerical
example is given.
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Introduction

The theory of fractional calculus, or fractional derivatives, has a long and
rich history and has found numerous applications in various branches of
science, including physics, chemistry, engineering, and economics. Several
technical applications, such as inductance separation and related engineering
processes, can be found in the literature (see, for instance, [4] and [5]).
Although the study of fractional-order derivatives dates back to the early
development of classical differential calculus, significant progress has been
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achieved in recent decades. Many researchers have contributed to the devel-
opment of fractional calculus through both theoretical analysis and numer-
ical methods for solving fractional differential equations. Among the most
widely used numerical approaches are the finite difference method [21-23],
finite volume methods 14,27, finite element methods [11}/12}15,|18][24}25],
spectral methods [16}17}26].

As a consequence of the continuous development of fractional calculus
theory, Caputo and Fabrizio [10] recently introduced a new definition of the
fractional derivative. This definition assumes two distinct representations for
the temporal and spatial variables and has attracted considerable attention
due to the absence of a singular kernel, which makes it particularly appealing
for modeling various physical processes.

Antanga et al. in [3] presented a numerical solution of the RLC circuit
model using the fractional derivative without singular kernel. In [1], An-
tanga introduced several useful analytical tools related to this new definition
and applied them to the nonlinear Fisher reaction—diffusion equation. The
authors in [13] proposed an alternative representation of the diffusion and
diffusion—advection equations based on the Caputo—Fabrizio definition to
approximate both temporal and spatial derivatives. Furthermore, Atangana
and Alqahtani [2] developed a numerical approximation for the space-time
Caputo—Fabrizio fractional derivative and applied it to the groundwater pol-
lution equation.

Lui et al. [19] investigated the fractional Cattaneo equation using the new
fractional derivative and proposed a second-order Crank—Nicolson scheme for
its numerical solution. In a subsequent work [20], they developed a second-
order finite difference scheme for solving the quasilinear time Caputo—Fabrizio
fractional parabolic equation.

Boutiba et al. in [6] investigated the theoretical and numerical aspects
of fractional diffusion partial differential equations using the finite element
method. In [7], they studied the existence and uniqueness of solutions and
implemented three different time discretization methods: the Hammard-
Diethelm quadrature formula, the Riemann—Liouville and Caputo link, and
the Grunwald—Letnikov approximation, supported by detailed numerical ex-
amples. In [8], they considered two different representations for the tempo-
ral and spatial variables using the Caputo—Fabrizio fractional derivative and
proposed two numerical methods, establishing the stability and convergence
order with illustrative numerical results. Finally, in [9], they applied the
finite element method to solve a space-time fractional reaction—diffusion
equation and proved the existence and uniqueness of the solution together
with error estimates. In all these studies, only homogeneous and nonhomo-
geneous Dirichlet boundary conditions were considered

In the present work, we extend these investigations by considering nonho-
mogeneous Dirichlet and Neumann functional conditions for the space—time
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Caputo-Fabrizio fractional wave partial differential equation. This equation
is obtained by replacing the classical second-order temporal derivative in
the standard wave equation with the Caputo—Fabrizio fractional derivative,
leading to the following model:

oottty - P00 e, (@) € o] x 0.7,
u(a’at) - ¢a(t)v u(b7 t) = ¢b(t)7 le [O’ T] ) (1)
\ u(x,0) = go(x), w =q(x), z€]la,b],

where {¥D} denotes the time fractional derivative, introduced recently by
Caputo and Fabrizio [1,/10], and defined by

t 82 -\
D) = 52 [ gt e |75~ 0] d

for 1 < A< 2.

The organization of this paper is as follows. In Section [I, we introduce
the time discretization of the problem and study the existence and unique-
ness of the weak solution. We also analyze the unconditional stability and
derive error estimates for the semi-discrete scheme. In Section [2] we present
the fully discrete scheme and establish the corresponding error estimates for
problem . Finally, in Section , a numerical example is provided to illus-
trate the effectiveness of the proposed method and to support the theoretical
results.

1 Time discretization

In this section, we derive the semi-discrete variational formulation of prob-
lem . We then discuss the existence and uniqueness of the solution,
followed by a stability and convergence analysis of the proposed scheme.

1.1 Finite difference scheme

First, in order to approximate the temporal fractional derivative, the space
time need to be discretize as: t; = jAt, 7 =0,1,...,J, where At =T/J is
the time step. The second order derivative at t = t;;1 is approximated by
using the center difference scheme.
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Then, the Caputo-Fabrizio time fractional derivative is estimated as fol-
lowing:

j+1 2 —
DNl ty) = 3 [ Eutn e [ s — 9)]

2\ ae? 2
1 [ 92 1— A
- d.
Q_Akzg/t; 852 (SI; é)exp |:2 )\(]4’1 5):| 5
1 ¢ /%dﬂamﬂw—mm¢w+u@¢knx
22, AP
— .
X exp {m(tjﬂ — 5)] d¢ + EX
1 < "
=31 Z (T, t) Mg+ BXY (2)
k=0
such that
et (, 1) = u(w, tpi1) — 2u(w, tg) +u(w, tp1)
tt\ 4y -

At? ’
I 1—X, .
M, = exp {m(] - k:)At] — exp |:m(j —k+1)At|,

and Ei’;l is the truncation error witch is estimated by
EG < 0 A
(see |20]). Particularly, for £ = 0, we denote
u(z,t_y) ~ut =u(z,0) — AtuV(x,0) = go — Atg,.

Now, for the brevity sake, we set

Stu(z, tiv1) = Zutt z,t,) M

Then becomes
SEDMu(x,t540) = SMu(x, tj) + EAG

We will use S}u(x,t;,1) as an approximation of the time Caputo-Fabrizio
fractional derivative §*Du(z,t;41), and this leads us to the next finite
difference scheme of the problem ({1):

ST — AT = =01,
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After some adjustment, we have the following scheme:

J
w = dAwT =Y 0N+ df! (3)

k=-1

in which d = At*(A — 1)/ M, and

_ ) 2M =My, £=0,
Mo../\/‘;,k - _M?_k-t,-l + 2M;\—k — M?—k—l 1 S k S ] - 1a
oM} — M k=7

1.2 Existence and uniqueness of the variational solu-
tion

To introduce the variational form of , we need to define some functional
spaces with their norms:

HY(Q) = {w € L*(Q), Z—: € LZ(Q)} . Hy(Q) = {we H'(Q),w|so =0},

where L?(Q) is the space of measurable function whose square integrable in
Q. The inner products of L*(Q2) and H} () are defined respectively by

du dw
(u,w) = /Quwdx, (u,w), = (u,w) + (%, %) ,

and the corresponding standard norms are
2) 1/2

Then the fractional wave equation can be changed into a semi-discrete
variational problem

dw
lwll = (w, w)'"?, wwh:<wnw¥%:(wwﬁ+dHEE

j+1 ot Ow Zj k j+1 1
(U] ,w)+d W, % = ./V’],k(u ,w)+d(fj ,w), w € HO (Q) (4)
k=—1
In the first place, we denote
. . outt ow
Jj+1 — (pdF1
Bl w) = (o) +a (T 5

J
fi=Y_ Nk +df+,
k=-1

and L£(w) = (f1,w). Then we give the variational form in its concise form by

B w) = L(w).
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Lemma 1 For a sufficiently small step size time At, there exists a unique
solution vt satisfying and such that

[w ] < Ay

Proof. First, we need to prove the coercivity of the bilinear form 8B over
H}(Q). We have

B, W) = (uj+1’uj+1)+d(8uj+1 auj“),

oxr = Ox
Ouit! 2

ox

= P

(o

Next we prove the continuity of the bilinear form B over Hj(Q) x Hj ().
We can write

. . oIt ow
11 _ +1 ow
%(uj ,U)) - (U] ,U))—l-d( 8x 781’)’
. ot || Ow
< et + | %= | 52
<l el -

Moreover, we can prove that the linear form £(.) is continuous over
H}(w). Indeed, since f; € H}(Q) € H1(Q), we have

[L(w)] = ()] = [Lfll -y lewlly -
0

1.3 Stability analysis and error estimates

For further considerations, we need the following result.

Lemma 2 The semi discrete scheme 15 unconditionally stable, in the
sense that for all At > 0, it holds

[, < C (llgoll + At | gal])
forallj=0,1,...,J—1.

Proof. For the sake of simplicity and without loss of generality, we suppose
that f = 0.
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We will prove the lemma by mathematical induction. In , for j =0,

we get
1
(u w)+d(au 8w) ZMk u w

By taking w = u! and using ||u!|| < ||u1||1, we immediately obtain

[at]], < € (lgoll + At [|go]]) -

Now, suppose that
[a]], < € Clgoll + At llgnl])

holds for £k =0,1,..., 7, and let us prove that
||, < Cllgoll + At lgul]) -
In the semi-discrete scheme taking w = w/*!, we have

J
> Wil [l |

k=—1

J
< D Nl C lgoll + At [lgal) |

k=-—1
< C(llgoll + At gu]l) |||,

j+1H2
[

IN

From here it follows that

[, < Cllgoll + At flgal) -

Now we carry out the error analysis for our semi-discrete scheme.

Theorem 1 Assume that problem has an exact solution u(t;y1) att =
tit1, and let {uj“}jz_ol be the solution of the semi-discrete form subject
to the initial and boundary condition. Then we have the following error
estimates for 1 < \ < 2:

Juttsin) = w ], < CAH2 (el + Nl
Proof. First, denote .
e =u(tjp) —ut!

at t = tj4y for t; = 0,1,...,J — 1. Since the exact solution u(t;;;) also
satisfy the semi-discrete scheme, for all w € H}(Q), we have

ity )+ (2550 O S 0 )~ (B ) 9

k=—-1
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Thus, subtracting from (4 @, we obtain
, 853“ 8w 1
(91, )—|—d< 5 ZM’“ ehow) —d (BN w),  (6)
k=—1
and substituting w = &/*! in (6]), we get

+1 +1 , '
(g7 e ) +d (%, 0! ) Z Nk (5, 67T1) — (EJAJQI,gﬁl). (7)

k=—1
The left hand side of (7)) is equivalent to [|e7*1||,, hence,
ey < Z Nl [l + Al |-l ()
k=1

Now we will use the mathematical induction to get the error estimates
e, < C(an? (HuttHoo,o + HutttHoo,o) :

First, for j = 0 in (8), using the fact that ||£°]] = 0 and

et =ut_y) —ut = u(t_) — u(0) + Aty (0)
(At
2!

u (0) + O(A)?, (9)

we have

0
It < 32 WGl [leM - lletl + [ Bl -l

k=—1

< (Wortl [l )+ ol 1]l + d(A8)?. fluurll ) [
< C(ALP (Il + el ) I,
Now we suppose that
e, < can? (Huttum,o + il 0
holds for k =0,1,...,5. According to (7)) and (9), we get

[ < ZWM IH e )+l -l

k=-1

J
(Z NGkl (|5 + INoal - [|le7 || + d(ar)?. HutttHoo,0> 7]

IN



NUMERICAL SOLUTION OF A WAVE PDE WITH THE CAPUTO-FABRIZIO DERIVATIVE 9

Then
. 2 j
Il < (o NGl (A2 (Jluell s + el ) (10)

+C (Il + el ) ) 117

Since 0 < M, < 1 for all non negative integers k, we obtain

o741, < €8 (Il + )

and this complete the prove. [

2 Full discretization: Finite element scheme

We first present the full discrete scheme and then discuss the error estimates.
Define €2, as a uniform partition of €2, which is given by

a=rg<r1<...<xp=2>

where m is a positive integer. Let h = 1/m = x; — x;_1 and Q; = [z;_1, 2]
fori=1,2,...,m.
Define the space x}, as a set of piecewise polynomials of order n, n € N,
on ), as
xn={w e Hy(Q)NC(Q) : wlo, € P(Q)} .

Let u{fl be the finite element solution at ¢t = t;4;. Then we have the
following full discrete scheme of the problem for 1 < A< 2:

j+1 auﬁl Owy, d k j+1
(" on) +d | e S ) = Y Nk (i wn) +d (f7wn) - (1)

k=-—1

for all wy, € Y.
We can demonstrate that the full discrete scheme has a unique

solution u; at each time step j. Since x, C Hg(Q), similar to Lemma

we can show that also satisfy the conditions of Lax-Milgram Lemma.
Thus, we can conclude that we have the existence and uniqueness of the
solution )"

Now we present the principal convergence theorem.

Theorem 2 Let w/*! = u(x,t;41) be the exact solution of problem and
ufl be the finite element approximate solution of the full discrete scheme ((11)).
Assume that v/t satisfies

W™ e L2(0, T, HY(Q)) N L0, T, H"(Q))
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and
ul "t € L*(0,t, L*(Q))

with go, g1 € H"™Y(Q). Then the following error estimates holds:
ot ) < € (7 full s+ (A02 )
Proof. For t =t;;, define
gt = gt — uffl.

Similar to the proof of Theorem [T} we can show that the exact solution at
t = t;41 satisfies

(ultye)w) +a (21522, 5 = S N ulte)ow) — d (Bt w) - (12)

k=-1

Thus, subtracting from , we have
, (%JH Ow ;
A d N; d (B w). 13
@) d (%) = Z ()~ d (B w) . (13)
Taking w = &7 in (13)) and using the following estimate obtained in [24]
[ < € (Bl + (D2 el )
we get

7
) < (Z Nl 2] +dHEZ1H) 1]

k=—1

J
= (Z NGl Gl [+ ol 2] +d“wu) =1,

k=1

k=1

J
<C (Z NGl [+ B full o + (AL ||utt||oo,o) ||

Since 0 < M, < 1, we have

J
lE], < ¢ (Z 5] + R e g + (A2) ||utt||oo,o) :

k=1

Similar to the proof of Theorem [I, using the mathematical induction one
can show that

2, < € (Bl + (A0 el )

forall k=0,1,...,7+1. O
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3 Numerical Validation

In this section, we present the implementation of the proposed method and
provide a numerical example to support our theoretical results.

3.1 Implementation

For completeness sake, we will describe the implementation here. First,
let Sj, be the uniform partition of [a,b] and choose x; to be the space of
piecewise linear functions on S},

Xh = {w € Hy()NCKQ) :w|g, € Pl(Q)}.

Then we consider the following test functions ¢g, ¢1, ..., ¢, on x; defined
by
(T — Tj—1
— 0 T E[Ti1, T,
h T € [ 1,14
. — ZT; — X
¢l(x) - L7 €x 6 [I’Hx’b-‘rl])
h
L 0, elsewhere,
where 1 =1,2,...,m —1, and
T — T T — Ty
1h , T € [x0,71], Tl, T E [Tyo1, Tyl
Go(x) = Om(T) =
0, elsewhere, 0, elsewhere.

It is not difficult to see that the following result holds true.

Lemma 3 Fori=1,2,...,m — 1, we have

h L, |l - Z| =1,
(¢l(x)7¢z<x>> = 6 47 l = i)

0, elsewhere,

and

1, [1—i=1,
=1,

0, elsewhere.

(0204

We consider problem . Let us express u{fl by

m

uflﬂ = Z u{“gbl(x).

=0
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Fori=1,2,...,m — 1, we have

it "~ 100(z) Oi(x
(Zu ¢l<x>,¢i<x>>+d<zul 0ls) ¢a<>)

=0

=2 N (Z ufasl(x),@m) (7 6ul)).

k=-1

Applying Lemma [3, we obtain

ho . ) ) d . . . ,
g (th ) 4 (] -2 )

h < :
6 Z Nik (“?—1 + duf + “§+1) +d (f]H’ ¢Z(x)) .

k=-1

Thus, we arrive at the following matrix statement of :

J
(M +dK)U™ = " N KU* + dF7,

k=—1
where
4 1 0 0 -2 1 0 0 0
1 41 00 1 -2 1 0 O
M Al 0 1 4 0 0 K 1 0o 1 =2 0 0
B IR A : : : L :
000 -+ 41 o o o --- =2 1
000 --- 14 o o o --- 1 =2
(F141,61(x)) !
+1
pira_ | U0l and U= |
(fj+17 ¢m71(:€)) u%j,ll
3.2 Numerical Example
Consider the following problem:
( Pu(z,t
grpputa,t) ~ P00 pan), (e 0.1] % f0.1],
w(0,t) = 0,u(1,t) = 2, te0,1],
Oou(z,0)
\U(I,O)—O,T—O, $€[O,1],
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(1 e[S

342,

where
23
1—A

fla,t) =

The exact solution to this problem is u(z,t) =

The following tables show the approximation errors and convergence or-
der of the finite element method for a different values of A\. In Table [I]
we set k = Az = 0.1. In Table 2] we take k = Az = 0.01, a value small
enough to check the space error and convergence order, and in Table [3] we
set k = Az = 0.001.

Table 1: Error and convergence order for different values of A and Az = 1/10.

At A=12 A=15 A=1.7 A=19
err(E-3) | order | err(E-3) | order | err(E-3) | order | err(E-4) | order
1/10 6.164 - 9.626 - 14.16 - 5.659 -
1/20 | 3.721 0.73 | 5.988 | 0.68 9.476 | 0.58 1.939 1.55
1/40 | 2.040 0.87 3.331 0.85 5.169 0.79 | 0.5511 1.82
1/80 | 1.067 | 0.93 1.756 | 0.92 2936 | 090 | 0.1448 | 1.93

Table 2: Error and convergence order for different values of A\ and Az =

1/100.
At A=12 A=15 A=1.7 A=19
err(E-2) | order | err(E-2) | order | err(E-2) | order | err(E-4) | order
1/10 9.281 - 14.23 - 22.56 - 11.30 -
1/20 | 2.426 1.94 3.737 0.68 5.954 1.92 2.832 2.00
1/40 | 0.6098 1.99 | 0.9479 | 0.85 1.522 1.97 | 0.7013 | 2.01
1/80 | 0.1426 | 2.10 | 0.2292 | 0.92 | 0.3774 | 2.01 0.1741 2.01

Table 3: Error and convergence order for different values of A and Az =

1/1000.
At A=12 A=15 A=1.7 A=19
err(E-4) | order | err(E-4) | order | err(E-4) | order | err(E-4) | order
1/10 19.34 - 19.31 - 17.03 - 5.041 -
1/20 | 9.612 1.01 9.440 1.03 8.097 1.07 1.442 1.81
1/40 | 4.767 1.01 4.626 1.03 3.884 1.06 | 0.3739 1.95
1/80 | 2.329 1.03 | 2.223 1.06 1.806 1.10 | 0.09316 | 2.00
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Delta x=1/10
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The error of convergence E (x 1 0'3)
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lambda=1.2
lambda=1.5
lambda=1.7
lambda=1.9
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110 1/20

Time mesh-size h=A(t)

140

1/80

Figure 1: Convergence errors for Ax = 1/10, Az = 1/100 and Az = 1/1000.
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Figure 2: Convergence errors for Ax = 1/10, Az = 1/100 and Az = 1/1000.
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Figure 3: Convergence errors for Ax = 1/10, Az = 1/100 and Az = 1/1000.
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Figure 4: Convergence orders for Az = 1/10, Az = 1/100 and Az = 1/1000.
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Delta x=1/100
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Figure 5: Convergence orders for Az = 1/10, Az = 1/100 and Az = 1/1000.
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Figure 6: Convergence orders for Az = 1/10, Az = 1/100 and Az = 1/1000.
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4

Conclusion

In this paper, to solve the Caputo—Fabrizio temporal fractional wave equa-
tion, the finite difference method is used in the temporal direction while
we used the finite element method in the space direction. We proved the
existence and uniqueness of the weak solution, stability and convergence
analysis of the semi and fully discrete schemes are established.
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