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On Characteristic Function of a Contraction,
Its Model and Function of Strauss

P. Melik-Adamyan

Abstract. It is shown that the Nagy-Foias characteristic func-
tion of a completely nonunitary contraction and a variant of its
functional model can be represented by means of a projection-
valued analytic operator function, arising in the representation
theory of A.V. Strauss.
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Introduction

The present note is rather of a methodical character. A completely nonuni-
tary contraction in a Hilbert space is discussed. Motivated by the work of
Sh.N. Saakyan [2], the approach proposed here to a characteristic function
and a functional model of a such contraction is based on its partial isomet-
ric dilation, acting in a doubled Hilbert space, that somewhat differs from
considerations in [2].

Directly related to a characteristic function, a maximal function of a
contraction introduced by I. Valugescu in [5] provides also the functional
models, presented by I. Valugescu in [6] and by J.A. Ball, N. Cohen in [IJ.
In the case under consideration it coincides, in essence, with a projection-
valued operator function in the representation theory of A.V. Strauss [3],
which is closely related to that of M.G Krein. This allows to obtain one
more model of a contraction in a reproducing kernel Hilbert space, where
values of a kernel are operators acting in the initial Hilbert space.

1 On characteristic function of a contraction

Let $ be a Hilbert space with an inner product (-,-), [$)] be a linear space
of linear bounded operators acting in $ and [$)1, ] be a space of such
operators acting from $; to $s.
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Consider completely nonunitary (c.n.u.) contraction 7', that is || 7| < 1,
and there is no subspace of $), on which T induces a unitary operator.
Then, the number 1 is not an eigenvalue of T' (1€ 0,,(T')), hence the operator
(I —T)! exists.

Denote

Dy = (I —T*T)2, Dy = (I —TT*)?; Dr=DrH, D= Dr:H
the detect operators and the defect subspaces of T'. Then
TDp = DpT, T*Dp« = DpT™. (1)

Let us form the doubled Hilbert space H = $ @& 9, denote H, = H & {0},
Hy = {0} & $H and Py — orthogonal projections in H onto its subspaces
H1.2, which can be identified with the first and second copies of ).
Consider operators Vy, V in H, given on domains D(V,) = Hi, D(V) = H
by the block operator matrix
T 0
o o)

It is clear that ) is an isometry, V is its partial isometric extension and the
dilation of T’
T = 731)2”7?1, n > 1,
by identifiying H; with $).
It is not hard to see that V, and V are c.n.u. contractions, hence there
exist the operators (Z —Vy)™! and (Z — V)™! (Z is the identity operator in

Introduce also the unitary operators in ‘H

S AR @

such that V = UT P, J> =Z, JP12J = Pa1. Then the defect operators
of a partial isometry V are the orthogonal projections D = Py, D, = UPU*
onto the defect subspaces

@:Hﬂ,heﬁ}, D*:Z/{P{H:{{?;j;},heﬁ}. (3)

It is evident that
VD=0, V'D,=0. (4)

A maximal function of a contraction 7" as the operator function Dy« (I —
wT*)™!, analytic in the unit disk |w| < 1, was introduced in [5]. Denote
Q(w) = Di(ZT — wV*)~ ! its analog for V.
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Proposition 1 The Nagy-Foias characteristic function Or(w) of c.n.u. con-
traction T" can be represented as

Or(w) = (U Q(w)[D)|Dr. (5)

Proof. The operators D, and (Z —wV*)~! have the following block matrix
representations

D_{ D2, —DT*T}

—T1*Dp- T*T

e [ (I —wT*)™" w(l —wI*) Dy ] |

0 1

hence
D%*(I — w1t DrO(w
0w = | il Pred | ©

where ©(w) = =T + wDp«(I — wT*)"'Dp. Then the restriction U*Q(w)|D

) wawim—{[ 9] nes).

The identification of ‘H; with $ and the definition of the Nagy-Foias char-
acteristic function as

Or(w) = O(w)[Dr
brings to . U

Let us first note that the function Oy (w) = wQ(w)|D is the characteristic
function of the partial isometry V in view of (4.

Note also that the formula makes more precise the corresponding
formula in [2].

2  On a functional model of T

The properties of the operator function Q(w) are revealed in the following
statement.

Proposition 2 The values of Q(w) are projections in H onto ©.. There
hold the direct sum decomposition

H =Ran(Vy — wZ) + 9., (7)
and the formula

Q(w)Vofo = wQ(w) fo, fo € DWy). (8)
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Proof. Tt follows from ({) that (Z—wV*)D, = D,, and also ((Z—wV*)™'D, =
D,, since Z — wV* is bounded invertible.
Operator D, is a projection, hence

Q*(w) = DT — V) 'D(T —wV*) ! = DT —wV*) ! = Q(w).
Consider the direct sum decomposition
H=(Z—-wVYH=(Z—-wV)VH+(ZT—-wV)(T-V)H. 9)
In view of one has
QW) T -V)NZT-V)H=D.(ZI-V)H=23.,.
It is clear from that Q(w)H = D, so @ takes the form
H=(T—-wV)VH+D..
Now the definitions of V and V), lead to
(Z —wV)VH =V —wP)H =Ran(Vy — wI),
and the relation Q(w)Ran(Vy — wZ) = 0 completes the proof.

Consider the operator function Q;(w) = U*Q(w) = PiU*(Z —wV*)~!, which
essentially maps H to §. Clearly, from one has also

Q1 (w)Vofo = wQi(w) fo, fo € DWo). (10)

Now we follow to [I] and state some facts presented there. The H-valued
function h(w) = Qi(w)h, h € H belongs to the Hardy space HZ over the
unit disk, and

1Az < 1Bl

so the map Fy : H — Hg (Foh = h(w)) is contractive.
Completely nonunitary property of V* leads to KerFy = {0}. The linear
manifold Hy = RanFjy of H % endowed with the new inner product

(h(w), g(w))r = (b, @) (11)

yields the Hilbert space H, and the map F{ defines a unitary operator F :
H— H, F7! = F*

Proposition 3 The operator function K(w,o0) = Q1(w)Qi (o) is a repro-
ducing kerned for the Hilbert space H. In a matriz representation of K(w, o)
the only nonzero block is

Ku(w,0) = [Dr,(I —wT*)" (I —6T) ' Dy« + O(w)O*(0)] € [9]. (12)
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Proof. The proof is immediate. It is clear that for arbitrary g € H and
fixed o, |o| < 1 one has

K(w,0)g = Qi(w)Q;i(c)g € H.
The use of brings the reproducing property of K(w, o

and the formula follows from @ O
Set K(w,0) = Ky1(w,0).

Proposition 4 In the decomposition

§=Dp @DE  (h=d, +d.1) (13)
the kernel K(w, o) takes the following form
1 — *
Kw,o)=|1—wo [« —woOr(w)O7(0)] O (14)

O I,
where 1., I, are identity operators in Drs, @%*.
Proof. With the use of relations and
Wl — T ' = (I —wT*) ™' —1, oT(I—-oT) ' '=(I—-0oT) " ~1
not complicated derivations lead to
Ow)0*(0) = [-T + wDr-(I —wT*) ' Dy [-T* + 6Dr(1 — 6T) ' Dr-] =
=1~ (1—wo)Dp(I —wT*) (I —&T)  Drp-.
Thus, the formula can be rewritten as

7 — 0(w)0*(0)]4+0(w)0* (0) = —

K = —
(w,0) 1—wo

[[ — wsO(w)O*(0)].

1—wo

Since
Or(w) = O(w)[Dr € D7, Dr-], O1(0) = ©%(0)|[Dr- € D+, D]

hence
O(w)O*(0)d, = Or(w)O7(0)d..

For arbitrary h € $ it holds
(Dedus h) = (duy, Dpoh) = 0,
so Dr«d,; = 0, hence
[l —O(w)0*(0)]dy = [I = TT*|d., = D3.d,) =0,
and is proved. []
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Denote by 2 the multiplication operator by the independent variable w
in H with the domain D(Q) = {h(w) € H; wh(w) € H}. It is proved in [4]
that D(Q2) = FD(V,), so formula ([10) can be represented as

Vofo = F'QF fo, fo € DWo).

Since
Th h
VOfO:|:DTh:|7 f0:|:0:|7 heﬁ?

we get the functional model of c.n.u. contraction 7" in the form

Th =P, F'QF { g ] .

3 Maximal function Q(w) and the projection-
valued function of Strauss

Let Ag be a closed Hermitian operator in $) with the domain D(Aj) not

dense in §, D(Ag) # $H. Assume that Ay is simple, that is Ay does not
induce a self-adjoint operator on any linear submanifold in §.

Let some v € C* (Im7y > 0) be fixed. Then Ran(Ay—~I), Ran(A4y —7I)
are subspaces of $) and their orthogonal complements

m’\/:g)@Ran(Ao—’?I), mry:f)@Ran<Ao—’7])

are called the defect subspaces of Ag.
It is known that D(Ay) NN, = {0}, D(Ap) + I, = £, hence the operator
A, defined on D(A,) = D(Ay) + N, as

Avf:A0f0+7f77 fOeD(AO>7 fvem'y

is a maximal dissipative extension of Ay, since Ran(A, — 1) = $ (see [3]).
Consider the Cayley transforms of Ay, A,

Vo = (Ag— 1) (Ao —7I)~", D(Vy) = Ran(Ay — 1),
RanVy = Ran(Ay — 1),
V=(A, —1)(A, =), D(V) =89,
RanV = Ran(A, —vI) = Ran(A4y — vI).

Clearly, operator V' is an extension of isometry V), and V, V' are c.n.u. in
view of simplicity of Ay, A.

Proposition 5 The operator V' is a partial isometry and KerV = N,.
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Proof. It is sufficient to show that KerV = M,. Let g, € 9, and (4, —
f_)/[)_lg'y = fo+ f'y- Then

9y = (Ao =) fo+ (v =)ty
implies fo =0, so
Vg, = —A, —~I)f, =0.

If Vh = (A, —yI)(A, = 4I)"'h = 0, then (A, —4I)"'h = f € 9, hence
h=(y—7%)f €N, with the result. O

The converse statement is also true.

Proposition 6 Let the operator V is a c.n.u. partial isometry. Then its
Cayley transform
A= (= AV)(I = V) (15)

18 a maximal dissipative extension of a simple Hermaitian operator
Ao = (vI = AVo)(I — Vo), Vo = V|Ker V. (16)

Proof. Since V is c.n.u., the operator (I —V)~! exists, Ran(I — V) = D(A)
is dense in $) in view of Ker(I — V*) = {0}. Thus

D(A) = (I-V)H = (I -V)KerV + (I —V)Ker'V = KerV 4 (I = V)Ker*V.
(17)
If hg € KerV, so (I — V)hg = hyg, then also (1 — V) 'hy = hg, and

The operator Vj = V\KerLV is a c.n.u. isometry, hence its Cayely transform

, defined on
D(Ag) = Ran(I — Vg) = (I — V)Ker'V
is Hermitian. Now the formula takes the form
D(A) = D(Ap) + KerV,
hence Af = Ag fo+7ho, so A is a dissipative extension of Ag. It follows from
(A=3D) = (O =V = V) =3I = (y = (I = V)"

that (A —4I)D(A) = (A —~I)Ran(I — V) = §, completing the proof. [
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In the base of a representation theory of Strauss it lies the direct sum
decomposition
$ = Ran(4y — M) + 95, AeCT, (18)

proved in [3]. Formula defines an operator-function P()\) analytic in CT,
which values are skew projections in $) onto 915 parallel to Ran(Ay — ).
Assigning Ms-valued function h(A) = P(A)h to each h € §, one has the

following representation of the Hermitian operator Ay
P(MN)[Aofo] = AP(A) fo, fo € D(Ap). (19)

Now, going back to the decomposition and formula , consider the

Hermitian Cayley transform 4, of the isometry Vy in H, and the linear
W

fractional function A = , mapping the unit disk |w| < 1 onto the

upper half-plane C+.
The defect subspaces of Ay denote N, N5.

Proposition 7 Decomposition (7)) coincides with
H = Ran(Ay — \T) + N5, (20)

Proof. For the operator Ay one has

D(Ag) = Ran(Z — Vi) — {[ (I_;)fzh ] h 655},

Ran(Ao) — {{ (I = 3T)h } | heﬁ}.

Clearly, both
Ran(Ay —5Z) = D(WVy) = P1H, Ran(Ay —vZ) = RanVy = UT P1H
are subspaces and their orthogonal complements are
N, =DV =P,H =D, N;=RantV,=2,.

On account of

Vo = (Ao—’yI)(Ao—:y[)_l, w =

>
|
2

it is readily seen that

Vo — wI = %(AO — AT)(Ao —7T) ",
hence Ran(Vy —wZ) = Ran(Ag — A\Z), since Ran(Ay —5Z)~! = D(Ag). The
proof is complete. [

Thus, the maximal function Q(w) and the function of Strauss P(\) which
corresponds to the decomposition (20)), are connected by the relation

P(\) = Q <ﬂ> |

A—=7
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