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Normal Automorphisms of Free Burnside
Groups of Period 3
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Abstract. If any normal subgroup of a group G is ¢-invariant
for some automorphism ¢ of GG, then ¢ is called a normal au-
tomorphism. Each inner automorphism of a group is normal,
but the converse is not true in the general case. We prove that
any normal automorphism of the free Burnside group B(m, 3) of
period 3 is inner for each rank m > 3.
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Introduction

For an arbitrary group G and for an automorphism ¢ € Aut(G) a subgroup
H of G is called a ¢-invariant subgroup if ¢(H) = H. If a normal subgroup
of G is ¢-invariant for some automorphism ¢, then ¢ is called a normal
automorphism of G.

Thus, for a given normal automorphism ¢ € Aut(G) every normal sub-
group of GG is ¢-invariant. Clearly, if N is a ¢-invariant normal subgroup of
G, then ¢ induces an automorphism of the quotient group G/N.

Denote by Aut,(G) the set of all normal automorphisms of G. It is
obvious that

Inn(G) C Aut,(G),

but the converse is not true (for example Aut(Z) = Aut,(Z) = Zo #
Inn(Z) = {1}). A.Lubotzky proved in [I] that every normal automorphism
of a non-cyclic absolutely free group F' is inner, that is

Inn(F) = Aut,(F).

The corresponding equation was subsequently proved for various interest-
ing classes of groups (see References in [2]). In particular, Neshchadim [3]
strengthened the result of [1] by proving that every normal automorphism of
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a free product of nontrivial groups is inner. Minasyan and Osin [4] showed
that if G is a non-cyclic relatively hyperbolic group without non-trivial finite
normal subgroups, then Inn(G) = Aut,(G). V.Atabekyan in [2] proved that
for any odd number n > 1003 every normal automorphism of the free Burn-
side group B(m,n) of (finite or infinite) rank m > 1 is inner (see also [3]).
Recall that a relatively free group of rank m in the variety of all groups sat-
isfying the law 2" = 1 is denoted by B(m,n) and and is called a free periodic
group or the free Burnside group of exponent n and rank m. The well-known
theorem of S.Adian [6] (see also [7]) asserts that for all odd n > 665 and for
m > 1 the group B(m,n) is infinite (the solution of the Burnside problem).
In this paper we consider the groups B(m,3) of period 3 which are finite
groups. However, for these groups the equality Inn(G) = Aut,(G) again
holds.

Theorem 1 Any normal automorphism of a free Burnside group B(m,3)
of period 3 is inner for all finite ranks m > 3.

Corollary 1 Inn(B(m,3)) = Aut,(B(m,3)) for all finite ranks m > 3.

A survey on automorphisms of infinite free Burnside groups B(m,n) can

be found in [§].

1 Preliminary lemmas

According to well known Magnus’s theorem, if in some absolutely free group
F the normal closures of r € F' and s € F' coincide, then r is conjugate to s
or s~ We say that a group G possesses the Magnus property, if for any two
elements 7, s of G with the same normal closures we have that r is conjugate
to s or s7!. The following result is proved by authors in the paper [9].

Lemma 1 (see [9, Theorem 1]) A free Burnside group B(m, 3) of any rank
m possesses the Magnus’s property.

We will write  ~ y if two elements x and y are conjugate in a given
group.

Lemma 2 An automorphism « of B(m,3) is a normal automorphism if

and only if for all z € B(m,3) we have a(x) ~ x or a(z) ~ x L.

Proof. Let o be a normal automorphism. Since the normal closure ((z)) of
element x is a normal subgroup and « is a normal automorphism, we have

the equalities
((z)) = a(((2))) = ((a(2))).

Consequently, by virtue of Lemma |I| we get that either a(z) ~ z or a(x) ~
2. The converse is trivial. [
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Lemma 3 The identities (xy)® = 1 and

yry =a 'y ot (1)

are equivalent.
Proof. The proof is obvious. [
Lemma 4 Any elementy € B(3) permutes with any of its conjugates x~1yx.
Proof. Clearly, the identity 2® = 1 implies the equality
(y™)° - (ya ' ylay ™) - (y(aly ™)y -y’ = 1

After reducing we get the equality xy 'zyz 'y 'z~'y = 1, which means
that

x - y_lxy = y_lxy - .
0J

Lemma 5 For any elements x,y € B(3) and any k,l € Z the equality
2y aly =y lly - o
holds.

Proof. Immediately follows from Lemma [d O

Lemma 6 Let B(m,3) is the free Burnside group with the free generators
X ={x1,29,....,xm}. Then for any element uw € B(m,3) and for any gener-
ator x; € X there exists an element v € Gp(X \ x;) such that the equality

uru~' = vy (2)

holds.

Proof. Consider an element z;wr;w™'z;'. By Lemma [5| we can permute
wzr;w " and x;l and get xiwmiwflxi_l = wr;w L.

Therefore, if u = wjzF gz - - - v'uy,, where u; € Gp(X \ ;) for all
7 =1,...,k, then

uru” = ugug - - up(ugug - - ug) L

So, v = ujug - - - ug. U
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2 Proof of Theorem [1

Proof. Let a be a normal automorphism of B(m, 3). By virtue of Lemma 4]
for any element = we have a(x) ~ z or a(x) ~ z~!. We denote by & the au-
tomorphism of the abelian group B(m, 3)/[B(m, 3), B(m, 3)] induced by au-
tomorphism « and denote by z the image of « in B(m, 3)/[B(m, 3), B(m, 3)],
where [B(m, 3), B(m, 3)] is the commutator subgroup of B(m, 3).

Let x,y be some elements of B(m, 3) that do not belong to the commu-
tator subgroup [B(m, 3), B(m, 3)]. Suppose that a(r) ~ z and a(y) ~ y~'.
Then &(z) = & and a(y) = y~*. Therefore, if a(zy) ~ zy, then a(zy) = Ty
and if a(xy) ~ (xy)~!, then a(zy) = y 'tz

In the case a(zy) = Ty we get that Ty~ = Ty and therefore, § = 1.

In the second case a(zy) = y 'z~ ! we get zy~! = 'z~ and therefore,
Z = 1. Hence, in both cases we obtain a contradiction with the condition
z,y ¢ [B(m,3),B(m,3)].

This means that for all € B(m,3) which are not in [B(m, 3), B(m, 3)]
we have either

1) a(z) ~x
or

2) alx) ~z7L.

First consider Case 1). Let x1, ..., z,, be the free generators of B(m, 3). It
is obvious that x1, ..., x,, € [B(m,3),B(m,3)]. Then by virtue of condition
a(x) ~ x we have

alzry) = ulxlul_l
a(zg) = ugxgugl
(3)

() = U Tt

Applying the inner automorphism 5, = iul—l to both sides of above equal-
ities ([3) we obtain

Bi(a(zr)) = 21
Bi(a(zs)) = vomavy !
(4)
Bi(a(r)) = vimamv L.
According to Lemma [l we can assume that any generator x; does not occur

in v; for all i = 2, ..., m.
Now applying the automorphism (; o a to x1x9 we get

(51 o 04)(951@) = $1U2$2U2_1
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The elements 1, x129, X3, ..., T, are free generators of B(m, 3). Since the
automorphism fS; o « is normal, it induces an automorphism [; o a of the
quotient group B(m, 3)/((x122)). Note that B(m,3)/({z1x2)) is canonically
isomorphic to the free Burnside group B(m — 1, 3) with the free generators
1,23, ..., T, Hence,

1= (61 0a)(r129) = I1U2{L‘2U2_1

in B(m —1,3).
Using the defining relation x;zy = 1 of B(m,3)/((x129)) from 1 =
:171112352112_1 we get

vycw;l = xI.

Since x5 does not occur in vy, we assume that z; and vy also permute in
B(m,3).

Now consider the automorphism 3 = z'v2_1. Applying it to both sides of
the equalities we obtain

Ba(Br(a(m1))) = 23
Ba(Br(a(z2))) = 29
Ba(Br((3))) = wazgws ' (5)

Bo(Br(a(zm))) = wmxmw;z17

Again using Lemma [6] we can assume that no generator z; does not oc-
cur in w; for all © = 3,...,m. Further, considering the quotient groups
B(m,3)/{({x1x3)) and B(m, 3)/((z2x3)) and repeating the above arguments
we can assume that z; and zy permute with ws in B(m, 3).

Now apply the inner automorphism (3 = iw3—1 to both sides of the equali-
ties and repeating above arguments for all generators z;, 7 > 4 we finally
find inner automorphisms [y, ..., B,, such that

B (- (Pr(a(x1)))...) = 21
B (- (Pr(a(x2)))...) = 2

B (- (Br(a(zm)))...) = Ty,

This means that (3, o ... o 51 o « is identical automorphism. Hence, a =
(Bm o ...0 1)~ 1. Because fi, ..., B, are inner automorphisms, we get that a
also is inner.

Case 2). By condition a(z) ~ z~! for all x € B(m,3) which are not in
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[B(m, 3),B(m, 3)] we have
a(zy) = wry uyt
a(x9) = usy uy’
() = Uz, u L.

Reasoning in the same way as in Case 1) we obtain:

B (. (Br(a(z)))...) = 2,

Besides, S (...(81(a(x)))...) = 27! for all z € B(m,3) \ [B(m, 3),B(m, 3)].
Denote v = ,, 0 ... 0 51 o a. Then

Y(r17013) = xl_lx;lxgl = (w3mom1) . (6)

On the other hand, we have

ﬁm<(ﬁ1(&(l’)))) ~ ,1'71

which is provided by the condition a(z) ~ z7'.

Consequently,
@1 79w3) ~ (217973) " (7)

Tt follows from (B) and (7) that ({(z3zer1)™1)) = (((z17225)~1)). So,
({z17223)) = ({w32221)). (8)

Now consider the free generators xizoxs3, 9,23 of B(m,3). The normal
automorphism ~ induces an automorphism of the quotient group

B(m,3)/{((x1x223)) ~ B(m — 1, 3).

The equalities (8) and xjxex3 = 1 in B(m, 3)/{{x1x923)) imply 32017 = 1.
Therefore, we get equality xors = 322 in the free group B(m — 1,3) with
the free generators {y, x3, ..., Z,, }. This is contradiction, because for m > 3
the group B(m — 1, 3) is not Abelian. OJ

Acknowledgements. This work partially was supported by the RA MES
State Committee of Science, in the frames of the research project 15T-1A258

65



66 V. S. ATABEKYAN, H. T. ASLANYAN AND A. E. GRIGORYAN

References

[1] A. Lubotzky, Normal automorphisms of free groups, J. Algebra, 63
(1980), no.2, pp. 494-498.

[2] V. S. Atabekyan, Normal automorphisms of free Burnside groups,
Izvestiya: Mathematics, 75(2011), no.2, pp. 223-237.

[3] M. V. Neshadim, Free products of groups have no outer normal auto-
morphisms, Algebra and Logic, 35(1996), no. 5, pp.316-318.

[4] A. Minasyan, D. Osin, Normal automorphisms of relatively hyperbolic
groups, Transaction of the Amer. Math. Soc., 362(2010), no. 11, pp.
6079-6103.

[5] E. A. Cherepanov, Normal automorphisms of free Burnside groups of
large odd exponents, Internat. J. Algebra Comput, 16 (2006), no. 5, pp.
839-847.

(6] S. 1. Adian, The Burnside problem and identities in groups, Ergeb. Math.
Grenzgeb., 95, Springer-Verlag, Berlin,New York, 1979. P. 312.

[7] S. I. Adian, New estimates of odd exponents of infinite Burnside groups,
Proc. Steklov Inst. Math., 289 (2015), pp. 33-71.

[8] V. S. Atabekyan, Automorphism groups and endomorphism semigroups
of groups B(m,n), Algebra and Logic, 54(2015), no. 1, pp. 85-91.

9] V. S. Atabekyan, H. T. Aslanyan, H. A. Grigoryan, A. E. Grigoryan,
Analogues of Nielsen’s and Magnus’s theorems for free Burnside groups
of period 3, Proceedings of YSU, Physics and Mathematics, 51 (2017),
no. 3, pp. 217-223.

V. S. Atabekyan

Yerevan State University

1 Alex Manoogian 0025 Yerevan, Armenia
avarujan@ysu. am

H. T. Aslanyan
Russian-Armenian University,
123 Hovsep Emin str. 0051 Yerevan, Armenia

haikaslanyan@gmail.com


mailto:avarujan@ysu.am
mailto:haikaslanyan@gmail.com

NORMAL AUTOMORPHISMS OF FREE BURNSIDE GROUPS OF PERIOD 3

A. E. Grigoryan
Russian-Armenian University,
123 Hovsep Emin str. 0051 Yerevan, Armenia

artgrigrau@qgmail. com

Please, cite to this paper as published in
Armen. J. Math., V.9, N. 2(2017), pp. |60


mailto:artgrigrau@gmail.com

