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Geometric Properties of Operators
Associated with Normalized Jackson and
Hahn—Exton ¢—Bessel Functions and
g—Extension of the Hohlov Integral Operator
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Abstract. In this paper, we examine the geometric prop-
erties of linear operators associated with normalized Jackson
and Hahn—Exton ¢g—Bessel functions that arise through suitable
transformations and g—extension of the Hohlov integral opera-
tor. These operators are investigated in the framework of the

function from the class ./\/lgf(z; q). We derive coefficient bounds

and sufficient conditions for functions in the class ./\/lgwf (2;9).
Additionally, we explore inclusion properties by using the Taylor
coefficients of z9¢1(a, b; ¢; q,z) and the normalized Jackson and
Hahn—-Exton g—Bessel functions. The primary objective is to
derive sufficient conditions under which the convolution opera-
tors will be in different subclasses of g—starlike and g—convex
functions.
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Introduction

The study of univalent analytic functions defined in the open unit disk ID
is fundamental to geometric function theory. The class of these functions
is denoted by S§. The most studied subclasses of univalent functions are
starlike and convex functions. These functions map D onto domains that
are starlike and convex, respectively.
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Let ¥(z) be a function of the form
U(z) =2+ Y 17, (1)
=2

which is analytic in ID. The class of all such functions is denoted by A. A
function ¥(z) € A is said to be starlike of order o (with 0 < o < 1) if it

satisfies the condition
20 (2)
T i
{ (2 } -7

Similarly, W(z) is termed convex of order o if

Y1

When o = 0, these classes reduce to the standard starlike and convex func-
tion classes, denoted by &* and C, respectively. For more information about
starlike and convex functions, we refer to Duren’s book [16] and the refer-
ences therein.

Recently, the study of g—calculus has attracted significant attention due
to its wide applications in both mathematics and physics. The fundamental
work in this area was carried out by Jackson [22}23], who introduced and
developed the concepts of the g—derivative and g—integral. Subsequent
research, particularly in the study of quantum groups, has revealed geometric
aspects of g—analysis. The development of g—calculus has made it possible
to explore the g—analog of classical and special functions (see, for example,
[4,/6L[15]). In [20], Ismail et al. established a relationship between the theory
of g—calculus and starlike functions.

Many researchers have focused on g—analogues of starlike and convex
functions because they have powerful capabilities for generalizing classical
mathematical concepts. When ¢ — 1, these analogues typically reduce to
their classical form. In this study, we explore the inclusion properties and co-
efficient estimates of subclasses of g—starlike and g—convex functions by uti-
lizing the g—derivative operator and their connections with other g—analogs
of analytic function classes.

We begin by introducing some fundamental concepts related to g—derivative,
which will be essential for our analysis. For a real number ¢ satisfying
0 < ¢ < 1, the g—derivative of a function ¥(z) is given by

V(z) —W(g2) o
BT f 2#0,

(
v'(0) if 2=0.
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Note that if ¢ approaches to 1, the g—derivative converges to the classical
derivative, that is, lim D,V(z) = U'(z).
q—1-

Applying the g—derivative to the power series given in , we obtain
DV(z) =1+ ZU> qlt;2 ",
j=2

where

1—¢ 2 j—1
=1l4+q+q¢+---+¢ .
l—gq

1,4 =

The following notions were introduced in [31].

Definition 1 Let ¥(z) € A. The function is said to be q—starlike of order

o if
D,V
R <Z‘; ) > 0,
and said to be q-conver of order o if

5 (1 zDg\If
+Dq\I/ > 0.

The classes of q—starlike functions of order o and q—convex functions of
order o are denoted by S;(c) and Cy(o) respectively.

When o = 0, these classes correspond to the classical ¢—starlike and
q—convex functions, which are denoted by S and C, respectively.

It is easy to see that the following lemma holds true.
Lemma 1 A function ¥ € A is in S; (o) if the following inequality holds:

o0

> Lidll<1+o. (2)
=2
Similarly, V is in Cy(o) if
> Udli— Lt <1+o0. (3)
j=2

Definition 2 For a fized parameter A > 0, the classes S, and Cy are

defined as
DU
;A:{‘IIEA: — —1‘<)\},
e = {wea |22Y]
N — € : quj < .
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The following result is straightforward.

Lemma 2 A function ¥ € A is in S; , if
> (G gl + A =Dt < A (4)
7j=2

Similarly, a sufficient condition for U(z) to be in Cy is given by

> . d(l = La+ Nt <A (5)
7j=2

Srivastava et al. [32] introduced two function classes S;[Vi, Va] and Cy[V1, V5.

Definition 3 The function W € A is said to be in S;[V1, Va] if

Using the idea of Alexander’s theorem, the class C,[Vi, V] of g-convex
functions is defined as follows.

Definition 4 The function ¥ € A is said to be in Cy[V1,Va] if 2D,V €

We can see that lim S;[Vy, Va] = §*[V1, V5], The class S*[Vi, Va] was in-

q—1—
troduced and studied by Janowski (see [24]). The class S;[V1, V5] generalizes
other subclasses since for particular values of V; and V3, one can obtain other
classes. For example, if V; =1 —2a and V5 = —1, §;[1 — 2a, —1] = §;(a)
(see [2]); and if Vi = 1 and V5 = —1, then S;[1, —1] = S; (see [20]).

Lemma 3 [32] The function ¥ € A is in S;[V1, V3] if the condition below
holds:

[e.9]

> @i - La +[(Va+ Dlj, gl — Vi + DDt < Ve = Vil (6)

=2
Similarly, V is a member of the class C,[Vi, V| provided that

o0

> ld2ali = Ll + (Ve + Dl al = Vi + DDltg| < Vo = Vil (7)

=2
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Definition 5 A function U € A belongs to class k —UCV [V, V3] if it sat-
isfies

!
' Ot PR i )
!
. (Vz+1)%—(%+1)_1 |

Srivastava et al. [33] introduced the k—uniformly Janowski g—starlike
functions, represented by the class k — ST ,[Vi, V2|, which is defined below.

Definition 6 A function U € A belongs to class k — ST ,[Vi, Va] if

!
! (%+1)%—(Vl+1)
!
>k (%+1)%_<%+1>—1.

The following lemma provide sufficient conditions for functions to belong
to classes defined above.

Lemma 4 [35] The function ¥ € A is in k —UCV,[V1, V3] if the following
inequality holds:

oo

> U dla(k+1)[j = Ll + |(Va + Dlj,a] + (Vi + DDIt| < [Va = Vil (8)

Jj=2

Similarly, U lies in the class k — ST 4[Vi, Va] if

D 2q(k+ D[ = 1,g]+ [(Va+ Dl gl + Vi + DD < [Va = Vil (9)

=2

Various subclasses of normalized analytic functions were defined, and
their geometric properties were studied using differential operators and pa-
rameterized conditions (see, for example [27,29]). Motivated by these devel-
opments, we propose a new subclass of analytic functions that incorporates
first, second, and third-order derivatives.
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Definition 7 A function V(z) € A belongs to class M?}f(z, q) if

DgV + 52D2W + £2° D30 — 1
2w (1 = 0) + Dy + 52D2W + 22 D3V — 1

<1, (10)

where w € C\0,0<1,0<&< 1 and 0 << 1.

As ¢ — 1, the class M7, %(2;q) tends toward class ME,(0) introduced
in |19]. TIts 1nclu81on and geometric properties, particularly under various
integral operators, have been studied in [18,28].

Heine (see [17,130]) defined the basic (or g—) hypergeometric series, com-
monly denoted by ¢(a, b; ¢; q, z), as

where ¢—shifted factorial (a;q); is given by

(;9)0 =1, (a;9); H 1—ag"™), (a:q)e = [J(1 = ag"™).

k=1 k>1

with the assumption that ¢ # ¢ * fort = 0,1,2,...If ¢ — 1, then ¢(a, b; ¢; q, 2)
approaches the classical Gauss hypergeometric series.
By multiplying ¢(a, b; ¢; q, z) with z, we obtain

z¢(a,b;¢;q, 2) ZAZ

where the coefficients A; are given by

4 = (@91 (b:g)j-

— L i=1,23,... 11
T 9)j-1(cq)j 1

Consider the following second-order differential equation, as discussed in
the classical work of Watson [34]:

PV (2) + 2V (2) + (27 = p")V(2) =0,

where the parameter p > —1. A well-known solution to this equation is the
Bessel function of the first kind, denoted by J,(z), which admits the power
series representation

> (—1) 2\ 25+p
Jp(z):z RS ESY <§> , z€C.

7=0
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Let us examine the Jackson and Hahn-Exton types of ¢—Bessel functions,
which are given by the following explicit series representations:

o\ 20+

J(2)(z'q) = (@) Z 1) (5) T 3(i+p)
’ G Doo = (0:90);(¢" 5 q);
8 (@ 9)o0 =5 (:9)5(¢" 5 0)

and

(" @)oo (=172t (+1)

q2?U*Y,
(@ @)oo =5 (450)5(¢"59);

T (21q) =

where z € C, p > —1, ¢ € (0,1). These functions are recognized as
g—analogues of the classical Bessel function of the first kind. In particu-
lar, for a fixed complex number z, one obtains the classical Bessel function
in the limit as ¢ 7 1:

Jf)((l —2);q) = Jp(2) and JISS)((l —2);q) = Jp(22).

A detailed study of the Bessel function of the first kind is described
in the classic treatise by Watson [34]. Various properties of the Jackson
and Hahn-Exton g—Bessel functions, which serve as ¢—extensions of the
classical Bessel functions, are extensively studied in the literature (see, for
example, [1,5,|13]/14,21,25,[26] and the references therein). Investigations
into the geometric properties of Bessel functions, such as their univalence,
starlikeness, convexity, and close-to-convexity, are addressed in works in-
cluding [7,8,/104|11].

In [3,9], three analytic normalizations of the Jackson and Hahn-Exton
g—Bessel functions were introduced, each defined on the open unit disk in
the complex plane. Since the functions Jf)(z;q) and J,ES)(z;q) are not in
the class A, suitable normalizations are considered to place them in this
function class. For p > —1, the normalized versions are given by

£0(z10) = 25y (0)2" 2T (Vz ),
LI (z9) = Sy(a)2" "2 I (V=3 0),

where

(¢: @)

Sp(q) = m-

These transformations ensure that the resulting functions belong to the an-
alytic function class A.

Although infinitely many possible normalizations can be constructed for
both Jackson and Hahn-Exton g—Bessel functions, the above choices are
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particularly meaningful because their classical limits have been previously
studied in the literature, for example, in [12].

The series representation of L’,(,Q)(z; q) is

LP(zq9) = 2°S,(q) 2" 2 TP (V7 9)

J—1)(G+p-1) >

= (=1)'ql ; @) i
= E Z = E L7727,
= A NG9 9)4 ?

with the coefficients L§2)(z; q) given by

@ (—1)i-1qUu-NG+p=1)

g — ) 12
T W g @) (P )i 12)
Similarly, the series expansion of Ef’) (z;q) is
£P(z:0) = 5,(9)2 1—%J<3><f 1)
1 2(j-1)
=X o S
= (¢ qg (5 Q)
where coeflicients L}B) are
P Vi (13

T (q5q)j-1(gP )

Applying g—difference operator D, to the functions 51(,2) (z;q) and 51(73) (z:9),
we obtain

DL (zq) = £ 2 - qﬁi)(qz 1q)
= 1Y-1gU-DG+-1)
=1+ j;[]?‘ﬂ 49(1((])’ q)]ql(qur L) 1'2] ! (14)
and
DL (z:q) = L) E’i - qﬁ)z(i)(qza 9)
=1 i[ﬂk it L (15)

(;9)j-1(gP* " q) -1

To ensure that the considered functions are analytic in the open unit
disk D, appropriate normalization techniques are employed for Jackson and
Hahn—Exton g—Bessel functions.
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1 Main results

In this section, we study geometric properties of the introduced normalized
g—Bessel functions.

Theorem 1 Let ¥ € M?f(z, q). Then coefficients t; in its expansion sat-
i1sfies the bound

2(1 — 0)|w]

ti| < — , , , ., J=2,3,... 16
< G - L+ - Lal - 2d) 1o
The estimate is sharp and is achieved for the function
2(1 — O)wwg*u =t
U(2) =2+ ( )= RO-DHL =123, ...

B b
where B = [k(j = 1) + 1,4) (1 + [k(j — 1),q] + €[j = Lal[k(G = 1) = 1,q]).

Proof. Let Y(z;q) be an analytic function in the open unit disk D satisfying
T(0;¢) =0 and |Y(z;q)| < 1. Consider the following identity:

1+ (1-20)T(2;q)
1Tz

1 2 213
1+ - (Dq\If + 502DV + £2° D,V — 1)
Expanding and simplifying, we get

1
— (Dq\If + %zDg\If + ézQDZ’\I/ — 1)
w
1
= [— (DgV + 52D20 + £2° D30 — 1) +2(1 — 0)} Y (z;q).
w

Now, let us express the expansion as a power series. We have

1 — , 1 — ,
2(1 -0 — At T(z:9) = — Atz 1
( )+w; jli% (259) w; ilizm

where A; = [j,q] (1 +2[j —1,¢] +&[j — 1,4¢][j — 2,¢]). Assume the power
series for T(z;¢q) is given by Y(2;¢) = >°72, uj¢’2’. Then the equation
becomes

1 & ‘ > I .
21— 60 _E Azl E AJJ:_E Aitizi—1
[ ( )+wj:2 jli% ] j:1UgC_IZ @ < jli%

Equating the coefficients shows that each ¢; depends on ¢5,...,¢;_;. Let us
extract the term of degree z¥~! on both sides:

k—1 k fe’e)
1 . 1 ) )
21=0)+ =3 At T = = S A+ S e,
[ ( )+ = itiz (z;:q) @ 2 gt T+ 2

j=k+1
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Using |Y(z;¢)| < 1, we apply the maximum modulus principle to estimate

k 00
éz Ajtjzjfl + Z dej .
j=2

j=k+1

k—1
1 .
2(1—6 —§ Ajt; 207 >
( )+wj:2 ili%

Squaring both sides and integrating over |z| = ¢, 0 < ¢ < 1, then letting
t — 1, we obtain

1 204 12
| w|2Aj ‘tj | .
Solving this inequality for |¢;|, we obtain required bound.
To determine sharpness, consider the extremal function defined by

2(1 — Q)i 1271
1 — qj*lzj*1

4(1 —0)* >

DV + 52D2W + 22 D30 = 1 + (17)

The left side of expands as

DV + 3zD20 + £22D30 =1+ Ajt;/

j=2
The right side of is a geometric series

2(1 — Q) 1271
1— qj_lzj_l

1+ 1421 0w > UV =14 Y B,
k=1 n=1

where

s [ 20-0m, ifn=kG-1),
"o 0, otherwise.

Shifting the index, this becomes 1 + Z B,_1¢" 12" which matches the

n=2
left side of expansion. Equating the coefficients on both sides, we get

— n—1 3 —_ 1= ;
Ajtj:{ 2(1 — 0)wq it n—1=k(j—1),

0, otherwise.
Forn=k(j —1)+1,
2(1 — 0) g1
= B )

For all other n, t; = 0. Thus, we obtain

2(1 — e)qu(jil) SkG=1)+1
B Y

U(z)=z+ for k=1,2,3,...
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Theorem 2 A sufficient condition for a function ¥ to be a member of the
class ./\/lZ'f(z; q) is given by

DU d I+ —1g+¢6—1Ldli—2.d) || < (1=0)w].  (18)

Jj=2

Proof. Using and it is easy to see that
Re'? (DgV + 52D2V + £22 D3V — 6)

=(1—0)cosd+Re Y [, q) (1+5j — 1,q] + €[ — 1,ql[j — 2, q)) ;27"

j=2

> (1=0)cosd— > |[,q) (L+2[j — 1,q] + & — L qllj — 2.4 |t;] > 0.

j=2
The resultant obtained above is equivalent to the analytic characterization

of U(z) € M?,f(z q), and the proof is complete. [

Theorem 3 Let ¢ # 1, g € C\ {0, 1}, and suppose the parameters a, b, c,
&, x, q, w, 0 satisfy the following condition:

3(a; q)s(b;
£q°(a; q)s( q>3¢(aq3,bq3;cq3;q, 1)

(1—q)* ()3
+ (%q2 + 5[3, Q]) ((a; Q)2(b; Q)Q

¢(aq®,bq*; cq’; 4, 1)

1—q)*(c;q)2
(¢ +>[2,¢))(1 —a)(1 - D) o o
(1 _ q>(1 - C) ¢(G’QJ bQ7 cq, q, 1) + qb(aa b7 ¢ q, ]-)
<1+(1-0)wl.

Then z¢(a,b;c;q,z) € ./\/l?,f(z, q).

Proof. By substituting into the sufficient condition for a function to
be in the class M?f(z; q), we obtain

o0

S el (14 50 = Lol + €1 = Ll - 2.0) -

Jj=2

< (1-0)|=|. (19)
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Simplifying and rearranging the terms in the left-hand side of , we get

- LatHR2d(1-a)-b) — (aq; q);(bq; q);
; 1-q  (1=9 j;(cqqg( 9);
sq® +£[3,q] (a;9)2(b; q)2 = (aq®; q);(bq*; q);
" (1—q)? (¢;q)2 ; (cq*:9)i(q; 9);
£ (a;9)3(b;9)3 ~= (ag®; q);(ba%; q);
T e e Sy e
< (1—-0)|w|. (20)

Equation yields the required result. [J

Theorem 4 Let U € A, q € (0,1), and suppose the parameters p, &, », q,
w, O satisfy the following condition:

D LP(1;q) + #D2LP (1;q) + ED3LP (1;9) — 1 < (1 - 0)|w].
Then L) (z1q) € MTL(2:49).

Proof. Substituting in , we can write

i | | I ) (—1)i-1qUu-NG+p=1)
(L4 —1,q] +&[1 — 1,q][7 — 2,4]) —
p Vg3 q)5-1(¢" 5 9) 1

< (1—-0)w|.
Simplifying the obtained relation, we get

> i

Jj=2

J 1q(J (G+p-1)

4J Yq; @) j-1(qPtq) -1
(— 1)j71q(j71)(j+p71)

+%Z[j7Q][j_1’q]47 Hg:9)j-1(g"T5q)j1

(_1)j—1q(j—1)(j+p—1)
47Yq; 9)j-1(¢"T5 q)j—1

+£Z[j,Q][j —1,4][j — 2,4

~_ N

< (1 -=0)|w|.
Hence,

DL (15q) — 1+ 3D LY (1;9) + €D2LP(1;9) < (1 —0)|w.
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Theorem 5 Let U € A, q € (0,1), and suppose the parameters p, &, », q,
w, 6 satisfy the following condition:

DoLP)(159) + DL (15q) + EDGLY (1,9) — 1 < (1 = 6)[eo.
Then £ (21q) € MT (21q).
Proof. Substituting in , we can write

oo B B (_1)] 1q§(] )
Z:; Lo = Ll + £l = Loalli = 2.) T g

< (1—-0)|w|,
or, equivalently,

qu

Jj=

.7 1q§(] 1)

(¢:9);- 1(611”+ $q)j-1
(_1)j—1q%(j—1)

+ B
Z_:[] 1l (450)j-1(qP 5 9) 5
(_1)j—1q%(jfl)
+ —2
gz Jall d (:9)j-1(q"*q)j1
<(1- )IWI‘
Thus,
D L (1;q) — 1+ 2D2LP(1;9) + EDILP (1;9) < (1 - 0)|w].

O

Let W € A, and define the convolution operator Qgg(\lf, z) by

e J 1,G-1)G+p-1)
2 2 q
Ez(,g(\ll z) = CI())(Z 4]_1 g g X; )

J=1

where * is the Hadamard product. The coefficients X are explicitly given
by

(_1)j—1q(j—1)(j+p—1)

= — t. 21
DoAY ) (Pt q) Y 2
Similarly, let EI()?(;(\I/, z) be defined as
3 3)(.. o~ (=1)7 1612“ Y
LW, 2) = LE (219) » U(z) = ZYZJ

= (69);1(¢" g

13
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and the coefficients Y; be

_1)i"lg3G-D)
= (q;(Q)j—)l(qg“;q)j_ltj‘ (22)
Theorem 6 Suppose that ¥ € M?}f(z, q) satisfies the inequality
(2k + Vo + 3) D LD (1;¢) + (Vi — 2k — 1)L (15 q)
<v2+v1+2+|v2—v1|%.

Then LSY(U, 2) € k — UCV, [V, Va).
Proof. Substituting in , we obtain

> _ —1/4)i-1gG=DG+p-1)

;b’ B R | (q;/q)i'l(qp“; 9)j-1 4

< [Va = Wil. (23)

Due to the restrictions on the parameters, we have

Ul (T4 = 1]+ &7 —L.qlli —2,4)) 2 [1,a](L+ 3+ 6). (24

Substituting inequality into , we obtain the upper bound for ¢; as

2(1 —0)|w| ,
ti] < . =23, 25
S T e N )
Replacing [¢;] in by the bound from (25, we get
> . (—1/4)7-1g-DG+p—1)
J,al((2k + Vo +3)[7,q/ + V1 — 2k — 1 t:
2 L al( 2+ 3+ 0 R

Jj=2

o o (=1/4)771gUDGED 91 — 6)| o
< jz:;[j, q)(2k + Vo +3)[5,q] (@@ Q) oL+ e+ €)
g (F1/4PTu D 91— )
2(‘/1 2k 1)[]v Q] (q; Q)j—1<qp+1; q>j71 [], q](l + 2+ f)

- (=1/4)7qUmDERTD (1 — 6) |
(2k + V2 +3)[j, 4] (49)j1(¢" 55 9)-10 (142 +8)

<
I|
v

b (=1/4)71qU=D0+P=1) 2(1 — §)| |

+j2(V1 = (¢:90)j-1(g"™9)j—1 (14 54€)
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Simplifying this summations and substituting the result into , we obtain
(—1/4)71qU-NG+r=1)

(5 9)j-1(g""59) 1
2 (—1/4)171 g6+

(2k+Va+3)> [j.ql

=2

=2k
. %I%' (26)

Finally, using identity in , we get
(2k + Vo + 3)(De L7 (L q) — 1) + (Vi = 2k — 1)(LP (Liq) — 1)

(14 x+¢)
2(1 = 0)|=| (27)

The hypothesis of the theorem together with the inequality in confirms
the required sufficient condition for 55,?3(\1/, z) to belong to the class k —

Theorem 7 Suppose that U & MZf(z; q) satisfies the inequality

< [Vo =W

(2k + Vo + 3) DL (1;q) + (Vi — 2k — 1)L (15 q)

1+ 2+
<V2+V1+2+|V2—V1|m-

Then L)V, 2) € k —UCV, [V, Va).

Proof. Substituting in and proceeding as in the previous proof, we
obtain the desired result. [J

Theorem 8 Suppose that ¥V € /\/l?%a(z, q) satisfies the inequality

(IVa + 1] +2)D,LP(1;9) + (Vi + 1| = 2) LY (1;9) — Vo + 1] — [Vi + 1
(1+x+4¢)

Vo — Vo8
< V2 1‘2(1—¢9)|w|

Then L), z) € C,[Vi, Va).

Proof. Substituting expression for X; into the condition under
which a function W(z) belongs to the class C,[Vi, V], we obtain
o ‘ . (_1/4)j—1q(j—1)(j+P—1)
(2l — Lgl + |(Va+ Dlj, gl — (Vi + 1
> U alali — 1,q) + (Ve + Dlj,g] = (Vi + 1)]) @D @

Jj=2

It

< [Va =W, (28)
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Applying to the above gives

(—1/4)7 100D 2(1 — f)|eo]
(4:0)j-1(a"*Y59) -1 [, al(1+ 32+ €)

(—1/4)71gU=DGP=0 2(1 - 6) oo
(40)j-1(qP*Y59) -1 [, ql(1+ 3+ &)
(—1/4)1q (-1 (+p-1) 2(1 — 6)||

(¢: 0);- 1(qp+1,q)] 1 (I+3+¢)

S (Ve + 11+ 2)l o

+ (Vi +11-2)l.d

=(Va+1[+2)) [j.q
7j=2

s 1411(3 D@+r-1 9(1 — O) |
]:2 ] 1 (]p aq)] 1 (1 +%+€)

Simplifying the summations and substituting the result from into ([28)),
we obtain

1/4 Y lglu=Di+r—1)
(¢ @)j-1 (5 0)j-1
2 (—1/4)171qu=DG+p=1)

+(Vi+1] - Z

—~ (:9)j-1(¢""59)j1

(Va+1+2) g
=2

<1V _wﬂ (30)
2(1 = 0)|w|
Using identity in , we get
(IVa + 1 +2)(DeLP(13q) = 1) + (Vi + 1] = 2)(L7 (159) — 1)
(1++¢)
< |Va — Vl|m (31)

The hypothesis of the theorem together with the inequality in (31]) con-
firms the required sufficient condition for ES;(\IJ, z) to belong to the class

C(Z[‘/b ‘/2] D
Theorem 9 Suppose that ¥ € M?j(z, q) satisfies the inequality

(IVa+ 1|+ 2) DL (1;9) + (Vi + 1| = 2)LP (15.9) — [Va + 1] — Vi + 1
(14 x+¢)

2(1—0)|w|
Then L)V, 2) € Cy[V4, Va).

< Vo — Vi

Proof. Substituting the expression for Y; into the condition and
proceeding as in the previous proof, we obtain the desired result. [
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Theorem 10 Suppose that ¥ € Mg% (z;q) satisfies the inequality

1+%+§>

D, LP(1; ~ LD (L9) < A [ 1+ s

Then E,(fg(\ll, z) € Cyn.

Proof. Substituting expression for X, into condition under which
U(z) belongs to the class C, , we obtain

s (—1/4)7-1qu=NG+p=1)
7,4)( g+ A til <\ 32
Z ) (4:9)j-1(g"* % q)j1 £ (32)

Jj=2

Applying to the left side of , we get

. (—1/4)71qU-NG+r=1)
2[] gl —1,d +A) (¢:9);-1(¢" %5 @)1

= 1)1 -1 G-1) _ 0Vlw
<3 0.l G[j,q]+A—1)( LAy k)] BE)

— ¢/ (@019 a1+ +8)

1t

Mg

.
Il

Simplifying the summations and substituting the result from into (32)),
we obtain

1, (—1/4)y g DEE) (—1/4)771qU-DG+p=1)
Z_[ 7Q] p+ + Z p+
pell (9);- 1(q )i o (q,q)j_l(q 5 q)i1
(14 x+¢)
< Aoz 4
=0 0)=| (34)
Using identity in gives
1 1 (1+2+¢)
(DL (1:q) -1 A=) (L£P;9) —1) < A2

Hence, the result follows. [

Theorem 11 Suppose that ¥ € M?j(z, q) satisfies the inequality

14+ x+¢&
D,LP)(1; M —DLO1Lg) <A1+ 7).
Then LE)(W, z) € Cyr-

Proof. Substituting the expression for Y into the condition and
proceeding as in the previous proof, we obtain the desired result. [
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Theorem 12 Suppose that ¥ € Mg% (z;q) satisfies the inequality

1+x+¢
@10y =1 < 7S
L7(1;9) —1< (1+U)2(1—8)|w|'

Then £1(,?2,(\Il, z) € S; (o).

Proof. Substituting expression for X, into and condition for a
function W(z) to belong to the class S; (), we obtain

2 (=1/4)i71gu-DG+D)
Z[J,CJ]( ./ ) o
(7 0)j-1(g"*15q) 1

Jj=2

t;| <140 (35)

Applying to the left side of , we get

s (—1/4)7~1qU-DG+p—1)

> .4

= (49)5-1(¢"*"5 )

i —1/4)i-1qU-DG+r=1  9(1 — §)|w
Squ /4) _ _ (1—0)=|
= (0)j—1(a" 5 q)5-1 [, ql(1+ 2+ &)

il

(36)

Simplifying the summations and substituting the result from into ,
we obtain

2 (—1/4)171qu—DG+p=1) 14+ 20+
E /4) e (1+0)—9 ¢ : (37)
= (@) (") 2(1 = 0)|w|
Using identity ((14) in (37)) gives
1+x+¢
LOLig)—1<(1+0)— >

and the result follows. [

Theorem 13 Suppose that ¥ € sz(z; q) satisfies the inequality

1+x+¢&
G (Lg)—1<(1+o0)—t TS
Then LE)(U, 2) € S; ().

Proof. Substituting the expression for Y} into the condition and
proceeding as in the previous proof, we obtain the desired result. [
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Theorem 14 Suppose that ¥ € Mg% (z;q) satisfies the inequality

143 +€)
D.LO1:g) — (2) 1; 1 —( :
Then 51(3,3(\11, z) € Cylo).

Proof. Substituting expression for X; into condition under which
a function W(z) belongs to the class C,(c), we obtain

e ( 1/4)i=1q=DG+p-1)
J,qlli — 1,4l tj] <1+o. 38
;2 (4:9)j-1(a"'1 q) ] (38)
Applying to the left side of , we get
>~ —1/4)i-1gi=DG+p-1)
> lialli - 1>Q]( ./ ) T 141
= (@:9)j-1(¢"*"5 )1
<3 Mg - pCHATOOTD 200l
=LA (401" 9);1 [ a1+ +€)

Simplifying the summations and substituting the result from into (38)),
we obtain

(=1/4)i-1qu=D0+r=1) 1 S (=1/4)I"1qu-DU+p=1)

—Zﬂ» 1

qul(qp“ 1= qulqpﬂq)“
(1+3+¢)
<(1+o)r "5 4
= +U)2(1—9)|w| 40
Using identity ((14) in (40]) gives
1 1 (1++¢)
“(DLP1;q) 1) — =(£LP(1:9) - 1) < (1 L 2 41

and the proof is complete. [
Theorem 15 Suppose that ¥ € MEA (z;q) satisfies the inequality

14+
Dqﬁz(f)(l; q) — ﬁ;(f)(l; q) < (1+ U)qm-
Then LU, 2) € C,(o).

Proof. Substituting the expression for Y; into the condition and
proceeding as in the previous proof, we obtain the desired result. [
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The following corollaries are immediate consequences of Theorems [12]

[13] 4] and [I5] respectively.

Corollary 1 If V¥ € ME ) (z q) satisfies the inequality

14 s+¢
@1 )1 < — 2T 5
L La) = 1S o gy

then Egg(lll, z) €Sy
Corollary 2 If V¥ € ./\/15% (z;q) satisfies the inequality

L+ +§
Bl 1< — T 5
L7 (La) =1 < 5a—

then E;,?%(\I/, z) € S;.
Corollary 3 If ¥ € Mg% (q,2) satisfies the inequality

1+x+¢)
DLO ) — £ () < gLt #TE)
qﬁp ( 7q> £p (ZaQ) —q2(1_8)|w|7
then ﬁz(fg(\ll, z) € C,.

Corollary 4 If ¥ € M7 %(2;q) satisfies the inequality

142 +¢)
DLO ) — £O(1 ) < gLt Z+E)
qﬁp ( aq) ﬁp ( aq) — 2(1_9>’w|7
then 51(0:2(\11,2) € C,.

Let ¥ € A. The g—extension of Hohlov operator, denoted by H p.c4(V, 2),
is defined as

Hapeq(V,2) = zp(a,b;c;q, 2 Z '_1tjzj

]1
(o)
:E Bz’
Jj=1

and coefficients B; are given by

. (b ).
Bj: (a7Q)] 1( 7Q>J ltj, ]:1’27 (42)
(¢:9)j-1(c;9)j-1

We now derive sufficient conditions under which the operator H p . ,(V, 2)
belongs to the classes k —UCVy[V1, V2], k—ST[V1, Vo], Cg[Vi, Val, S;[Vi, Val,
Coxr Sixy Si(0), Cy(o), S; and C,.
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Theorem 16 Suppose ¥ € M?ﬁ(z, q) satisfies the inequality

(2k + Vo +3)q(1 —a)(1 —b)
(I-q)(1—¢)
+ (Vo +Vi+2)¢(a,bic;q,1) — (Vo + Vi +2)
(Va = Vi)(1 + 52 +§)
2(1—0)|=| ’
then Hopeq(V, 2) € K —UCY,[Vi, V2.

Proof. Substituting expression for B; into condition under which
a function W(z) belongs to the class k — UCV,[V1, V3], we obtain

¢(agq, bg; cq; q,1)

i . . (b .
EZMd@ﬁk+DU—1ﬂkwué+wuqy+wy+npm””1(””1
s (¢:0)j-1(c; @)1

<[Va=Wl. (43)
Applying to the left side of , we get

N : : (a;
(4;

> i dalk+ D) = 1,ql + (Vo + Dljsa] + (Vi + 1))

j=2

<> lhdlalj — 1,¢)(2k + Vo + 3)2

j=2

<.

+ib q)(Va+ Vi +2)

Jj=2

. l—a)(l—b) 3 (ag; q);(bg; q);

(¢:9);(cq; a);

<|V2 =W (44)

2(1 —0)|w

Using the hypothesis of the theorem together with , we obtain the desired
result. [
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Theorem 17 Assume that ¥ € ./\/l£% (z;q) satisfies the inequality

(Vi—1-2Kalg—c), (a a .
(1—q)(q_a)(q_b)¢<q7q)qa%l)+(2k5+V2+3)¢( ,b; ,q,l)

C(Vi—1-2k)glg—c) (Vi—1-2k)
(1-q)(g—a)(qg—0) 1—q)? (2k + Vo + 3)
Vo — VA|(1 + 5+ €)
2(1=0)w|
then Hapeq(V, 2) € k — ST [Vi, Val.

Proof. Substituting the expression for B; into condition @D under
which W(z) belongs to the class k — ST ,[V1, V2], we obtain

[e.9]

_ : (a; q)j-1(b;9)j-1
]22(261(/@ +1)j - Lg+|(Va+ D, g + (Vi + 1)])(q‘ PN It;]
< [Va =Wil. (45)
Applying to the left side of , we get
3 . . (a30);-1(b: )1,
jZQ(2Q(k POl bl b d (D) (¢:0)j-1(c59)j-1 il

(a;9)j-1(b;9)j—1  2(1 —0)||
(¢ @)j-1(c;q)j-1 4, gJ(1 + 22+ &)

M

<Y (2k+Vo+3)[j,q + Vi — 1 —2k)

e (a:9);(b:9); 2(1 — 0)|=|
vy ey
+i (Vi — 1 — 2k)q(q <§’q>]<§ ) 2(1 — 6)|w|
p (1—¢q)(q—a)(q (q,q> (¢:q (1+x+¢)
_2(1—0)|w|  (a50);(b1 ),
S <(2k+vz+3 ;(q, )i(e;q);

q

q
(Vi — 1 — 2k)q(q — ¢) & (3?q>j (35‘-’>j
+(1_Q)(q_a)q(;]_b) ]; (E'C_Z),(C];C])j

Simplifying the summations and substituting this result into (45]), we obtain
(Vi —1—=2k)q(q —¢) aa a (g —a)(qg—Db)
¢ — 4, 1)-1-
(1-q)(qg—a)(g—D) ¢ qq (¢ —c)a(l—q)

(20 Ve +3) (6o, bicia 1) — 1) < Vs - KIS

and the desired result follows. [
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Theorem 18 Suppose ¥ € ./\/15% (z;q) satisfies the inequality

2+ Vo + 1))g(1 —a)(1 —b)
(IVa =Wi[)(1 = ¢)(1 = ¢)

(14+2+9)

2(1 —0)|w|’

then Hapeq(V, 2) € Cy[VA, Vo).

Proof. Substituting expression for B; into condition for a function
U(z) to belong to the class C,[V4, V2], we obtain

d(aq,bq; cq; q,1) + d(a, b;¢; q,1)

<1+

[e.9]

S L2 = 1l 1V Dl = (4 1) sy,
< [Vo = Wil. (46)
Applying to the left side of , we get
iy . . a;q)j—1(b;q)j-1
Sl =1l 104+ 0l = 04+ ) ey,
- B (a;9)j-1(b;q)j—1  2(1 — 6)|o|
JZ 2+ Vo +1)alj - 1.4]l7,4] O T (LT
- B . (G;Q)j—l(b; Q)j—l 2(1 —0)|=|
F 2 Ve Vil S G G+ <1
2(1 - 0)|=| 1—a)(1 =b) < (ag; 9);-2(bg; 9); 2
Tt 2+ 0 <q<2+ Ve D=0 =0 2 @) 2l 0l
e (@ 9)(09);
el ; (@ 9)j-1(c; q)gl)
2(1 — 0)|w| (1- - (ag; q (bg; 9);
G+ 2+ (q<2+|v2+1|>( Z 25050
e (a59);(6;9);
vl ; (5 );(c; q)j) ‘ o

Simplifying the summations and substituting this result into , we obtain

o2+ Ve + 1) 0= o0 b 1)+ Vs = Vil (9o s, 1)~ )
(14 x+¢)
< |V — V1|m,

which completes the proof. [
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Theorem 19 Suppose that ¥ € Mg% (z;q) and satisfies the inequality

(<|1V1_J;>1(|‘1__2Z;]((5:g)) (g g; g; ¢ 1> + 2+ [Va+1])e(a, b ¢ 9,1)

M+ =2)e(g—c (1+1]-2)

(1-q)(qg—a)(g—10) (1—q)? -2+ Va+1))
Vo = Vi|(1 + 22+ §)
2(1 —0)|w| ’

then Hapeq(V,2) € S;[V1, Vo).

Proof. Substituting expression for B; into condition @ under which
W(z) belongs to the class S;[V1, Vo], we obtain

S (2ali = 1oa] + 0+ D] = (V+ D) D=L < - v

(48)
Applying to the left side of (48), we get

o0

S (24l — L] + [(Va + Vil — (Vi + 1)) <‘qu Doridioyy,

j=2

—~
~—
<

\

—_
—~
2}

=
~—
<
|
—

Z Q2+ Va+1)[j,a + Vi +1] —2)

Vit 1= 2a - ) = (59, (59),
+(1—q)(q—a)q(j—b) ; (gsq).(

Simplifying the summations and substituting this result into , we obtain

(Vi+1]=2)g(g —¢) <¢<g’g;g;q71) o ((q—a)(q—b))
¢ q

(1-q)(qg—a)(g—10) q q—c)q(l—q)

@2Vt 1) (Bebicig. ) 1) < Vi - Vil S

Hence, we obtain the desired result. [J

Theorem 20 Suppose that ¥ € M?f(z, q) and satisfies the inequality
qlg—c)(A=1) ab c A1+ 3+ €)
| cra. 1) —
T-ga—aq -0 \gqgq?t) Toebast) =5a—gar
(¢—a)lg=b)+91—q)lg—0)
<l14+(A-1 ,
AT P - -
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*
then Hapeq(V,2) € Sy ).

Proof. Substituting expression (42)) for B; into condition under which
a function ¥(z) belongs to the class Sy »» we obtain

- ( q)j-1(b59);1
;qur)\—l( o 1(7q)j1|t]<)\ (49)

Applying to the left side of , we get

=N (a;9);21(b;9);-1 2(1 = 6)|w]

= ;q‘j’ d+A=1) (4:9)j-1(c;q)j-1 [4,q)(1 + 2+ &)
2(1 = O)|w| (= (@0 0(b50)1 |~y oy (@59)-1(b59)1
(1++¢) <]§2 (¢:9)j-1(c;9) 51 " j:2<)\ D (¢;q)5-1(q;9)5-114, Q]>
2(1 = )| (<~ (a:9);(b;9);
(1+2+¢) (; (4 );(c; 9);

Substituting this into , we obtain

¢(av b; ¢ dq, 1) -1
A—1) (=% ab c B _(1—5)(1—2)
*(1—@(1—3)(1—3)(¢(q’q’q’q’1) o9
A1+ x+&)
— 2(1-0)|=|’

which is what was required. [

Theorem 21 Suppose ¥ € /\/l£% (z;q) satisfies the inequality

(1-a)(1-b)

(1—q)(1— C))\¢(aq,bq; cq;q,1) + dla, b ¢ ¢, 1) — (14 5+ ¢)

2(1 = 0)|w|

<1,

then Hapeq(V,2) € Cya.
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Proof. Substituting expression for B; into condition under which
U(z) belongs to the class C, , we obtain

o0

e (a;9)j-1(b;0)j-1,,
;[J,Q]([J Lql+A) @910 £ < A (50)
Applying to the left side of (50), we get
- B (a;59);-1(b;9)j-1,,
JZ:;U Q]([] 1 Q] + )‘> (q; Q)j—l(c; q>j—1 |t]|
oy (a;9)j-1(b;q)j—1  2(1 — 0)|m|
< 2 bl =+ N ) S T 6
20 -0)w] [~y (@@ (0ia)i o~ (459)-1 (55 )
C(+x+9) <j2 b @ a(ea)a 322 Ma 9)j-1(c; CD;—l)
21 = 0)|w| (1 —a)(1 =b) <~ (ag;9);(bg;9); |\ o~ (a39);(b; 9);
(1+2+¢) <(1—q)(1—0) ; G a(aa); - = (49);(¢9); )
Simplifying the summations and substituting this result into (49)), we obtain
(1—a)(1-0b) (1424

mﬂaq’ bg; cq; q,1) + Mo(a, byc;q,1) — 1) < )\W-

Thus we obtain the desired result. [
Theorem 22 Suppose ¥ € /\/lg% (z;q) satisfies the inequality

(I+0)(1+x+¢&)

¢(a,b;c;¢,1) < 20— 9l

then Hap,eq(V,2) € S;(0).

Proof. Substituting expression for B; into condition for a function
W(z) to belong to the class S; (o) , we obtain

+ 1,

i[j d (a;9)j-1(b;q)j-1

= (@ a)i(E )i
Applying to the left side of , we get

io:[ja Q] (a; q)jfl(b; Q)j,l ;

@@ gy

=2

50033 q’)
)(1— gz )(

4 q);
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and substituting this inequality into (51f), we obtain

1-91-2) I-D0-DA+sx+¢
¢< 1)‘1‘ R SR T Ty
]

3

7Q7

)

b ¢
q q

|2

Example 1 Let Wy(2) be a function defined by the series
> j 2 3

Uy(z)=2+> = 4 2y (52)
j:2] 4 9

it s not difficult to see that V4 € A. Consider the parameter values ¢ = 0.6,
a=03,0=04,¢c=06,%=03,£=04,0=02, w=1, and o =0.5. It
can be verified that W(z) € M?;f(z, q), and that

(1+0)(1+x+¢)
2(1 —0)|w|
Thus, the conditions of Theorem[23 are satisfied, and it follows that

Hapeq(V,2) € Sy(0).

d(a,b;c;q,1) = 1.34 < + 1 = 2.59375.

Theorem 23 Suppose ¥ € M?f(z, q) satisfies the inequality

ab c 5 (1+x+& 1 —q)(g—a)(g—0b)
¢( ’“)“” =0 aa=c)

Y I

94949
then Hapeq(V, 2) € Cylo).

Proof. Substituting the expression for B; into condition under

which a function ¥(z) belongs to the class C,(0), we obtain

s (a59)5-1(b;9)j
gy —1,q ti| <140 53
];[j Hj ](q’ Q)jfl(a q>j71| J’ ( )
Applying (25]) to the left side of (53]), we get

o0

o (@g)a(big)jn g,
2 salli = 1.d (4:9)j-1(c; q)j-1 4]

- ) (a; Q)jfl(bQ Q)j—l 2(1 —0)|=|
< 2 bl L G Tl 1
21— 0)|w| o~ (69)1(b59)5
(x4 jz:;[j hd (¢;9)j-1(c;9)j1
201 - 6)|w| qlq — ) i (5:0);(2:0);
(At x+)(I-qle—a)lg—b) o (6:0)(¢9);
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Substituting this into , we obtain

q(g — o) ¢(a b c

1-9q—-aq-0"\ge¢? 1) <(1+o0)

(14 x+¢)
2(1 = 0)|=|

(54)

O

Remark 1 In Ezample[l], if the parameters are chosen as ¢ = 0.6, a = 0.3,
b=04,¢c=05,2=04,£=0.3,0=0.2, w=1 and o = 0.5, the function
U, (z) does not satisfy the conditions stated in Theorem . However, if the
parameters are chosen as ¢ = 0.6, a = 0.1, b = 0.2, ¢ = 0.4, with the other
values unchanged, the function V4(z) satisfies the conditions of Theorem
and it follows that Hapcq(Va, 2) € Cy(0).

Corollary 5 Suppose ¥ € MZf(z; q) satisfies the inequality

(1+3+¢)
¢(a'7 b7 C7(.Z7 ) — 2(1 _ 0)‘ ’ + )
then Hapeq(V,2) € S

w,0

Corollary 6 Suppose ¥ € M/ (z;q) salisfies the inequality

abc (1 —q)(g—a)(g—0b)(L+ 3 +¢)
¢( 1)§ dq— 20— Bw]

? ) Y 5

q q g
then Hopeq(V,2) € Cy.

Conclusion

In this work, we have studied the normalized forms of Jackson and Hahn—
Exton ¢—Bessel functions, focusing on their convolution operators. Our
findings provide sufficient conditions for operators that are associated with
normalized Jackson and Hahn—Exton ¢—Bessel functions and ¢—extension
of the Hohlov integral operator. We derive coefficient bounds and sufficient
conditions for a function to belong to the class M?f (z;q). Furthermore, by
using the Taylor coefficients of zo¢1(a, b; ¢; q, z) and the normalized Jackson
and Hahn—Exton ¢—Bessel functions, we explored the inclusion properties
and geometric properties of related convolution operators.
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