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Abstract. In this paper, we examine the geometric prop-
erties of linear operators associated with normalized Jackson
and Hahn–Exton q−Bessel functions that arise through suitable
transformations and q−extension of the Hohlov integral opera-
tor. These operators are investigated in the framework of the
function from the classM$,θ

ξ,κ (z; q). We derive coefficient bounds

and sufficient conditions for functions in the class M$,θ
ξ,κ (z; q).

Additionally, we explore inclusion properties by using the Taylor
coefficients of z2φ1(a, b; c; q, z) and the normalized Jackson and
Hahn–Exton q−Bessel functions. The primary objective is to
derive sufficient conditions under which the convolution opera-
tors will be in different subclasses of q−starlike and q−convex
functions.
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Introduction

The study of univalent analytic functions defined in the open unit disk D
is fundamental to geometric function theory. The class of these functions
is denoted by S. The most studied subclasses of univalent functions are
starlike and convex functions. These functions map D onto domains that
are starlike and convex, respectively.
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Let Ψ(z) be a function of the form

Ψ(z) = z +
∞∑
j=2

tjz
j, (1)

which is analytic in D. The class of all such functions is denoted by A. A
function Ψ(z) ∈ A is said to be starlike of order σ (with 0 ≤ σ < 1) if it
satisfies the condition

<
{
zΨ′(z)

Ψ(z)

}
> σ.

Similarly, Ψ(z) is termed convex of order σ if

<
{

1 +
zΨ′′(z)

Ψ′(z)

}
> σ.

When σ = 0, these classes reduce to the standard starlike and convex func-
tion classes, denoted by S∗ and C, respectively. For more information about
starlike and convex functions, we refer to Duren’s book [16] and the refer-
ences therein.

Recently, the study of q−calculus has attracted significant attention due
to its wide applications in both mathematics and physics. The fundamental
work in this area was carried out by Jackson [22, 23], who introduced and
developed the concepts of the q−derivative and q−integral. Subsequent
research, particularly in the study of quantum groups, has revealed geometric
aspects of q−analysis. The development of q−calculus has made it possible
to explore the q−analog of classical and special functions (see, for example,
[4,6,15]). In [20], Ismail et al. established a relationship between the theory
of q−calculus and starlike functions.

Many researchers have focused on q−analogues of starlike and convex
functions because they have powerful capabilities for generalizing classical
mathematical concepts. When q → 1, these analogues typically reduce to
their classical form. In this study, we explore the inclusion properties and co-
efficient estimates of subclasses of q−starlike and q−convex functions by uti-
lizing the q−derivative operator and their connections with other q−analogs
of analytic function classes.

We begin by introducing some fundamental concepts related to q−derivative,
which will be essential for our analysis. For a real number q satisfying
0 < q < 1, the q−derivative of a function Ψ(z) is given by

DqΨ(z) =


Ψ(z)−Ψ(qz)

(1− q)z
if z 6= 0,

Ψ′(0) if z = 0.
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Note that if q approaches to 1, the q−derivative converges to the classical
derivative, that is, lim

q→1−
DqΨ(z) = Ψ′(z).

Applying the q−derivative to the power series given in (1), we obtain

DqΨ(z) = 1 +
∞∑
j=2

[j, q]tjz
j−1,

where

[j, q] =
1− qj

1− q
= 1 + q + q2 + · · ·+ qj−1.

The following notions were introduced in [31].

Definition 1 Let Ψ(z) ∈ A. The function is said to be q−starlike of order
σ if

<
(
zDqΨ

Ψ

)
> σ,

and said to be q-convex of order σ if

<
(

1 +
zD2

qΨ

DqΨ

)
> σ.

The classes of q−starlike functions of order σ and q−convex functions of
order σ are denoted by S∗q (σ) and Cq(σ) respectively.

When σ = 0, these classes correspond to the classical q−starlike and
q−convex functions, which are denoted by S∗q and Cq, respectively.

It is easy to see that the following lemma holds true.

Lemma 1 A function Ψ ∈ A is in S∗q (σ) if the following inequality holds:

∞∑
j=2

[j, q]|tj| ≤ 1 + σ. (2)

Similarly, Ψ is in Cq(σ) if

∞∑
j=2

[j, q][j − 1, q]|tj| ≤ 1 + σ. (3)

Definition 2 For a fixed parameter λ > 0, the classes S∗q,λ and Cq,λ are
defined as

S∗q,λ =

{
Ψ ∈ A :

∣∣∣∣zDqΨ

Ψ
− 1

∣∣∣∣ < λ

}
,

Cq,λ =

{
Ψ ∈ A :

∣∣∣∣zD2
qΨ

DqΨ

∣∣∣∣ < λ

}
.
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The following result is straightforward.

Lemma 2 A function Ψ ∈ A is in S∗q,λ if

∞∑
j=2

([j, q] + λ− 1)|tj| ≤ λ. (4)

Similarly, a sufficient condition for Ψ(z) to be in Cq,λ is given by

∞∑
j=2

[j, q]([j − 1, q] + λ)|tj| ≤ λ. (5)

Srivastava et al. [32] introduced two function classes S∗q [V1, V2] and Cq[V1, V2].

Definition 3 The function Ψ ∈ A is said to be in S∗q [V1, V2] if∣∣∣∣∣∣∣
(V2 − 1)

zDqΨ

Ψ
− (V1 − 1)

(V2 + 1)
zDqΨ

Ψ
− (V1 + 1)

− 1

1− q

∣∣∣∣∣∣∣ <
1

1− q
.

Using the idea of Alexander’s theorem, the class Cq[V1, V2] of q-convex
functions is defined as follows.

Definition 4 The function Ψ ∈ A is said to be in Cq[V1, V2] if zDqΨ ∈
S∗q [V1, V2].

We can see that lim
q→1−

S∗q [V1, V2] ≡ S∗[V1, V2]. The class S∗[V1, V2] was in-

troduced and studied by Janowski (see [24]). The class S∗q [V1, V2] generalizes
other subclasses since for particular values of V1 and V2, one can obtain other
classes. For example, if V1 = 1 − 2α and V2 = −1, S∗q [1 − 2α,−1] ≡ S∗q (α)
(see [2]); and if V1 = 1 and V2 = −1, then S∗q [1,−1] ≡ S∗q (see [20]).

Lemma 3 [32] The function Ψ ∈ A is in S∗q [V1, V2] if the condition below
holds:

∞∑
j=2

(2q[j − 1, q] + |(V2 + 1)[j, q]− (V1 + 1)|)|tj| < |V2 − V1|. (6)

Similarly, Ψ is a member of the class Cq[V1, V2] provided that

∞∑
j=2

[j, q](2q[j − 1, q] + |(V2 + 1)[j, q]− (V1 + 1)|)|tj| < |V2 − V1|. (7)
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Definition 5 A function Ψ ∈ A belongs to class k − UCVq[V1, V2] if it sat-
isfies

<

(V2 − 1)
Dq(zDqΨ)

DqΨ
− (V1 − 1)

(V2 + 1)
Dq(zDqΨ)

DqΨ
− (V1 + 1)



> k

∣∣∣∣∣∣∣∣
(V2 − 1)

Dq(zDqΨ)

DqΨ
− (V1 − 1)

(V2 + 1)
Dq(zDqΨ)

DqΨ
− (V1 + 1)

− 1

∣∣∣∣∣∣∣∣ .
Srivastava et al. [33] introduced the k−uniformly Janowski q−starlike

functions, represented by the class k − ST q[V1, V2], which is defined below.

Definition 6 A function Ψ ∈ A belongs to class k − ST q[V1, V2] if

<

(V2 − 1)
Dq(zDqΨ)

DqΨ
− (V1 − 1)

(V2 + 1)
Dq(zDqΨ)

DqΨ
− (V1 + 1)



> k

∣∣∣∣∣∣∣∣
(V2 − 1)

Dq(zDqΨ)

DqΨ
− (V1 − 1)

(V2 + 1)
Dq(zDqΨ)

DqΨ
− (V1 + 1)

− 1

∣∣∣∣∣∣∣∣ .
The following lemma provide sufficient conditions for functions to belong

to classes defined above.

Lemma 4 [33] The function Ψ ∈ A is in k −UCVq[V1, V2] if the following
inequality holds:

∞∑
j=2

[j, q](2q(k + 1)[j − 1, q] + |(V2 + 1)[j, q] + (V1 + 1)|)|tj| < |V2 − V1|. (8)

Similarly, Ψ lies in the class k − ST q[V1, V2] if

∞∑
j=2

(2q(k + 1)[j − 1, q] + |(V2 + 1)[j, q] + (V1 + 1)|)|tj| < |V2 − V1|. (9)

Various subclasses of normalized analytic functions were defined, and
their geometric properties were studied using differential operators and pa-
rameterized conditions (see, for example [27,29]). Motivated by these devel-
opments, we propose a new subclass of analytic functions that incorporates
first, second, and third-order derivatives.
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Definition 7 A function Ψ(z) ∈ A belongs to class M$,θ
ξ,κ (z; q) if∣∣∣∣ DqΨ + κzD2

qΨ + ξz2D3
qΨ− 1

2$(1− θ) +DqΨ + κzD2
qΨ + ξz2D3

qΨ− 1

∣∣∣∣ < 1, (10)

where $ ∈ C \ 0, θ < 1, 0 ≤ ξ < 1 and 0 ≤ κ < 1.

As q → 1, the class M$,θ
ξ,κ (z; q) tends toward class M$

ξ,κ(θ) introduced
in [19]. Its inclusion and geometric properties, particularly under various
integral operators, have been studied in [18,28].

Heine (see [17,30]) defined the basic (or q−) hypergeometric series, com-
monly denoted by φ(a, b; c; q, z), as

φ(a, b; c; q, z) =
∞∑
j=0

(a; q)j(b; q)j
(q; q)j(c; q)j

zj,

where q−shifted factorial (a; q)j is given by

(a; q)0 = 1, (a; q)j =

j∏
k=1

(1− aqk−1), (a; q)∞ =
∏
k≥1

(1− aqk−1).

with the assumption that c 6= q−t for t = 0, 1, 2, . . . If q → 1, then φ(a, b; c; q, z)
approaches the classical Gauss hypergeometric series.

By multiplying φ(a, b; c; q, z) with z, we obtain

zφ(a, b; c; q, z) =
∞∑
j=1

Ajz
j,

where the coefficients Aj are given by

Aj =
(a; q)j−1(b; q)j−1
(q; q)j−1(c; q)j−1

, j = 1, 2, 3, . . . (11)

Consider the following second-order differential equation, as discussed in
the classical work of Watson [34]:

z2V ′′(z) + zV ′(z) + (z2 − p2)V(z) = 0,

where the parameter p ≥ −1. A well-known solution to this equation is the
Bessel function of the first kind, denoted by Jp(z), which admits the power
series representation

Jp(z) =
∞∑
j=0

(−1)j

j!Γ (p+ j + 1)

(z
2

)2j+p
, z ∈ C.
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Let us examine the Jackson and Hahn-Exton types of q−Bessel functions,
which are given by the following explicit series representations:

J (2)
p (z; q) =

(qp+1; q)∞
(q; q)∞

∑
j≥0

(−1)j
(
z
2

)2j+p
(q; q)j(qp+1; q)j

qj(j+p)

and

J (3)
p (z; q) =

(qp+1; q)∞
(q; q)∞

∑
j≥0

(−1)jz2j+p

(q; q)j(qp+1; q)j
q

1
2
j(j+1),

where z ∈ C, p > −1, q ∈ (0, 1). These functions are recognized as
q−analogues of the classical Bessel function of the first kind. In particu-
lar, for a fixed complex number z, one obtains the classical Bessel function
in the limit as q ↗ 1:

J (2)
p ((1− z); q)→ Jp(z) and J (3)

p ((1− z); q)→ Jp(2z).

A detailed study of the Bessel function of the first kind is described
in the classic treatise by Watson [34]. Various properties of the Jackson
and Hahn-Exton q−Bessel functions, which serve as q−extensions of the
classical Bessel functions, are extensively studied in the literature (see, for
example, [1, 5, 13, 14, 21, 25, 26] and the references therein). Investigations
into the geometric properties of Bessel functions, such as their univalence,
starlikeness, convexity, and close-to-convexity, are addressed in works in-
cluding [7, 8, 10,11].

In [3, 9], three analytic normalizations of the Jackson and Hahn-Exton
q−Bessel functions were introduced, each defined on the open unit disk in
the complex plane. Since the functions J

(2)
p (z; q) and J

(3)
p (z; q) are not in

the class A, suitable normalizations are considered to place them in this
function class. For p > −1, the normalized versions are given by

L(2)
p (z; q) = 2pSp(q)z

1− p
2J (2)

p (
√
z; q),

L(3)
p (z; q) = Sp(q)z

1− p
2J (3)

p (
√
z; q),

where

Sp(q) =
(q; q)∞

(qp+1; q)∞
.

These transformations ensure that the resulting functions belong to the an-
alytic function class A.

Although infinitely many possible normalizations can be constructed for
both Jackson and Hahn-Exton q−Bessel functions, the above choices are
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particularly meaningful because their classical limits have been previously
studied in the literature, for example, in [12].

The series representation of L(2)
p (z; q) is

L(2)
p (z; q) = 2pSp(q)z

1− p
2J (2)

p (
√
z; q)

=
∞∑
j=1

(−1)j−1q(j−1)(j+p−1)

4j−1(q; q)j−1(qp+1; q)j−1
zj =

∞∑
j=1

L
(2)
j zj,

with the coefficients L
(2)
j (z; q) given by

L
(2)
j =

(−1)j−1q(j−1)(j+p−1)

4j−1(q; q)j−1(qp+1; q)j−1
. (12)

Similarly, the series expansion of L(3)
p (z; q) is

L(3)
p (z; q) = Sp(q)z

1− p
2J (3)

p (
√
z; q)

=
∞∑
j=1

(−1)j−1q
j
2
(j−1)

(q; q)j−1(qp+1; q)j−1
zj =

∞∑
j=1

L
(3)
j zj,

where coefficients L
(3)
j are

L
(3)
j =

(−1)j−1q
j
2
(j−1)

(q; q)j−1(qp+1; q)j−1
. (13)

Applying q−difference operatorDq to the functions L(2)
p (z; q) and L(3)

p (z; q),
we obtain

DqL(2)
p (z; q) =

L(2)
p (z; q)− L(2)

p (qz; q)

(1− q)z

= 1 +
∞∑
j=2

[j, q]
(−1)j−1q(j−1)(j+p−1)

4j−1(q; q)j−1(qp+1; q)j−1
zj−1 (14)

and

DqL(3)
p (z; q) =

L(3)
p (z; q)− L(3)

p (qz; q)

(1− q)z

= 1 +
∞∑
j=2

[j, q]
(−1)j−1q

j
2
(j−1)

(q; q)j−1(qp+1; q)j−1
zj−1. (15)

To ensure that the considered functions are analytic in the open unit
disk D, appropriate normalization techniques are employed for Jackson and
Hahn–Exton q−Bessel functions.
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1 Main results

In this section, we study geometric properties of the introduced normalized
q−Bessel functions.

Theorem 1 Let Ψ ∈ M$,θ
ξ,κ (z; q). Then coefficients tj in its expansion sat-

isfies the bound

|tj| ≤
2(1− θ)|$|

[j, q] (1 + κ[j − 1, q] + ξ[j − 1, q][j − 2, q])
, j = 2, 3, . . . (16)

The estimate is sharp and is achieved for the function

Ψ(z) = z +
2(1− θ)$qk(j−1)

B
zk(j−1)+1, k = 1, 2, 3, . . .

where B = [k(j − 1) + 1, q]
(

1 + κ[k(j − 1), q] + ξ[j − 1, q][k(j − 1)− 1, q]
)

.

Proof. Let Υ(z; q) be an analytic function in the open unit disk D satisfying
Υ(0; q) = 0 and |Υ(z; q)| < 1. Consider the following identity:

1 +
1

$

(
DqΨ + κzD2

qΨ + ξz2D3
qΨ− 1

)
=

1 + (1− 2θ)Υ(z; q)

1−Υ(z; q)
.

Expanding and simplifying, we get

1

$

(
DqΨ + κzD2

qΨ + ξz2D3
qΨ− 1

)
=

[
1

$

(
DqΨ + κzD2

qΨ + ξz2D3
qΨ− 1

)
+ 2(1− θ)

]
Υ(z; q).

Now, let us express the expansion as a power series. We have[
2(1− θ) +

1

$

∞∑
j=2

∆jtjz
j−1

]
Υ(z; q) =

1

$

∞∑
j=2

∆jtjz
j−1,

where ∆j = [j, q] (1 + κ[j − 1, q] + ξ[j − 1, q][j − 2, q]). Assume the power
series for Υ(z; q) is given by Υ(z; q) =

∑∞
j=1 ujq

jzj. Then the equation
becomes[

2(1− θ) +
1

$

∞∑
j=2

∆jtjz
j−1

]
∞∑
j=1

ujq
jzj =

1

$

∞∑
j=2

∆jtjz
j−1.

Equating the coefficients shows that each tj depends on t2, . . . , tj−1. Let us
extract the term of degree zk−1 on both sides:[

2(1− θ) +
1

$

k−1∑
j=2

∆jtjz
j−1

]
Υ(z; q) =

1

$

k∑
j=2

∆jtjz
j−1 +

∞∑
j=k+1

djz
j.
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Using |Υ(z; q)| < 1, we apply the maximum modulus principle to estimate∣∣∣∣∣2(1− θ) +
1

$

k−1∑
j=2

∆jtjz
j−1

∣∣∣∣∣ >
∣∣∣∣∣ 1

$

k∑
j=2

∆jtjz
j−1 +

∞∑
j=k+1

djz
j

∣∣∣∣∣ .
Squaring both sides and integrating over |z| = t, 0 < t < 1, then letting
t→ 1, we obtain

4(1− θ)2 ≥ 1

|$|2
∆j

2|tj|2.

Solving this inequality for |tj|, we obtain required bound.
To determine sharpness, consider the extremal function defined by

DqΨ + κzD2
qΨ + ξz2D3

qΨ = 1 +
2(1− θ)$qj−1zj−1

1− qj−1zj−1
(17)

The left side of (17) expands as

DqΨ + κzD2
qΨ + ξz2D3

qΨ = 1 +
∞∑
j=2

∆jtjz
j−1.

The right side of (17) is a geometric series

1 +
2(1− θ)$qj−1zj−1

1− qj−1zj−1
= 1 + 2(1− θ)$

∞∑
k=1

qk(j−1)zk(j−1) = 1 +
∞∑
n=1

Bnq
nzn,

where

Bn =

{
2(1− θ)$, if n = k(j − 1),

0, otherwise.

Shifting the index, this becomes 1 +
∞∑
n=2

Bn−1q
n−1zn−1, which matches the

left side of expansion. Equating the coefficients on both sides, we get

∆jtj =

{
2(1− θ)$qn−1 if n− 1 = k(j − 1),

0, otherwise.

For n = k(j − 1) + 1,

tj =
2(1− θ)$qk(j−1)

B
,

where B = [k(j − 1) + 1, q]
(

1 + κ[k(j − 1), q] + ξ[j − 1, q][k(j − 1)− 1, q]
)

.

For all other n, tj = 0. Thus, we obtain

Ψ(z) = z +
2(1− θ)$qk(j−1)

B
zk(j−1)+1, for k = 1, 2, 3, . . .

�
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Theorem 2 A sufficient condition for a function Ψ to be a member of the
class M$,θ

ξ,κ (z; q) is given by

∞∑
j=2

[j, q] (1 + κ[j − 1, q] + ξ[j − 1, q][j − 2, q]) |tj| ≤ (1− θ)|$|. (18)

Proof. Using (1) and (18) it is easy to see that

<eiφ
(
DqΨ + κzD2

qΨ + ξz2D3
qΨ− θ

)
= (1− θ) cosφ+ <eiφ

∞∑
j=2

[j, q] (1 + κ[j − 1, q] + ξ[j − 1, q][j − 2, q]) tjz
j−1

≥ (1− θ) cosφ−
∞∑
j=2

|[j, q] (1 + κ[j − 1, q] + ξ[j − 1, q][j − 2, q])| |tj| ≥ 0.

The resultant obtained above is equivalent to the analytic characterization
of Ψ(z) ∈M$,θ

ξ,κ (z; q), and the proof is complete. �

Theorem 3 Let c 6= 1, q ∈ C \ {0, 1}, and suppose the parameters a, b, c,
ξ, κ, q, $, θ satisfy the following condition:

ξq3(a; q)3(b; q)3
(1− q)3(c; q)3

φ(aq3, bq3; cq3; q, 1)

+ (κq2 + ξ[3, q])
(a; q)2(b; q)2

(1− q)2(c; q)2
φ(aq2, bq2; cq2; q, 1)

+
(q + κ[2, q])(1− a)(1− b)

(1− q)(1− c)
φ(aq, bq; cq; q, 1) + φ(a, b; c; q, 1)

≤ 1 + (1− θ)|$|.

Then zφ(a, b; c; q, z) ∈M$,θ
ξ,κ (z; q).

Proof. By substituting (11) into the sufficient condition for a function to
be in the class M$,θ

ξ,κ (z; q), we obtain

∞∑
j=2

[j, q] (1 + κ[j − 1, q] + ξ[j − 1, q][j − 2, q])
(a; q)j−1(b; q)j−1
(q; q)j−1(c; q)j−1

≤ (1− θ)|$|. (19)
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Simplifying and rearranging the terms in the left-hand side of (19), we get

∞∑
j=1

(a; q)j(b; q)j
(q; q)j(c; q)j

+
q + κ[2, q]

(1− q)
(1− a)(1− b)

(1− c)

∞∑
j=0

(aq; q)j(bq; q)j
(cq; q)j(q; q)j

+
κq2 + ξ[3, q]

(1− q)2
(a; q)2(b; q)2

(c; q)2

∞∑
j=0

(aq2; q)j(bq
2; q)j

(cq2; q)j(q; q)j

+
ξq3

(1− q)3
(a; q)3(b; q)3

(c; q)3

∞∑
j=0

(aq3; q)j(bq
3; q)j

(cq3; q)j(q; q)j

≤ (1− θ)|$|. (20)

Equation (20) yields the required result. �

Theorem 4 Let Ψ ∈ A, q ∈ (0, 1), and suppose the parameters p, ξ, κ, q,
$, θ satisfy the following condition:

DqL(2)
p (1; q) + κD2

qL(2)
p (1; q) + ξD3

qL(2)
p (1; q)− 1 ≤ (1− θ)|$|.

Then L(2)
p (z; q) ∈M$,θ

ξ,κ (z; q).

Proof. Substituting (12) in (18), we can write

∞∑
j=2

[j, q] (1 + κ[j − 1, q] + ξ[j − 1, q][j − 2, q])
(−1)j−1q(j−1)(j+p−1)

4j−1(q; q)j−1(qp+1; q)j−1

≤ (1− θ)|$|.

Simplifying the obtained relation, we get

∞∑
j=2

[j, q]
(−1)j−1q(j−1)(j+p−1)

4j−1(q; q)j−1(qp+1; q)j−1

+ κ
∞∑
j=2

[j, q][j − 1, q]
(−1)j−1q(j−1)(j+p−1)

4j−1(q; q)j−1(qp+1; q)j−1

+ ξ

∞∑
j=2

[j, q][j − 1, q][j − 2, q]
(−1)j−1q(j−1)(j+p−1)

4j−1(q; q)j−1(qp+1; q)j−1

≤ (1− θ)|$|.

Hence,

DqL(2)
p (1; q)− 1 + κD2

qL(2)
p (1; q) + ξD3

qL(2)
p (1; q) ≤ (1− θ)|$|.

�
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Theorem 5 Let Ψ ∈ A, q ∈ (0, 1), and suppose the parameters p, ξ, κ, q,
$, θ satisfy the following condition:

DqL(3)
p (1; q) + κD2

qL(3)
p (1; q) + ξD3

qL(3)
p (1; q)− 1 ≤ (1− θ)|$|.

Then L(3)
p (z; q) ∈M$,θ

ξ,κ (z; q).

Proof. Substituting (13) in (18), we can write

∞∑
j=2

[j, q] (1 + κ[j − 1, q] + ξ[j − 1, q][j − 2, q])
(−1)j−1q

j
2
(j−1)

(q; q)j−1(qp+1; q)j−1

≤ (1− θ)|$|,

or, equivalently,

∞∑
j=2

[j, q]
(−1)j−1q

j
2
(j−1)

(q; q)j−1(qp+1; q)j−1

+ κ
∞∑
j=2

[j, q][j − 1, q]
(−1)j−1q

j
2
(j−1)

(q; q)j−1(qp+1; q)j−1

+ ξ
∞∑
j=2

[j, q][j − 1, q][j − 2, q]
(−1)j−1q

j
2
(j−1)

(q; q)j−1(qp+1; q)j−1

≤ (1− θ)|$|.

Thus,

DqL(3)
p (1; q)− 1 + κD2

qL(3)
p (1; q) + ξD3

qL(3)
p (1; q) ≤ (1− θ)|$|.

�

Let Ψ ∈ A, and define the convolution operator L(2)
p,q(Ψ, z) by

L(2)
p,q(Ψ, z) = L(2)

p (z; q) ∗Ψ(z) =
∞∑
j=1

(−1)j−1q(j−1)(j+p−1)

4j−1(q; q)j−1(qp+1; q)j−1
tjz

j =
∞∑
j=1

Xjz
j,

where ∗ is the Hadamard product. The coefficients Xj are explicitly given
by

Xj =
(−1)j−1q(j−1)(j+p−1)

4j−1(q; q)j−1(qp+1; q)j−1
tj. (21)

Similarly, let L(3)
p,q(Ψ, z) be defined as

L(3)
p,q(Ψ, z) = L(3)

p (z; q) ∗Ψ(z) =
∞∑
j=1

(−1)j−1q
j
2
(j−1)

(q; q)j−1(qp+1; q)j−1
tjz

j =
∞∑
j=1

Yjz
j,
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and the coefficients Yj be

Yj =
(−1)j−1q

j
2
(j−1)

(q; q)j−1(qp+1; q)j−1
tj. (22)

Theorem 6 Suppose that Ψ ∈M$,θ
ξ,κ (z; q) satisfies the inequality

(2k + V2 + 3)DqL(2)
p (1; q) + (V1 − 2k − 1)L(2)

p (1; q)

< V2 + V1 + 2 + |V2 − V1|
(1 + κ + ξ)

2(1− θ)|$|
.

Then L(2)
p,q(Ψ, z) ∈ k − UCVq[V1, V2].

Proof. Substituting (21) in (8), we obtain

∞∑
j=2

[j, q]((2k + V2 + 3)[j, q] + V1 − 2k − 1)
(−1/4)j−1q(j−1)(j+p−1)

(q; q)j−1(qp+1; q)j−1
|tj|

< |V2 − V1|. (23)

Due to the restrictions on the parameters, we have

[j, q] (1 + κ[j − 1, q] + ξ[j − 1, q][j − 2, q]) ≥ [j, q](1 + κ + ξ). (24)

Substituting inequality (24) into (16), we obtain the upper bound for tj as

|tj| ≤
2(1− θ)|$|

[j, q](1 + κ + ξ)
, j = 2, 3, . . . (25)

Replacing |tj| in (23) by the bound from (25), we get

∞∑
j=2

[j, q]((2k + V2 + 3)[j, q] + V1 − 2k − 1)
(−1/4)j−1q(j−1)(j+p−1)

(q; q)j−1(qp+1; q)j−1
|tj|

≤
∞∑
j=2

[j, q](2k + V2 + 3)[j, q]
(−1/4)j−1q(j−1)(j+p−1)

(q; q)j−1(qp+1; q)j−1

2(1− θ)|$|
[j, q](1 + κ + ξ)

+
∞∑
j=2

(V1 − 2k − 1)[j, q]
(−1/4)j−1q(j−1)(j+p−1)

(q; q)j−1(qp+1; q)j−1

2(1− θ)|$|
[j, q](1 + κ + ξ)

=
∞∑
j=2

(2k + V2 + 3)[j, q]
(−1/4)j−1q(j−1)(j+p−1)

(q; q)j−1(qp+1; q)j−1

2(1− θ)|$|
(1 + κ + ξ)

+
∞∑
j=2

(V1 − 2k − 1)
(−1/4)j−1q(j−1)(j+p−1)

(q; q)j−1(qp+1; q)j−1

2(1− θ)|$|
(1 + κ + ξ)

.
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Simplifying this summations and substituting the result into (23), we obtain

(2k + V2 + 3)
∞∑
j=2

[j, q]
(−1/4)j−1q(j−1)(j+p−1)

(q; q)j−1(qp+1; q)j−1

+ (V1 − 2k − 1)
∞∑
j=2

(−1/4)j−1q(j−1)(j+p−1)

(q; q)j−1(qp+1; q)j−1

< |V2 − V1|
(1 + κ + ξ)

2(1− θ)|$|
. (26)

Finally, using identity (14) in (26), we get

(2k + V2 + 3)(DqL(2)
p (1; q)− 1) + (V1 − 2k − 1)(L(2)

p (1; q)− 1)

< |V2 − V1|
(1 + κ + ξ)

2(1− θ)|$|
. (27)

The hypothesis of the theorem together with the inequality in (27) confirms

the required sufficient condition for L(2)
p,q(Ψ, z) to belong to the class k −

UCVq[V1, V2]. �

Theorem 7 Suppose that Ψ ∈M$,θ
ξ,κ (z; q) satisfies the inequality

(2k + V2 + 3)DqL(3)
p (1; q) + (V1 − 2k − 1)L(3)

p (1; q)

< V2 + V1 + 2 + |V2 − V1|
(1 + κ + ξ)

2(1− θ)|$|
.

Then L(3)
p,q(Ψ, z) ∈ k − UCVq[V1, V2].

Proof. Substituting (22) in (8) and proceeding as in the previous proof, we
obtain the desired result. �

Theorem 8 Suppose that Ψ ∈M$,θ
ξ,κ (z; q) satisfies the inequality

(|V2 + 1|+ 2)DqL(2)
p (1; q) + (|V1 + 1| − 2)L(2)

p (1; q)− |V2 + 1| − |V1 + 1|

< |V2 − V1|
(1 + κ + ξ)

2(1− θ)|$|
.

Then L(2)
p,q(Ψ, z) ∈ Cq[V1, V2].

Proof. Substituting expression (21) for Xj into the condition (7) under
which a function Ψ(z) belongs to the class Cq[V1, V2], we obtain

∞∑
j=2

[j, q](2q[j − 1, q] + |(V2 + 1)[j, q]− (V1 + 1)|)(−1/4)j−1q(j−1)(j+p−1)

(q; q)j−1(qp+1; q)j−1
|tj|

< |V2 − V1|. (28)
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Applying (25) to the above gives

∞∑
j=2

(|V2 + 1|+ 2)[j, q]2
(−1/4)j−1q(j−1)(j+p−1)

(q; q)j−1(qp+1; q)j−1

2(1− θ)|$|
[j, q](1 + κ + ξ)

+
∞∑
j=2

(|V1 + 1| − 2)[j, q]
(−1/4)j−1q(j−1)(j+p−1)

(q; q)j−1(qp+1; q)j−1

2(1− θ)|$|
[j, q](1 + κ + ξ)

= (|V2 + 1|+ 2)
∞∑
j=2

[j, q]
(−1/4)j−1q(j−1)(j+p−1)

(q; q)j−1(qp+1; q)j−1

2(1− θ)|$|
(1 + κ + ξ)

+ (|V1 + 1| − 2)
∞∑
j=2

(−1/4)j−1q(j−1)(j+p−1)

(q; q)j−1(qp+1; q)j−1

2(1− θ)|$|
(1 + κ + ξ)

. (29)

Simplifying the summations and substituting the result from (29) into (28),
we obtain

(|V2 + 1|+ 2)
∞∑
j=2

[j, q]
(−1/4)j−1q(j−1)(j+p−1)

(q; q)j−1(qp+1; q)j−1

+ (|V1 + 1| − 2)
∞∑
j=2

(−1/4)j−1q(j−1)(j+p−1)

(q; q)j−1(qp+1; q)j−1

< |V2 − V1|
(1 + κ + ξ)

2(1− θ)|$|
. (30)

Using identity (14) in (30), we get

(|V2 + 1|+ 2)(DqL(2)
p (1; q)− 1) + (|V1 + 1| − 2)(L(2)

p (1; q)− 1)

< |V2 − V1|
(1 + κ + ξ)

2(1− θ)|$|
. (31)

The hypothesis of the theorem together with the inequality in (31) con-

firms the required sufficient condition for L(2)
p,q(Ψ, z) to belong to the class

Cq[V1, V2]. �

Theorem 9 Suppose that Ψ ∈M$,θ
ξ,κ (z; q) satisfies the inequality

(|V2 + 1|+ 2)DqL(3)
p (1; q) + (|V1 + 1| − 2)L(3)

p (1; q)− |V2 + 1| − |V1 + 1|

< |V2 − V1|
(1 + κ + ξ)

2(1− θ)|$|
.

Then L(3)
p,q(Ψ, z) ∈ Cq[V1, V2].

Proof. Substituting the expression (22) for Yj into the condition (8) and
proceeding as in the previous proof, we obtain the desired result. �
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Theorem 10 Suppose that Ψ ∈M$,θ
ξ,κ (z; q) satisfies the inequality

DqL(2)
p (1; q) + (λq − 1)L(2)

p (1; q) ≤ λq

(
1 +

1 + κ + ξ

2(1− θ)|$|

)
.

Then L(2)
p,q(Ψ, z) ∈ Cq,λ.

Proof. Substituting expression (21) for Xj into condition (5) under which
Ψ(z) belongs to the class Cq,λ, we obtain

∞∑
j=2

[j, q]([j − 1, q] + λ)
(−1/4)j−1q(j−1)(j+p−1)

(q; q)j−1(qp+1; q)j−1
|tj| ≤ λ. (32)

Applying (25) to the left side of (32), we get

∞∑
j=2

[j, q]([j − 1, q] + λ)
(−1/4)j−1q(j−1)(j+p−1)

(q; q)j−1(qp+1; q)j−1
|tj|

≤
∞∑
j=2

[j, q]

(
1

q
[j, q] + λ− 1

q

)
(−1/4)j−1q(j−1)(j+p−1)

(q; q)j−1(qp+1; q)j−1

2(1− θ)|$|
[j, q](1 + κ + ξ)

. (33)

Simplifying the summations and substituting the result from (33) into (32),
we obtain

∞∑
j=2

1

q
[j, q]

(−1/4)j−1q(j−1)(j+p−1)

(q; q)j−1(qp+1; q)j−1
+
∞∑
j=2

(
λ− 1

q

)
(−1/4)j−1q(j−1)(j+p−1)

(q; q)j−1(qp+1; q)j−1

≤ λ
(1 + κ + ξ)

2(1− θ)|$|
. (34)

Using identity (14) in (34) gives

1

q
(DqL(2)

p (1; q)− 1) +

(
λ− 1

q

)
(L(2)

p (1; q)− 1) ≤ λ
(1 + κ + ξ)

2(1− θ)|$|
.

Hence, the result follows. �

Theorem 11 Suppose that Ψ ∈M$,θ
ξ,κ (z; q) satisfies the inequality

DqL(3)
p (1; q) + (λq − 1)L(3)

p (1; q) ≤ λq

(
1 +

1 + κ + ξ

2(1− θ)|$|

)
.

Then L(3)
p,q(Ψ, z) ∈ Cq,λ.

Proof. Substituting the expression (22) for Yj into the condition (5) and
proceeding as in the previous proof, we obtain the desired result. �
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Theorem 12 Suppose that Ψ ∈M$,θ
ξ,κ (z; q) satisfies the inequality

L(2)
p (1; q)− 1 ≤ (1 + σ)

1 + κ + ξ

2(1− θ)|$|
.

Then L(2)
p,q(Ψ, z) ∈ S∗q (σ).

Proof. Substituting expression (21) for Xj into and condition (2) for a
function Ψ(z) to belong to the class S∗q (σ), we obtain

∞∑
j=2

[j, q]
(−1/4)j−1q(j−1)(j+p−1)

(q; q)j−1(qp+1; q)j−1
|tj| ≤ 1 + σ. (35)

Applying (25) to the left side of (35), we get

∞∑
j=2

[j, q]
(−1/4)j−1q(j−1)(j+p−1)

(q; q)j−1(qp+1; q)j−1
|tj|

≤
∞∑
j=2

[j, q]
(−1/4)j−1q(j−1)(j+p−1)

(q; q)j−1(qp+1; q)j−1

2(1− θ)|$|
[j, q](1 + κ + ξ)

. (36)

Simplifying the summations and substituting the result from (36) into (35),
we obtain

∞∑
j=2

(−1/4)j−1q(j−1)(j+p−1)

(q; q)j−1(qp+1; q)j−1
≤ (1 + σ)

1 + κ + ξ

2(1− θ)|$|
. (37)

Using identity (14) in (37) gives

L(2)
p (1; q)− 1 ≤ (1 + σ)

1 + κ + ξ

2(1− θ)|$|
,

and the result follows. �

Theorem 13 Suppose that Ψ ∈M$,θ
ξ,κ (z; q) satisfies the inequality

L(3)
p (1; q)− 1 ≤ (1 + σ)

1 + κ + ξ

2(1− θ)|$|
.

Then L(3)
p,q(Ψ, z) ∈ S∗q (σ).

Proof. Substituting the expression (22) for Yj into the condition (2) and
proceeding as in the previous proof, we obtain the desired result. �
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Theorem 14 Suppose that Ψ ∈M$,θ
ξ,κ (z; q) satisfies the inequality

DqL(2)
p (1; q)− L(2)

p (1; q) ≤ (1 + σ)q
(1 + κ + ξ)

2(1− θ)|$|
.

Then L(2)
p,q(Ψ, z) ∈ Cq(σ).

Proof. Substituting expression (21) for Xj into condition (3) under which
a function Ψ(z) belongs to the class Cq(σ), we obtain

∞∑
j=2

[j, q][j − 1, q]
(−1/4)j−1q(j−1)(j+p−1)

(q; q)j−1(qp+1; q)j−1
|tj| ≤ 1 + σ. (38)

Applying (25) to the left side of (38), we get

∞∑
j=2

[j, q][j − 1, q]
(−1/4)j−1q(j−1)(j+p−1)

(q; q)j−1(qp+1; q)j−1
|tj|

≤
∞∑
j=2

1

q
[j, q]([j, q]− 1)

(−1/4)j−1q(j−1)(j+p−1)

(q; q)j−1(qp+1; q)j−1

2(1− θ)|$|
[j, q](1 + κ + ξ)

. (39)

Simplifying the summations and substituting the result from (39) into (38),
we obtain

1

q

∞∑
j=2

[j, q]
(−1/4)j−1q(j−1)(j+p−1)

(q; q)j−1(qp+1; q)j−1
− 1

q

∞∑
j=2

(−1/4)j−1q(j−1)(j+p−1)

(q; q)j−1(qp+1; q)j−1

≤ (1 + σ)
(1 + κ + ξ)

2(1− θ)|$|
. (40)

Using identity (14) in (40) gives

1

q
(DqL(2)

p (1; q)− 1)− 1

q
(L(2)

p (1; q)− 1) ≤ (1 + σ)
(1 + κ + ξ)

2(1− θ)|$|
, (41)

and the proof is complete. �

Theorem 15 Suppose that Ψ ∈M$,θ
ξ,κ (z; q) satisfies the inequality

DqL(3)
p (1; q)− L(3)

p (1; q) ≤ (1 + σ)q
(1 + κ + ξ)

2(1− θ)|$|
.

Then L(3)
p,q(Ψ, z) ∈ Cq(σ).

Proof. Substituting the expression (22) for Yj into the condition (3) and
proceeding as in the previous proof, we obtain the desired result. �
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The following corollaries are immediate consequences of Theorems 12,
13, 14, and 15, respectively.

Corollary 1 If Ψ ∈M$,θ
ξ,κ (z; q) satisfies the inequality

L(2)
p (1; q)− 1 ≤ 1 + κ + ξ

2(1− θ)|$|
,

then L(2)
p,q(Ψ, z) ∈ S∗q .

Corollary 2 If Ψ ∈M$,θ
ξ,κ (z; q) satisfies the inequality

L(3)
p (1; q)− 1 ≤ 1 + κ + ξ

2(1− θ)|$|
,

then L(3)
p,q(Ψ, z) ∈ S∗q .

Corollary 3 If Ψ ∈M$,θ
ξ,κ (q, z) satisfies the inequality

DqL(2)
p (1; q)− L(2)

p (z; q) ≤ q
(1 + κ + ξ)

2(1− θ)|$|
,

then L(2)
p,q(Ψ, z) ∈ Cq.

Corollary 4 If Ψ ∈M$,θ
ξ,κ (z; q) satisfies the inequality

DqL(3)
p (1; q)− L(3)

p (1; q) ≤ q
(1 + κ + ξ)

2(1− θ)|$|
,

then L(3)
p,q(Ψ, z) ∈ Cq.

Let Ψ ∈ A. The q−extension of Hohlov operator, denoted byHa,b,c,q(Ψ, z),
is defined as

Ha,b,c,q(Ψ, z) = zφ(a, b; c; q, z) ∗Ψ(z) =
∞∑
j=1

(a; q)j−1(b; q)j−1
(q; q)j−1(c; q)j−1

tjz
j

=
∞∑
j=1

Bjz
j,

and coefficients Bj are given by

Bj =
(a; q)j−1(b; q)j−1
(q; q)j−1(c; q)j−1

tj, j = 1, 2, . . . (42)

We now derive sufficient conditions under which the operatorHa,b,c,q(Ψ, z)
belongs to the classes k−UCVq[V1, V2], k−ST q[V1, V2], Cq[V1, V2], S∗q [V1, V2],
Cq,λ, S∗q,λ, S∗q (σ), Cq(σ), S∗q and Cq.
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Theorem 16 Suppose Ψ ∈M$,θ
ξ,κ (z; q) satisfies the inequality

(2k + V2 + 3)q(1− a)(1− b)
(1− q)(1− c)

φ(aq, bq; cq; q, 1)

+ (V2 + V1 + 2)φ(a, b; c; q, 1)− (V2 + V1 + 2)

<
(|V2 − V1|)(1 + κ + ξ)

2(1− θ)|$|
,

then Ha,b,c,q(Ψ, z) ∈ k − UCVq[V1, V2].

Proof. Substituting expression (42) for Bj into condition (8) under which
a function Ψ(z) belongs to the class k − UCVq[V1, V2], we obtain

∞∑
j=2

[j, q](2q(k + 1)[j − 1, q] + |(V2 + 1)[j, q] + (V1 + 1)|)(a; q)j−1(b; q)j−1
(q; q)j−1(c; q)j−1

|tj|

< |V2 − V1|. (43)

Applying (25) to the left side of (43), we get

∞∑
j=2

[j, q](2q(k + 1)[j − 1, q] + |(V2 + 1)[j, q] + (V1 + 1)|)(a; q)j−1(b; q)j−1
(q; q)j−1(c; q)j−1

|tj|

≤
∞∑
j=2

[j, q]q[j − 1, q](2k + V2 + 3)
(a; q)j−1(b; q)j−1
(q; q)j−1(c; q)j−1

2(1− θ)|$|
[j, q](1 + κ + ξ)

+
∞∑
j=2

[j, q](V2 + V1 + 2)
(a; q)j−1(b; q)j−1
(q; q)j−1(c; q)j−1

2(1− θ)|$|
[j, q](1 + κ + ξ)

=
∞∑
j=2

q[j − 1, q](2k + V2 + 3)
(a; q)j−1(b; q)j−1
(q; q)j−1(c; q)j−1

2(1− θ)|$|
(1 + κ + ξ)

+
∞∑
j=2

(V2 + V1 + 2)
(a; q)j−1(b; q)j−1
(q; q)j−1(c; q)j−1

2(1− θ)|$|
(1 + κ + ξ)

.

Simplifying the summations and substituting this result into (43), we obtain

(2k + V2 + 3)q
(1− a)(1− b)
(1− q)(1− c)

∞∑
j=0

(aq; q)j(bq; q)j
(q; q)j(cq; q)j

+ (V2 + V1 + 2)
∞∑
j=1

(a; q)j(b; q)j
(q; q)j(c; q)j

< |V2 − V1|
(1 + κ + ξ)

2(1− θ)|$|
. (44)

Using the hypothesis of the theorem together with (31), we obtain the desired
result. �
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Theorem 17 Assume that Ψ ∈M$,θ
ξ,κ (z; q) satisfies the inequality

(V1 − 1− 2k)q(q − c)
(1− q)(q − a)(q − b)

φ

(
a

q
,
a

q
;
a

q
; q, 1

)
+ (2k + V2 + 3)φ(a, b; c; q, 1)

− (V1 − 1− 2k)q(q − c)
(1− q)(q − a)(q − b)

− (V1 − 1− 2k)

(1− q)2
− (2k + V2 + 3)

<
|V2 − V1|(1 + κ + ξ)

2(1− θ)|$|
,

then Ha,b,c,q(Ψ, z) ∈ k − ST q[V1, V2].
Proof. Substituting the expression (42) for Bj into condition (9) under
which Ψ(z) belongs to the class k − ST q[V1, V2], we obtain

∞∑
j=2

(2q(k + 1)[j − 1, q] + |(V2 + 1)[j, q] + (V1 + 1)|)(a; q)j−1(b; q)j−1
(q; q)j−1(c; q)j−1

|tj|

< |V2 − V1|. (45)

Applying (25) to the left side of (45), we get
∞∑
j=2

(2q(k + 1)[j − 1, q] + |(V2 + 1)[j, q] + (V1 + 1)|)(a; q)j−1(b; q)j−1
(q; q)j−1(c; q)j−1

|tj|

≤
∞∑
j=2

((2k + V2 + 3)[j, q] + V1 − 1− 2k)
(a; q)j−1(b; q)j−1
(q; q)j−1(c; q)j−1

2(1− θ)|$|
[j, q](1 + κ + ξ)

=
∞∑
j=1

(2k + V2 + 3)
(a; q)j(b; q)j
(q; q)j(c; q)j

2(1− θ)|$|
(1 + κ + ξ)

+
∞∑
j=2

(V1 − 1− 2k)q(q − c)
(1− q)(q − a)(q − b)

(
a
q
; q
)
j

(
b
q
; q
)
j(

c
q
; q
)
j
(q; q)j

2(1− θ)|$|
(1 + κ + ξ)

=
2(1− θ)|$|
(1 + κ + ξ)

(
(2k + V2 + 3)

∞∑
j=1

(a; q)j(b; q)j
(q; q)j(c; q)j

+
(V1 − 1− 2k)q(q − c)
(1− q)(q − a)(q − b)

∞∑
j=2

(
a
q
; q
)
j

(
b
q
; q
)
j(

c
q
; q
)
j
(q; q)j

 .

Simplifying the summations and substituting this result into (45), we obtain

(V1 − 1− 2k)q(q − c)
(1− q)(q − a)(q − b)

(
φ

(
a

q
,
a

q
;
a

q
; q, 1

)
− 1− (q − a)(q − b)

(q − c)q(1− q)

)
+ (2k + V2 + 3) (φ(a, b; c; q, 1)− 1) < |V2 − V1|

(1 + κ + ξ)

2(1− θ)|$|
,

and the desired result follows. �
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Theorem 18 Suppose Ψ ∈M$,θ
ξ,κ (z; q) satisfies the inequality

(2 + |V2 + 1|)q(1− a)(1− b)
(|V2 − V1|)(1− q)(1− c)

φ(aq, bq; cq; q, 1) + φ(a, b; c; q, 1)

< 1 +
(1 + κ + ξ)

2(1− θ)|$|
,

then Ha,b,c,q(Ψ, z) ∈ Cq[V1, V2].

Proof. Substituting expression (42) for Bj into condition (7) for a function
Ψ(z) to belong to the class Cq[V1, V2], we obtain

∞∑
j=2

[j, q](2q[j − 1, q] + |(V2 + 1)[j, q]− (V1 + 1)|)(a; q)j−1(b; q)j−1
(q; q)j−1(c; q)j−1

|tj|

< |V2 − V1|. (46)

Applying (25) to the left side of (46), we get

∞∑
j=2

[j, q](2q[j − 1, q] + |(V2 + 1)[j, q]− (V1 + 1)|)(a; q)j−1(b; q)j−1
(q; q)j−1(c; q)j−1

|tj|

≤
∞∑
j=2

(2 + |V2 + 1|)q[j − 1, q][j, q]
(a; q)j−1(b; q)j−1
(q; q)j−1(c; q)j−1

2(1− θ)|$|
[j, q](1 + κ + ξ)

+
∞∑
j=2

|V2 − V1|[j, q]
(a; q)j−1(b; q)j−1
(q; q)j−1(c; q)j−1

2(1− θ)|$|
[j, q](1 + κ + ξ)

=
2(1− θ)|$|

[j, q](1 + κ + ξ)

(
q(2 + |V2 + 1|)(1− a)(1− b)

(1− q)(1− c)

∞∑
j=2

(aq; q)j−2(bq; q)j−2
(q; q)j−2(cq; q)j−2

+|V2 − V1|
∞∑
j=2

(a; q)j−1(b; q)j−1
(q; q)j−1(c; q)j−1

)

=
2(1− θ)|$|

[j, q](1 + κ + ξ)

(
q(2 + |V2 + 1|)(1− a)(1− b)

(1− q)(1− c)

∞∑
j=0

(aq; q)j(bq; q)j
(q; q)j(cq; q)j

+|V2 − V1|
∞∑
j=1

(a; q)j(b; q)j
(q; q)j(c; q)j

)
. (47)

Simplifying the summations and substituting this result into (46), we obtain

q(2 + |V2 + 1|)(1− a)(1− b)
(1− q)(1− c)

φ(aq, bq; cq; q, 1) + |V2 − V1|(φ(a, b; c; q, 1)− 1)

< |V2 − V1|
(1 + κ + ξ)

2(1− θ)|$|
,

which completes the proof. �
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Theorem 19 Suppose that Ψ ∈M$,θ
ξ,κ (z; q) and satisfies the inequality

(|V1 + 1| − 2)q(q − c)
(1− q)(q − a)(q − b)

φ

(
a

q
,
a

q
;
a

q
; q, 1

)
+ (2 + |V2 + 1|)φ(a, b; c; q, 1)

− (|V1 + 1| − 2)q(q − c)
(1− q)(q − a)(q − b)

− (|V1 + 1| − 2)

(1− q)2
− (2 + |V2 + 1|)

<
|V2 − V1|(1 + κ + ξ)

2(1− θ)|$|
,

then Ha,b,c,q(Ψ, z) ∈ S∗q [V1, V2].

Proof. Substituting expression (42) for Bj into condition (6) under which
Ψ(z) belongs to the class S∗q [V1, V2], we obtain

∞∑
j=2

(2q[j − 1, q] + |(V2 + 1)[j, q]− (V1 + 1)|)(a; q)j−1(b; q)j−1
(q; q)j−1(c; q)j−1

|tj| < |V2 − V1|.

(48)

Applying (25) to the left side of (48), we get
∞∑
j=2

(2q[j − 1, q] + |(V2 + 1)[j, q]− (V1 + 1)|)(a; q)j−1(b; q)j−1
(q; q)j−1(c; q)j−1

|tj|

≤
∞∑
j=2

((2 + |V2 + 1|)[j, q] + |V1 + 1| − 2)
(a; q)j−1(b; q)j−1
(q; q)j−1(c; q)j−1

2(1− θ)|$|
[j, q](1 + κ + ξ)

=
2(1− θ)|$|
(1 + κ + ξ)

(
(2 + |V2 + 1|)

∞∑
j=1

(a; q)j(b; q)j
(q; q)j(c; q)j

+
(|V1 + 1| − 2)q(q − c)
(1− q)(q − a)(q − b)

∞∑
j=2

(
a
q
; q
)
j

(
b
q
; q
)
j(

c
q
; q
)
j
(q; q)j


Simplifying the summations and substituting this result into (46), we obtain

(|V1 + 1| − 2)q(q − c)
(1− q)(q − a)(q − b)

(
φ

(
a

q
,
a

q
;
a

q
; q, 1

)
− 1− (q − a)(q − b)

(q − c)q(1− q)

)
+ (2 + |V2 + 1|) (φ(a, b; c; q, 1)− 1) < |V2 − V1|

(1 + κ + ξ)

2(1− θ)|$|
.

Hence, we obtain the desired result. �

Theorem 20 Suppose that Ψ ∈M$,θ
ξ,κ (z; q) and satisfies the inequality

q(q − c)(λ− 1)

(1− q)(q − a)(q − b)
φ

(
a

q
,
b

q
;
c

q
; q, 1

)
+ φ(a, b; c; q, 1)− λ(1 + κ + ξ)

2(1− θ)|$|

≤ 1 + (λ− 1)
(q − a)(q − b) + q(1− q)(q − c)

(1− q)2(q − a)(q − b)
,
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then Ha,b,c,q(Ψ, z) ∈ S∗q,λ.

Proof. Substituting expression (42) for Bj into condition (4) under which
a function Ψ(z) belongs to the class S∗q,λ, we obtain

∞∑
j=2

([j, q] + λ− 1)
(a; q)j−1(b; q)j−1
(q; q)j−1(c; q)j−1

|tj| ≤ λ. (49)

Applying (25) to the left side of (49), we get

∞∑
j=2

([j, q] + λ− 1)
(a; q)j−1(b; q)j−1
(q; q)j−1(c; q)j−1

|tj|

≤
∞∑
j=2

([j, q] + λ− 1)
(a; q)j−1(b; q)j−1
(q; q)j−1(c; q)j−1

2(1− θ)|$|
[j, q](1 + κ + ξ)

=
2(1− θ)|$|
(1 + κ + ξ)

(
∞∑
j=2

(a; q)j−1(b; q)j−1
(q; q)j−1(c; q)j−1

+
∞∑
j=2

(λ− 1)
(a; q)j−1(b; q)j−1

(c; q)j−1(q; q)j−1[j, q]

)

=
2(1− θ)|$|
(1 + κ + ξ)

(
∞∑
j=1

(a; q)j(b; q)j
(q; q)j(c; q)j

+
(λ− 1)

(1− q)
(1− c

q
)

(1− a
q
)(1− b

q
)

∞∑
j=2

(a
q
; q)j(

b
q
; q)j

( c
q
; q)j(q; q)j

)
.

Substituting this into (49), we obtain

φ(a, b; c; q, 1)− 1

+
(λ− 1)

(1− q)
(1− c

q
)

(1− a
q
)(1− b

q
)

(
φ

(
a

q
,
b

q
;
c

q
; q, 1

)
− 1−

(1− a
q
)(1− b

q
)

(1− c
q
)(1− q)

)

≤ λ(1 + κ + ξ)

2(1− θ)|$|
,

which is what was required. �

Theorem 21 Suppose Ψ ∈M$,θ
ξ,κ (z; q) satisfies the inequality

(1− a)(1− b)
(1− q)(1− c)λ

φ(aq, bq; cq; q, 1) + φ(a, b; c; q, 1)− (1 + κ + ξ)

2(1− θ)|$|
≤ 1,

then Ha,b,c,q(Ψ, z) ∈ Cq,λ.
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Proof. Substituting expression (42) for Bj into condition (5) under which
Ψ(z) belongs to the class Cq,λ, we obtain

∞∑
j=2

[j, q]([j − 1, q] + λ)
(a; q)j−1(b; q)j−1
(q; q)j−1(c; q)j−1

|tj| ≤ λ. (50)

Applying (25) to the left side of (50), we get
∞∑
j=2

[j, q]([j − 1, q] + λ)
(a; q)j−1(b; q)j−1
(q; q)j−1(c; q)j−1

|tj|

≤
∞∑
j=2

[j, q]([j − 1, q] + λ)
(a; q)j−1(b; q)j−1
(q; q)j−1(c; q)j−1

2(1− θ)|$|
[j, q](1 + κ + ξ)

=
2(1− θ)|$|
(1 + κ + ξ)

(
∞∑
j=2

[j − 1, q]
(a; q)j−1(b; q)j−1
(q; q)j−1(c; q)j−1

+
∞∑
j=2

λ
(a; q)j−1(b; q)j−1
(q; q)j−1(c; q)j−1

)

=
2(1− θ)|$|
(1 + κ + ξ)

(
(1− a)(1− b)
(1− q)(1− c)

∞∑
j=0

(aq; q)j(bq; q)j
(q; q)j(cq; q)j

+ λ

∞∑
j=1

(a; q)j(b; q)j
(q; q)j(c; q)j

)
Simplifying the summations and substituting this result into (49), we obtain

(1− a)(1− b)
(1− q)(1− c)

φ(aq, bq; cq; q, 1) + λ(φ(a, b; c; q, 1)− 1) ≤ λ
(1 + κ + ξ)

2(1− θ)|$|
.

Thus we obtain the desired result. �

Theorem 22 Suppose Ψ ∈M$,θ
ξ,κ (z; q) satisfies the inequality

φ(a, b; c; q, 1) ≤ (1 + σ)(1 + κ + ξ)

2(1− θ)|$|
+ 1,

then Ha,b,c,q(Ψ, z) ∈ S∗q (σ).

Proof. Substituting expression (42) for Bj into condition (2) for a function
Ψ(z) to belong to the class S∗q (σ) , we obtain

∞∑
j=2

[j, q]
(a; q)j−1(b; q)j−1
(q; q)j−1(c; q)j−1

|tj| ≤ 1 + σ. (51)

Applying (25) to the left side of (51), we get
∞∑
j=2

[j, q]
(a; q)j−1(b; q)j−1
(q; q)j−1(c; q)j−1

|tj|

≤
∞∑
j=2

[j, q]
(a; q)j−1(b; q)j−1
(q; q)j−1(c; q)j−1

2(1− θ)|$|
[j, q](1 + κ + ξ)

=
2(1− θ)|$|
(1 + κ + ξ)

(1− q)(1− c
q
)

(1− a
q
)(1− b

q
)

∞∑
j=2

(a
q
; q)j(

b
q
; q)j

(a
q
; q)j(q; q)j

,
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and substituting this inequality into (51), we obtain

φ

(
a

q
,
b

q
;
c

q
; q, 1

)
− 1−

(1− a
q
)(1− b

q
)

(1− c
q
)

≤ (1 + σ)
(1− a

q
)(1− b

q
)

(1− q)(1− c
q
)

(1 + κ + ξ)

2(1− θ)|$|
.

�

Example 1 Let Ψ4(z) be a function defined by the series

Ψ4(z) = z +
∞∑
j=2

zj

j2
= z +

z2

4
+
z3

9
+ . . . , (52)

it is not difficult to see that Ψ4 ∈ A. Consider the parameter values q = 0.6,
a = 0.3, b = 0.4, c = 0.6, κ = 0.3, ξ = 0.4, θ = 0.2, $ = 1, and σ = 0.5. It
can be verified that Ψ(z) ∈M$,θ

ξ,κ (z; q), and that

φ(a, b; c; q, 1) ≈ 1.34 ≤ (1 + σ)(1 + κ + ξ)

2(1− θ)|$|
+ 1 = 2.59375.

Thus, the conditions of Theorem 22 are satisfied, and it follows that

Ha,b,c,q(Ψ, z) ∈ S∗q (σ).

Theorem 23 Suppose Ψ ∈M$,θ
ξ,κ (z; q) satisfies the inequality

φ

(
a

q
,
b

q
;
c

q
; q, 1

)
≤ (1 + σ)

(1 + κ + ξ)

2(1− θ)|$|
(1− q)(q − a)(q − b)

q(q − c)
,

then Ha,b,c,q(Ψ, z) ∈ Cq(σ).

Proof. Substituting the expression (42) for Bj into condition (3) under
which a function Ψ(z) belongs to the class Cq(σ), we obtain

∞∑
j=2

[j, q][j − 1, q]
(a; q)j−1(b; q)j−1
(q; q)j−1(c; q)j−1

|tj| ≤ 1 + σ. (53)

Applying (25) to the left side of (53), we get

∞∑
j=2

[j, q][j − 1, q]
(a; q)j−1(b; q)j−1
(q; q)j−1(c; q)j−1

|tj|

≤
∞∑
j=2

[j, q][j − 1, q]
(a; q)j−1(b; q)j−1
(q; q)j−1(c; q)j−1

2(1− θ)|$|
[j, q](1 + κ + ξ)

=
2(1− θ)|$|
(1 + κ + ξ)

∞∑
j=2

[j − 1, q]
(a; q)j−1(b; q)j−1
(q; q)j−1(c; q)j−1

=
2(1− θ)|$|
(1 + κ + ξ)

q(q − c)
(1− q)(q − a)(q − b)

∞∑
j=0

(a
q
; q)j(

a
q
; q)j

(q; q)j(
a
q
; q)j

.
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Substituting this into (53), we obtain

q(q − c)
(1− q)(q − a)(q − b)

φ

(
a

q
,
b

q
;
c

q
; q, 1

)
≤ (1 + σ)

(1 + κ + ξ)

2(1− θ)|$|
. (54)

�

Remark 1 In Example 1, if the parameters are chosen as q = 0.6, a = 0.3,
b = 0.4, c = 0.5, κ = 0.4, ξ = 0.3, θ = 0.2, $ = 1 and σ = 0.5, the function
Ψ4(z) does not satisfy the conditions stated in Theorem 23. However, if the
parameters are chosen as q = 0.6, a = 0.1, b = 0.2, c = 0.4, with the other
values unchanged, the function Ψ4(z) satisfies the conditions of Theorem 23
and it follows that Ha,b,c,q(Ψ4, z) ∈ Cq(σ).

Corollary 5 Suppose Ψ ∈M$,θ
ξ,κ (z; q) satisfies the inequality

φ(a, b; c; q, 1) ≤ (1 + κ + ξ)

2(1− θ)|$|
+ 1,

then Ha,b,c,q(Ψ, z) ∈ S∗q .

Corollary 6 Suppose Ψ ∈M$,θ
ξ,κ (z; q) satisfies the inequality

φ

(
a

q
,
b

q
;
c

q
; q, 1

)
≤ (1− q)(q − a)(q − b)(1 + κ + ξ)

q(q − c)2(1− θ)|$|
,

then Ha,b,c,q(Ψ, z) ∈ Cq.

Conclusion

In this work, we have studied the normalized forms of Jackson and Hahn–
Exton q−Bessel functions, focusing on their convolution operators. Our
findings provide sufficient conditions for operators that are associated with
normalized Jackson and Hahn–Exton q−Bessel functions and q−extension
of the Hohlov integral operator. We derive coefficient bounds and sufficient
conditions for a function to belong to the classM$,θ

ξ,κ (z; q). Furthermore, by
using the Taylor coefficients of z2φ1(a, b; c; q, z) and the normalized Jackson
and Hahn–Exton q−Bessel functions, we explored the inclusion properties
and geometric properties of related convolution operators.
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