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Abstract. We consider three-dimensional Lorentzian Egorov
and ε-spaces and show that the existence of proper biharmonic
helices in these manifolds is highly constrained and closely tied to
the causal character of the Frenet frame. In particular, we prove
that no proper biharmonic helices exist in Egorov spaces unless
the space is flat and the normal vector is spacelike. Furthermore,
we establish that no proper biharmonic helices exist in three-
dimensional ε-spaces.

Key Words: Biharmonic Curves, Frenet-Serret Equations, Lorentzian Met-
rics, Curvature, Torsion
Mathematics Subject Classification 2020: 53B25, 53C25

1 Introduction

The theory of harmonic and biharmonic maps has become a foundational
theme in differential geometry, with deep connections to the calculus of
variations and mathematical physics.

A smooth map ϕ : (Mm, g)→ (Nn, h) between Riemannian manifolds is
harmonic if it is a critical point of the energy functional

E(ϕ) =
1

2

∫
M

|dϕ|2 dνg =
1

2

∫
M

m∑
i=1

h(dϕ(ei), dϕ(ei))dνg,

where {ei} is a local orthonormal frame on M . Equivalently, ϕ is harmonic
if and only if its tension field vanishes:

τ(ϕ) = trg∇ϕdϕ =
m∑
i=1

(∇ϕ
ei
dϕ(ei)− dϕ(∇M

ei
ei)) = 0,

where∇ϕ is the pullback connection (the induced covariant derivative along ϕ).
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Introduced by Eells and Sampson [8] and further developed by Jiang [13],
biharmonic maps are critical points of the bienergy functional

E2(ϕ) =
1

2

∫
M

‖τ(ϕ)‖2 dνg,

and satisfy a fourth-order partial differential equation. The associated Euler–
Lagrange equation is the vanishing of the bitension field:

τ2(ϕ) = ∆ϕτ(ϕ)− trg(RN(dϕ(.), τ(ϕ))dϕ(.)) = 0,

where ∆ϕ = −trg(∇ϕ)2 is the rough Laplacian along ϕ, and RN is the
curvature operator of the target manifold N .

While every harmonic map is automatically biharmonic, the converse
does not hold in general. The study of proper biharmonic maps, those that
satisfy the biharmonic condition without being harmonic, has become an
active area of interest, highlighting various geometric constraints related to
the curvature and symmetry of the ambient space.

In [3], Caddeo et al. provided a classification of non-harmonic bihar-
monic submanifolds in the three-dimensional unit sphere S3. They showed
that such submanifolds are limited to circles, spherical helices, and parallel
spheres.

Among the most elementary yet structurally rich examples of bihar-
monic maps are biharmonic curves: smooth maps γ : I → (Mn, g) from
a one-dimensional domain into a Riemannian or pseudo-Riemannian man-
ifold whose bitension field vanishes. Several studies have addressed their
classification in various geometric contexts.

In [4], Caddeo et al. investigated proper biharmonic curves on surfaces
and proved that a non-geodesic biharmonic curve must lie on a surface with
constant positive Gauss curvature equal to the square of the geodesic curva-
ture. Furthermore, if the Gauss curvature is nonpositive, then all biharmonic
curves are geodesics.

Considerable attention has also been devoted to biharmonic curves in
Riemannian homogeneous manifolds and symmetric spaces. In [6], the au-
thors provided a complete classification and explicit parametrization of bi-
harmonic curves in three-dimensional Cartan-Vranceanu spaces. This study
was later extended to higher-dimensional analogues in [10]. Additional con-
tributions by Inoguchi [12] and Fetcu and Oniciuc [11] further illustrate how
the existence of proper biharmonic curves is deeply influenced by the under-
lying curvature and symmetry.

In a related setting, Caddeo et al. [5] classified proper biharmonic curves
in the Riemannian Heisenberg group, demonstrating how its geometric struc-
ture constrains such curves. In the Lorentzian case, Lee [14] extended this
analysis to the three-dimensional Lorentzian Heisenberg group. There, it
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was shown that proper biharmonic spacelike curves must be pseudo-helices
with spacelike normal vectors. These curves are also characterized as slant
curves, and their parametric forms were explicitly determined. This study
revealed that the existence of proper biharmonic helices, Frenet curves with
constant curvature and torsion, depends critically on the causal character
of the Frenet frame, a phenomenon that does not arise in the Riemannian
context.

While biharmonic curves have been extensively studied in Riemannian
manifolds, their extension to Lorentzian geometry introduces distinct chal-
lenges due to the presence of null directions and the indefinite nature of the
metric. The causal character of vectors and the complexity of the curvature
operator in Lorentzian manifolds significantly influence the behavior and
classification of such curves.

In this context, three-dimensional Lorentzian manifolds with large isome-
try groups provide a particularly interesting setting. These spaces, classified
according to the dimension of their isometry groups, include notable exam-
ples such as Egorov spaces and ε-spaces, which belong to the third stratum
in the classification developed by Patrangenaru [16]. These manifolds are
known for their rich structure [1]: they are conformally flat, admit parallel
null vector fields, and exhibit harmonic curvature properties. Such geo-
metric features make them natural candidates for further investigation in
Lorentzian geometry.

The present work is devoted to the analysis of biharmonic helices in
the three-dimensional Egorov and ε-spaces. Our approach is motivated by
the classification of Lorentzian manifolds with large isometry groups and
their role in the geometric study of curvature and symmetry. We aim to
determine whether proper biharmonic helices, those which are biharmonic
but not geodesic, can exist in these settings, and under what geometric and
causal constraints.

The structure of the paper is as follows. In Section 2, we recall key geo-
metric properties of Egorov and ε-spaces, including explicit expressions for
their Levi-Civita connections and curvature tensors with respect to pseudo-
orthonormal frames. Section 3 begins with a review of the Frenet-Serret
apparatus in Lorentzian three-manifolds and the definition of biharmonic
curves. We then formulate and analyze the biharmonic equation in each of
the two families of spaces under consideration.

Our results reveal that the existence of proper biharmonic helices is
highly constrained. Specifically, we prove that in Egorov spaces, such curves
may exist only in the flat case and only when the normal vector is spacelike.
In contrast, we show that no proper biharmonic helices exist in ε-spaces,
regardless of the causal configuration of the Frenet frame. These results
highlight the strong dependence of biharmonicity on the causal character of
the Frenet frame and the curvature properties of the ambient space.
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2 Lorentzian Manifolds with Large Isometry

Group and their curvature

In Riemannian geometry, an n-dimensional manifold admitting an isometry
group of dimension n(n − 1)/2 + 1 must be either of constant sectional
curvature or a product of an (n−1)-dimensional space of constant curvature
with a line or a circle. The Lorentzian case, however, admits greater diversity
due to the presence of invariant null submanifolds under isometry group
actions.

Let l0(n) > l1(n) > . . . be the strictly decreasing sequence of all possible
dimensions of isometry groups Iso(M, g) that an n-dimensional Lorentzian
manifold (M, g) can admit, and consists of all diffeomorphisms of M that
preserve the Lorentzian metric g. The maximal value is l0(n) = n(n+ 1)/2
realized precisely by spaces of constant sectional curvature (as in the Rie-
mannian setting).

Following [16], a connected Lorentzian manifold of dimension n is said to
belong to the j-th stratum if its isometry group has dimension exactly lj(n)
and it admits an effective isometric action by a Lie group of that dimension.
This defines a stratification of Lorentzian manifolds according to symmetry
“size”, with lower j indicating higher symmetry.

The first three strata have dimensions:
Startum 0: l0(n) = n(n+ 1)/2.
Startum 1: l1(n) = n(n− 1)/2 + 2.
Startum 2: l2(n) = n(n− 1)/2 + 1.

These strata were studied and classified in detail in [16]. A key insight in
this context is that pseudo-Riemannian manifolds admitting large isometry
groups are likely to be homogeneous. Patrangenaru [16] demonstrated that
Lorentzian manifolds in the first two strata 0 and 1 are indeed homogeneous
with constant curvature. Furthermore, the classification in the third stratum
(for n > 5 and n 6= 7) shows that besides constant curvature spaces Mn

1 (c),
and product manifolds such as Mn−1(c) × R1 or R ×Mn−1

1 (c), additional
examples include:
Egorov spaces: These are Lorentzian manifolds, first introduced by
I.P. Egorov in [9], of the form (Rn, gf ), where f is a positive function of
a real variable and the metric is defined by

gf = f(xn)
n−2∑
i=1

(dxi)
2 + 2dxn−1dxn.

ε-spaces: These are Lorentzian manifolds (Rn, gε), equipped with the
metric

gε =
n−2∑
i=1

(dxi)
2 − dxn−1dxn + ε

n−2∑
i=1

(xi)
2(dxn−1)

2.
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ε-spaces provide examples of irreducible Lorentzian symmetric spaces and
also serve as models for certain non-symmetric spaces [7, 17].

In [1], curvature properties of Lorentzian n-dimensional manifolds, ad-
mitting a group of isometries of dimension at least n(n − 1)/2 + 1, are
completely described. Interesting behaviors are found such as local sym-
metry, Einstein conditions, conformal flatness, and Einstein-like conditions
were thoroughly analyzed. Their role in the theory of Ricci solitons was
further explored in [2].

Among all Lorentzian manifolds in the third stratum of this classification,
Egorov spaces stand out as the only examples that may fail to be symmetric
or even homogeneous. As shown in [1], an Egorov space is locally symmetric
if and only if its defining function satisfies

f ′2 − 2ff ′′2 = k

for some real constant k. Moreover, it is locally homogeneous if and only if
either it is locally symmetric, or satisfies

f ′2 − 2ff ′′ =
cn

(xn + d)2
f 2,

for some real constants cn 6= 0 and d ∈ R. Furthermore, Egorov spaces
possess a parallel null vector field ∂n−1, placing them within the class of
Walker manifolds [1].

In this work, we restrict our attention to the three-dimensional case (n =
3). Throughout this paper, the Levi-Civita connection associated with the
Lorentzian metrics gf and gε is denoted by∇. We adhere to the convention in
which the curvature tensor R is computed as R(X, Y ) = ∇[X,Y ]− [∇X ,∇Y ].

In this section, we present a detailed description of the geometry of the
three-dimensional Egorov spaces (R3, gf ) and ε-spaces (R3, gε). In particular,
we compute the components of their Levi-Civita connections and curvature
tensors with respect to a suitably chosen pseudo-orthonormal frame.

2.1 Connection and Curvature of Egorov Spaces (R3, gf)

Consider the three-dimensional Egorov space (R3, gf ), where the Lorentzian
metric is given by

gf = f(x3)dx
2
1 + 2dx2dx3. (1)

We define the pseudo-orthonormal frame field {e1, e2, e3} as

e1 =
1

2
∂x2 + ∂x3 , e2 =

1√
f
∂x1 , e3 = −1

2
∂x2 + ∂x3 , (2)

with metric relations

gf (e1, e1) = gf (e2, e2) = 1, gf (e3, e3) = −1,
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and Lie bracket structure

[e1, e2] = − f
′

2f
e2, [e2, e3] =

f ′

2f
e2, [e1, e3] = 0.

The Levi-Civita connection ∇ for (R3, gf ) is determined by

∇e1e1 = ∇e1e2 = ∇e1e3 = ∇e3e1 = ∇e3e2 = ∇e3e3 = 0, (3)

∇e2e1 = ∇e2e3 =
f ′

2f
e2, ∇e2e2 = − f

′

2f
(e1 − e2).

The non-vanishing curvature components with respect to {e1, e2, e3} are

R(e1, e2)e1 = R(e1, e2)e3 = −R(e2, e3)e1 = −R(e2, e3)e3 =
(f ′)2 − 2ff ′′

4f 2
e2,

R(e1, e2)e2 = −R(e2, e3)e2 = −(f ′)2 − 2ff ′′

4f 2
(e1 − e3) , (4)

along with those obtained from the standard symmetries of the curvature
tensor.

2.2 Connection and Curvature of ε-Spaces (R3, gε)

Now consider the ε-space (R3, gε), equipped with the Lorentzian metric

gε = dx21 − dx2dx3 + εx21dx
2
2. (5)

We define the pseudo-orthonormal frame field {e1, e2, e3} as

e1 = ∂x2 +
(
εx21 − 1

)
∂x3 , e2 = ∂x1 , e3 = ∂x2 +

(
εx21 + 1

)
∂x3 , (6)

with metric relations

gε(e1, e1) = gε(e2, e2) = 1, gε(e3, e3) = −1,

and Lie bracket structure

[e1, e2] = −[e2, e3] = εx1 (e1 − e3) , [e1, e3] = 0.

The Levi-Civita connection ∇ for (R3, gε) is given by

∇e1e1 = ∇e1e3 = ∇e3e1 = ∇e3e3 = −εx1e2, (7)

∇e1e2 = ∇e3e2 = εx1 (e1 − e3) ,

with all other covariant derivatives vanishing.
The non-zero curvature components (up to symmetry) are

R(e1, e2)e1 = R(e1, e2)e3 = −R(e2, e3)e1 = −R(e2, e3)e3 = −εe2,
R(e1, e2)e2 = −R(e2, e3)e2 = ε (e1 − e3) .
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3 Biharmonic Curves

In this section, we begin by recalling some fundamental results concerning
the Frenet-Serret frame in the setting of three-dimensional Lorentzian man-
ifolds. We then introduce the notions of biharmonic curves and helices in
this context and proceed to examine the conditions under which such curves
can exist in Egorov and ε-spaces.

3.1 Frenet-Serret Equations in Lorentzian 3-Manifolds

Let γ : I ⊂ R → M3 be a smooth unit-speed curve in a three-dimensional
Lorentzian manifold (M3, g), where the tangent vector γ′ satisfies g(γ′, γ′) =
ε1 = ±1, indicating its causal character: spacelike when ε1 = 1, and timelike
when ε1 = −1. A unit-speed curve γ is called a Frenet curve if the covariant
derivative ∇γ′γ

′ is non-null, i.e., g(∇γ′γ
′,∇γ′γ

′) 6= 0.

For such curves, we can define an orthonormal Frenet frame {T,N,B}
along γ, where:

T = γ′ is the unit tangent vector,

N =
∇γ′γ

′

‖∇γ′γ′‖
is the principal normal vector,

B is the binormal vector, determined uniquely (up to orientation) by requir-
ing {T,N,B} to form a positively oriented pseudo-orthonormal frame.

The construction of the Frenet frame and the Frenet-Serret equations in
Lorentzian signature has been described, for example, in [18] (Section 2.2,
p. 5), and is carried out explicitly in the context of Lorentzian 3–manifolds
(see, for instance, [15] and [14]).

The Frenet-Serret equations in this setting are

∇TT = ε2κN,

∇TN = −ε1κT + ε3τB,

∇TB = −ε2τN,

where κ = ‖∇γ′γ
′‖ and τ denote the geodesic curvature and torsion of γ,

respectively. The constants ε2 and ε3 are determined by the causal characters
of N and B, such that g(N,N) = ε2, g(B,B) = ε3, and they satisfy the
identity ε1ε2 = −ε3.

A Frenet curve is a geodesic if and only if κ = 0. Furthermore, if both κ
and τ are constant, the curve is referred to as a pseudo-helix. A pseudo-circle
is a special case of a Frenet curve where τ = 0 and κ is constant.

To describe the Frenet frame explicitly, we consider an oriented Lorentzian
manifold (M3, g) of signature (+,+,−), and let {e1, e2, e3} be a local posi-
tively oriented pseudo-orthonormal frame, where e1, e2 are spacelike and e3
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is timelike. For vector fields

X =
3∑
i=1

Xiei, Y =
3∑
i=1

Yiei,

the Lorentzian cross product X × Y is defined by

X × Y =

∣∣∣∣∣∣
e1 e2 −e3
X1 X2 X3

Y1 Y2 Y3

∣∣∣∣∣∣ ,
or equivalently,

X × Y = (X2Y3 −X3Y2) e1 − (X1Y3 −X3Y1) e2 − (X1Y2 −X2Y1) e3.

The minus sign in the third column reflects the Lorentzian signature (+,+,−).
The vector field X × Y is the unique vector field satisfying

g(X × Y, Z) = det(X, Y, Z) for all Z,

where the determinant is computed with respect to any local positively ori-
ented pseudo-orthonormal frame.

Applying this to the Frenet frame {T,N,B}, the following cyclic relations
hold:

T ×N = ε3B, N ×B = ε1T, B × T = ε2N. (8)

Finally, decomposing the Frenet vectors with respect to {e1, e2, e3}

T = T1e1 + T2e2 + T3e3, N = N1e1 +N2e2 +N3e3, B = B1e1 +B2e2 +B3e3,

where Ti, Ni, Bi are smooth real-valued functions. Using (8), we obtain the
component relations:

ε3B1 = T2N3 − T3N2, ε3B2 = T3N1 − T1N3, ε3B3 = T2N1 − T1N2, (9)

ε1T1 = N2B3 −N3B2, ε1T2 = N3B1 −N1B3, ε1T3 = N2B1 −N1B2,

ε2N1 = B2T3 −B3T2, ε2N2 = B3T1 −B1T3, ε2N3 = B2T1 −B1T2.

3.2 Biharmonic Curves in Lorentzian Manifolds

Let ϕ : (Mm, g)→ (Nn, h) be a smooth map between two pseudo-Riemannian
manifolds. The tension field of ϕ, denoted by τϕ, measures how far is from
being a harmonic map, and is defined as

τϕ = trace∇ϕdϕ =
m∑
i=1

εi
(
∇ϕ
ei
dϕ(ei)− dϕ(∇eiei)

)
,
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where {ei} is a local pseudo-orthonormal frame on (Mm, g), and ∇ϕ is the
pullback connection induced by the Levi-Civita connection on (Nn, h). A
map ϕ is said to be harmonic if its tension field vanishes identically, i.e.,
τϕ = 0.

A natural generalization of harmonic maps is given by biharmonic maps,
which are critical points of the bienergy functional:

E2(ϕ) =

∫
M

‖τϕ‖2 dυg.

The Euler-Lagrange equation for E2 leads to the bitension field τ2(ϕ), given
by

τ2(ϕ) =
m∑
i=1

εi

((
∇ϕ
ei
∇ϕ
ei
−∇ϕ

∇eiei

)
τϕ −RN(τϕ, dϕ(ei))dϕ(ei)

)
,

where RN denotes the curvature tensor on the target manifold. A map ϕ is
called proper biharmonic if it is biharmonic but not harmonic, i.e., τϕ 6= 0
and τ2(ϕ) = 0.

In the case of a curve, that is, a smooth map γ : I ⊂ R → (M, g)
defined on a one-dimensional interval and parametrized by arc-length, γ is
an isometric immersion of I into M . In this setting, the tension field reduces
to τγ = ε1∇γ′γ

′, and the biharmonic condition simplifies to the vanishing of
the bitension field:

τ2(γ) = ∇3
γ′γ
′ −R(∇γ′γ

′, γ′)γ′ = 0.

This condition characterizes biharmonic curves in any pseudo-Riemannian
manifold. For curves with vanishing tension field, the equation reduces to
that of a geodesic, highlighting that geodesics are trivial solutions of the
biharmonic condition.

3.3 Biharmonic Helices in Egorov Spaces (R3, gf)

Building on the general framework for biharmonic curves in Lorentzian man-
ifolds, we now turn our attention to the three-dimensional Egorov space
(R3, gf ), where the Lorentzian metric takes the form (1). These manifolds
exhibit a distinctive geometric structure, characterized by the presence of
a parallel null vector field and non-constant curvature. Unlike standard
models with uniform curvature (such as Minkowski, de Sitter, or anti-de
Sitter space), Egorov spaces allow for richer behavior of curves due to their
dependence on the defining function f(x3) (see [1]).

In this section, we examine the existence and characterization of bi-
harmonic helices, i.e., Frenet curves with constant geodesic curvature and
torsion, within this particular class of Lorentzian manifolds.
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Our goal is to determine the conditions under which such helices exist,
when they are proper biharmonic (i.e., biharmonic but not geodesic), and
how the form of the function f(x3) influences their geometry.

To proceed, we consider a Frenet curve γ : I ⊂ R→ (R3, gf ), parametrized
by arc-length and satisfying gf (γ

′, γ′) = ε1 = ±1. Along this curve, we de-
fine a Frenet frame field {T = γ′, N,B}, where gf (N,N) = ε2 = ±1 and
gf (B,B) = ε3 = ±1.

Using the Frenet-Serret equations, the bitension field simplifies as follows

τ2(γ) = ∇3
TT + ε2κR(T,N)T.

In order to characterize the conditions under which a Frenet curve in (R3, gf )
is biharmonic, we now analyze the bitension field in more detail. To carry out
this computation, we begin by expanding ∇3

TT using the Frenet equations.
This gives

∇3
TT = 3ε3κκ

′T +
(
ε2κ

′′ − κ
(
ε1κ

2 + ε3τ
2
))
N − ε1 (2κ′τ + κτ ′)B.

Next, we express the Frenet frame in terms of the pseudo-orthonormal frame
{e1, e2, e3} defined by (2). We write the decomposition

T = T1e1 + T2e2 + T3e3, N = N1e1 +N2e2 +N3e3, B = B1e1 +B2e2 +B3e3,

with real-valued smooth functions Ti, Ni, Bi.
With respect to the Frenet frame {T,N,B}, the curvature termR(T,N)T

can be expressed as

R(T,N)T = ε2gf (R(T,N)T,N)N + ε3gf (R(T,N)T,B)B.

Using the curvature components (4) together with the Lorentzian vector
product identities (9), we compute the scalar terms of R(T,N)T as follows

gf (R(T,N)T,N) =
(f ′)2 − 2ff ′′

4f 2
(T2N1 − T1N2 + T2N3 − T3N2)

2

=
(f ′)2 − 2ff ′′

4f 2
(B1 +B3)

2,

and

gf (R(T,N)T,B) =
(f ′)2 − 2ff ′′

4f 2
(B1T2 −B2T1 +B3T2 −B2T3)

· (N1T2 −N2T1 +N3T2 −N2T3)

=
(f ′)2 − 2ff ′′

4f 2
(−ε2N1 − ε2N3)(ε3B1 + ε3B3)

= ε1
(f ′)2 − 2ff ′′

4f 2
(N1 +N3)(B1 +B3).
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Substituting into the biharmonic equation τ2(γ) = 0, we obtain

3ε3κκ
′T +

(
ε2κ

′′ − κ
(
ε1κ

2 + ε3τ
2
)

+ κ
(f ′)2 − 2ff ′′

4f 2
(B1 +B3)

2

)
N

−
(
ε1 (2κ′τ + κτ ′) + κ

(f ′)2 − 2ff ′′

4f 2
(N1 +N3)(B1 +B3)

)
B = 0.

This leads to the following result

Proposition 1 Let γ : I ⊂ R→ (R3, gf ) be a Frenet curve parametrized by
arc-length. Then γ is a proper biharmonic curve if and only if

κ = constant 6= 0,

ε1κ
2 + ε3τ

2 =
(f ′)2 − 2ff ′′

4f 2
(B1 +B3)

2,

τ ′ = ε1
2ff ′′ − (f ′)2

4f 2
(N1 +N3)(B1 +B3).

To investigate biharmonic helices in the three-dimensional Egorov space
(R3, gf ), we consider the case where the torsion τ is constant. Under this
assumption, the third condition from the preceding proposition reduces to
the following constraint:(

2ff ′′ − (f ′)2
)

(N1 +N3)(B1 +B3) = 0.

We now analyze the implications of this identity according to the causal
character of the Frenet frame. Note that the sign of the product ε1ε3 deter-
mines the causal nature of the normal vector N .

Case 1: If the normal vector is timelike, i.e., ε2 = −1.
This corresponds to the situation where both the tangent vector γ′ and

the binormal vector B share the same causal character (both spacelike or
both timelike), so that ε1ε3 = 1.

We first assume that 2ff ′′ − (f ′)2 = 0. This condition characterizes
the Egorov space (R3, gf ) as flat. Substituting into the second condition of
the proposition leads to both the curvature κ and the torsion τ vanishing
identically. However, this contradicts the assumption that the curve is a
proper biharmonic helix. A similar contradiction arises if we suppose B1 +
B3 = 0.

Now, consider the case N1 +N3 = 0. Since

gf (N,N) = N2
1 +N2

2 −N2
3 = ε2 = −1,

the condition N1 +N3 = 0 implies

gf (N,N) = N2
1 +N2

2 − (N1)
2 = N2

2 .
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Consequently, N2
2 = −1, which is impossible for a real-valued function N2.

Hence, the case N1 +N3 = 0 cannot occur. It follows that no proper bihar-
monic helices exist in (R3, gf ) when the normal vector is timelike (i.e., when
ε2 = −1).

Case 2: If the normal vector is spacelike, i.e., ε2 = 1.
In this case, the tangent vector γ′ and the binormal vector B have oppo-

site causal characters, which implies ε1ε3 = −1. Hence, the second condition
in the biharmonic characterization becomes

κ2 − τ 2 = ε1
(f ′)2 − 2ff ′′

4f 2
(B1 +B3)

2. (10)

Using the components of the Levi-Civita connection (3), we express ∇TN
and ∇TB with respect to the pseudo-orthonormal basis (2) as follows:

∇TN =

(
N ′1 −

f ′

2f
T2N2

)
e1 +

(
N ′2 +

f ′

2f
T2 (N1 +N3)

)
e2

+

(
N ′3 +

f ′

2f
T2N2

)
e3,

∇TB =

(
B′1 −

f ′

2f
T2B2

)
e1 +

(
B′2 +

f ′

2f
T2 (B1 +B3)

)
e2

+

(
B′3 +

f ′

2f
T2B2

)
e3.

Then, using the Frenet-Serret equations, we obtain

N ′1 +N ′3 = −ε1κ (T1 + T3) + ε3τ (B1 +B3) , (11)

B′1 +B′3 = −ε2τ (N1 +N3) .

Let us now explore the possible solutions.
If B1 + B3 = 0, then from equation (10), we have τ = ±κ 6= 0. Since

τ 6= 0, the second equation in (11) implies N1 + N3 = 0. Substituting
N1 + N3 = 0 into the first equation of (11) yields T1 + T3 = 0. Thus, we
obtain

T1 + T3 = N1 +N3 = 0.

This leads to

gf (T, T ) = T 2
1 + T 2

2 − T 2
3 = T 2

2 = ε1,

gf (B,B) = B2
1 +B2

2 −B2
3 = B2

2 = ε3,

which contradicts the assumption that ε1ε3 = −ε2 = −1. Therefore, this
case cannot occur.
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Now, if N1 +N3 = 0, then the first equation of (11) implies

T1 + T3 = −τ
κ

(B1 +B3) . (12)

On the other hand, from (9) we have, since N2
2 = ε2 = 1,

B1 +B3 = ε3 (T2N3 − T3N2) + ε3 (T2N1 − T1N2) ,

= −ε3N2 (T1 + T3) ,

= ±ε3 (T1 + T3) .

Combining this with equation (12), we obtain

(τ ± ε3κ) (B1 +B3) = 0.

As we already excluded the case B1 +B3 = 0, we have τ = ±κ. Substituting
this into equation (10), we get(

(f ′)2 − 2ff ′′
)

(B1 +B3) = 0.

Thus, (f ′)2 − 2ff ′′ = 0, which again corresponds to the flat case of Egorov
space.

Therefore, we conclude that in both causal configurations of the Frenet
frame, proper biharmonic helices in (R3, gf ) can exist only in the flat case
of the Egorov space, and only when the normal vector is spacelike.

Theorem 1 Let γ : I ⊂ R → (R3, gf ) be a Frenet curve parametrized by
arc-length in the three-dimensional Egorov space (R3, gf ).

If the normal vector is timelike, then there exists no proper biharmonic
helices in (R3, gf ).

If the normal vector is spacelike, then γ is a proper biharmonic helix if
and only if τ = ±κ = constant 6= 0 and the defining function f satisfies

(f ′)2 − 2ff ′′ = 0,

which characterizes the flat case of the Egorov space.

3.4 Biharmonic Helices in ε-Spaces (R3, gε)

We now investigate biharmonic helices in the setting of a 3-dimensional ε-
space, (R3, gε), where gε is the Lorentzian metric defined by (5). Our goal
is to identify the conditions under which such curves are proper biharmonic
(i.e., biharmonic but not geodesic).

Let γ : I ⊂ R → (R3, gε) be a Frenet curve parametrized by arc-length
and satisfying gε(γ

′, γ′) = ε1 = ±1. We consider along γ a Frenet frame
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{T = γ′, N,B}, with gε(N,N) = ε2 = ±1 and gε(B,B) = ε3 = ±1, and the
corresponding geodesic curvature κ and torsion τ , respectively.

To analyze the biharmonic condition τ2(γ) = 0, we first express the
Frenet frame in terms of the local pseudo-orthonormal basis {e1, e2, e3} de-
fined by (6). Using the same notation as in the previous section, we write

T =
3∑
i=1

Tiei, N =
3∑
i=1

Niei, and B =
3∑
i=1

Biei, with real-valued smooth func-

tions Ti, Ni, Bi. We then compute the third covariant derivative ∇3
TT along

the curve γ, as well as the curvature term R(T,N)T , expressed in the Frenet
frame. This leads to the following biharmonic equation

3ε3κκ
′T +

(
ε2κ

′′ − κ
(
ε1κ

2 + ε3τ
2
)
− εκ(B1 +B3)

2
)
N

+ (εκ(N1 +N3)(B1 +B3)− ε1 (2κ′τ + κτ ′))B = 0.

From this, we derive the following necessary and sufficient conditions for a
curve to be proper biharmonic in (R3, gε).

Proposition 2 Let γ : I ⊂ R→ (R3, gε) be a Frenet curve parametrized by
arc-length. Then γ is a proper biharmonic curve if and only if

κ = constant 6= 0,

ε1κ
2 + ε3τ

2 = −ε(B1 +B3)
2,

τ ′ = εε1(N1 +N3)(B1 +B3).

Proceeding as in the previous section, we examine the existence of proper
biharmonic helices in the three-dimensional ε-space (R3, gε). To this end,
we assume that the torsion τ is constant. Under this assumption, the third
condition in the above proposition reduces to

(N1 +N3)(B1 +B3) = 0.

Depending on the causal character of the Frenet frame, we distinguish two
cases.

Case 1: The normal vector N is timelike, i.e., ε2 = −1.
First, suppose B1 + B3 = 0. This forces both the curvature and torsion

to vanish, which contradicts the requirement for proper biharmonic (non-
geodesic) curves.

Next, assume N1 + N3 = 0. Then, using the condition gε(N,N) = ε2 =
−1, we find N2

2 = −1, which is not possible.
Thus, both possibilities lead to contradictions.
Case 2: The normal vector N is spacelike, i.e., ε2 = 1.
From the components of the Levi-Civita connection (7), we write down,

in terms of the pseudo-orthonormal basis (6), ∇TN obtaining

∇TN = (N ′1 + εx1N2(T1 + T3)) e1 + (N ′2 − εx1(T1 + T3) (N1 +N3)) e2

+ (N ′3 − εx1N2(T1 + T3)) e3.
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From the second Frenet-Serret equation, we get

N ′1 +N ′3 = −ε1κ (T1 + T3) + ε3τ (B1 +B3) . (13)

Now suppose N1 +N3 = 0. Then

T1 + T3 =
ε1ε3τ

κ
(B1 +B3) .

From the first equation in (9), and using the fact that N2
2 = ε2 = 1, we

obtain
B1 +B3 = ±ε3 (T1 + T3) .

Combining the two identities, we get(
1± ε1τ

κ

)
(B1 +B3) = 0.

Assuming B1 + B3 6= 0, we obtain τ 2 = κ2. Substituting into the second
biharmonic condition,

(ε1 + ε3)κ
2 = −ε(B1 +B3)

2,

but since ε1ε3 = −1, this implies B1 +B3 = 0, hence T1 + T3 = 0. This con-
tradicts the causal character of the tangent and binormal vectors. Therefore,
the assumption N1 +N3 = 0 must be false. We conclude that B1 +B3 = 0,
leading to τ = ±κ.

Now, from the Levi-Civita connection (7), we compute

∇TB = (B′1 + εx1B2(T1 + T3)) e1 + (B′2 − εx1(T1 + T3) (B1 +B3)) e2

+ (B′3 − εx1B2(T1 + T3)) e3.

From the third Frenet-Serret equation, we obtain

B′1 +B′3 = −ε2τ (N1 +N3) = 0.

Since τ 6= 0, this yields N1 + N3 = 0, which when substituted into equa-
tion (13), gives T1 + T3 = 0, once again leading to a contradiction with the
causal character of the Frenet frame.

Therefore, neither case allows the existence of proper biharmonic helices
in (R3, gε). We conclude with the following result.

Theorem 2 Let γ : I ⊂ R → (R3, gε) be a Frenet curve parametrized by
arc-length in the three-dimensional ε-space (R3, gε). Then there exists no
proper biharmonic helices in (R3, gε).
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