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Abstract. A basis of a real symmetric bilinear space is called
an isotropic basis if all its elements are isotropic. In this pa-
per, we provide both necessary and sufficient conditions for the
existence of such an isotropic basis. We present one geomet-
ric method and two linear algebraic methods for constructing
isotropic bases. Additionally, we address a question arising from
the properties of symmetric bilinear forms. As a consequence,
we explore various properties of the vector space spanned by the
preimage set of a point under a real-valued continuous function.
We also demonstrate some applications of these properties within
the context of real symmetric bilinear spaces.
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Introduction

The theory of symmetric bilinear forms, closely related to quadratic forms,
is one of the most intriguing areas of linear algebra (see, for example,
[10,14,/18]). A real vector space equipped with a symmetric bilinear form is
referred to as a real symmetric bilinear space or simply a symmetric bilin-
ear space (see Definition [1). Within this context, a non-zero element in a
symmetric bilinear space can be classified as isotropic, positive, or negative
(see Definition [2). A basis of a symmetric bilinear space is called isotropic
(positive or negative) if all elements in that basis are isotropic (positive or
negative, respectively).

Pseudo-Euclidean spaces are a specific type of symmetric bilinear space
that plays a central role in geometry and physics (see [10, Chapter IX, §4]).
In [9, Lemma 1.2.4], the author provides sufficient conditions for the exis-
tence of positive and negative bases in a pseudo-Euclidean space. The proof

1


http://armjmath.sci.am/
https://doi.org/10.52737/18291163-2025.17.14-1-19

2 D. BISWAS AND H. L. DAS

of Lemma 1.2.4 in [9] suggests a method for constructing these positive and
negative bases. These results can be generalized for any symmetric bilinear
space (see Theorem [3|in Section |1f). This leads us to address the following
questions:

1. Which symmetric bilinear spaces possess isotropic bases?
2. How can we construct isotropic bases?

Answering the first question will help us in tackling Problem 13 in |14, Chap-
ter 1], which inquires about the existence of isotropic bases in a regular
quadratic space. Beyond its theoretical significance, there is a strong moti-
vation to pursue this investigation due to the applications of isotropic bases
in sphere geometries. For instance, in [§], the author demonstrates the exis-
tence of isotropic bases in certain pseudo-Euclidean spaces, which is essential
for proving various theorems (e.g., see Lemmas 3.6 and 3.10 in [8, Chapter 3])
related to Lie sphere transformations. It is noteworthy that the author has
established the existence of isotropic bases in a pseudo-Euclidean space by
constructing them using the standard basis of that space.

With these motivations in mind, our first objective is to address the
above questions 1 and 2, with a particular focus on the second question. Af-
ter this, we will consider R" as a normed space and analyze some properties
of symmetric bilinear forms defined on R™ in relation to its bases. These
properties raise a question (see Problem (1)) concerning real-valued continu-
ous functions defined on R™. Our second objective is to provide a positive
answer to this question by proving a theorem. Additionally, we will explore
various properties of symmetric bilinear forms using this theorem. Finally,
we will demonstrate how our results facilitate an analytical examination of
the existence of different types of bases in a symmetric bilinear space.

The organization of this paper is as follows: In Section [1, we collect the
necessary definitions and results which are known. We will also establish
the necessary and sufficient conditions for the existence of positive and neg-
ative bases in a symmetric bilinear space. In Section [2| we will present the
criteria for the existence of isotropic bases in a symmetric bilinear space.
Section 3] is divided into two subsections. In Subsection [3.1] we will offer a
geometrical method to construct isotropic bases for Minkowski space, which
is one of the most significant symmetric bilinear spaces. In Subsection [3.2]
we will introduce a linear algebraic method for constructing isotropic bases
in a symmetric bilinear space. In Section [4] we will establish several linear
algebraic properties of the preimage set of a point under real-valued contin-
uous functions defined on R”. We will also demonstrate some applications
of these properties in a symmetric bilinear space. Finally, in Section [3], we
will conclude our paper with some closing remarks.
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1 Preliminaries

To begin, we will establish some notation for the entire paper. For any
positive integers m and n, we denote the set of all m x n real matrices as
R™%"  For a matrix A € R™ " its transpose is denoted by AT, and its
determinant is denoted by det(A).

We now recall some known definitions and results, which will be used to
state and prove our main results.

Lemma 1 ( [1,17]) For a matriz A € R™ ", the following properties are
equivalent:

1. rank of A is k;

2. there is a k X k submatriz of A with non-zero determinant, and no

(k+1) x (k+ 1) submatrices of A have non-zero determinant;
3. maximum number of linearly independent rows (columns) of A is k.

Lemma 2 ( [1,17]) Let A be an n x n real matriz. Let A;; denote the
(n—1) x (n—1) matriz obtained by deleting the i-th row and the j-th column
of A. Then the Laplace expansion of det(A) along the p-th row is given by

n

det(A) = (=1)""a, det(Ay).

k=1

Theorem 1 ( [17, Theorem 8.7.2]) Let A € R™™" be a symmetric ma-
triz. Then there exists an orthogonal matriz S € R™™ (i.e., SST = STS =
I,) such that SAST is a diagonal matriz.

Definition 1 LetV be a finite dimensional vector space over the field R. A
symmetric bilinear form on 'V is a function (,) :V xV — R such that for
all o, B,v €V and all a,b € R,

(aa+bpB,7) = ala, 7)+b(B,7), (v, aa+bB3) = aly, a)+b(y, B), (o, B) = (B, a).

The pair (V,(,)) is called a real symmetric bilinear space (or symmetric
bilinear space in short).

Let (V,(,)) be a symmetric bilinear space. We say that (V,(,)) is n-
dimensional if dim(V) = n. We will now define three different types of
elements and bases in V.

Definition 2 A non-zero element a in V is called isotropic or positive or
negative if (o, ) =0 or {(a,a) > 0 or (o, a) < 0, respectively.

Definition 3 Let B be a basis of V. Then B is called isotropic (respectively,
positive or negative) if all the elements in B are isotropic (respectively, pos-
itive or megative).
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We will now define the matrix of a symmetric bilinear space, as well as
isometric bilinear spaces, and recall some related results which can be found
in |18, Chapter 1, §2].

Definition 4 Let B = {1, 52, ..., 8n} be a basis of the vector space V. If
(,) is a symmetric bilinear form on V, then the n X n symmetric matriz
A = (ai;) = ((Bi, B;)) is called the matriz of (,) with respect to the basis B.

Note that if A is the matrix of (,) with respect to the basis B =
{B1, B2, ..., Bn} of V, then for o = >} apfp and § = > ;1 bpfr in V,
we have (o, ) = aAST, where we identify « and 8 with (a1, as, . .. ,a,) and
(b1, b, ..., by), respectively.

Definition 5 Two symmetric bilinear spaces (Vi,(,)1) and (Va,(,)2) are
said to be isometric if there exists a bijective linear function o : Vi — Vs
satisfying (o(a),0(B))2 = (o, B)1 for all o, B € V1. In this case, the function
o 18 called an isometry.

Definition 6 Two matrices A and B in R™"™ are said to be congruent if
there exists a matriz P € R™™ satisfying det(P) # 0 such that A= PBPT.

Theorem 2 Two symmetric bilinear spaces are isometric if and only if their
associated symmetric matrices (with respect to arbitrary bases) are congru-
ent.

We conclude this section with the following theorem, which provides the
necessary and sufficient conditions for a symmetric bilinear space to have
positive and negative bases. The proof of this theorem is adapted from the
proof of [9, Lemma 1.2.4].

Theorem 3 A symmetric bilinear space (V,(,)) possesses a positive (re-
spectively, negative) basis if and only if (V,(,)) contains positive (respec-
tively, negative) elements.

Proof. The necessity is straightforward. We will now demonstrate the suf-
ficiency. Let «; be a positive element in V. Choose a basis {a1, as, ..., a,}
of V and consider a; + xay, where € R. Since (o; + zay, a; + zay) =
(i, i) + 2x{ay, a1) + 22{ay, o) and the coefficient of 22 is positive, there
exists ¢; € R such that («; + a1, ; + ¢ag) > 0 for each i = 2,3,... n.
Therefore, the set {a1, s + caa, a3 + czay, . .., ay, + ¢y } forms a positive
basis of V. In a similar manner, one can show that a negative basis exists
in V when V contains negative elements. This completes the proof. [

Note that the proof above outlines a method for constructing both pos-
itive and negative bases for a symmetric bilinear space.
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2 Existence of isotropic bases in a symmetric
bilinear space

In this section, we present the necessary and sufficient conditions for the
existence of an isotropic basis in a symmetric bilinear space. Additionally,
we discuss a method for constructing isotropic bases. We begin with the
following lemma.

Lemma 3 Let (V,(,)) be a symmetric bilinear space and let o and [ be
its positive and negative element, respectively. Then there exist two non-
zero real numbers, ¢y and co, such that o + c1 and o + cof3 are linearly
independent isotropic elements in (V, (,)).

Proof. Consider polynomial p(z) = (a+ x5, a + z8) = (o, o) + 2x{a, B) +
2?(B, B). Since (o, a){B, ) < 0, polynomial p(x) has two distinct non-zero
real roots, denoted as ¢; and ¢y. Because o and 3 are linearly independent

in V), the isotropic elements a+ ¢ and a+ ¢ are also linearly independent
in V. [

In the following theorem, we present the necessary and sufficient condi-
tions for the existence of an isotropic basis in a symmetric bilinear space.
The proof outlines a method for constructing an isotropic basis.

Theorem 4 A symmetric bilinear space (V, (,)) possesses an isotropic basis
if and only if all the elements in (V, (,)) are isotropic or (V,(,)) contains
both positive and negative elements.

Proof. 1If all the elements in ) are isotropic, then any basis of V is isotropic.
We now show that V' possesses an isotropic basis when V contains both
positive and negative elements. Consider a basis {a1, as, ..., a;,} of V, which
contains both positive and negative elements. Assume that (a;, «;) > 0
when ¢ € {1,2,...,p}, (aj,05) = 0 when j € {p+1,p+2,...,q — 1},
and (ag,ax) < 0 when k € {q,q+ 1,...,n}. We will now construct an
isotropic basis of V using the basis {a1, ag, ..., a,}. According to Lemma ,
for each positive element «;, there exist two non-zero real numbers ¢;; and
cio such that o; + ¢, and «; + ¢, are linearly independent isotropic
elements in V. Similarly, for each negative element «y, there exist two
non-zero real numbers ci; and cge such that oq + ¢ and o + cpoqyy, are
linearly independent isotropic elements in V. Define §; := «; + ¢;1c,, when
ie{l,2,...,p}, Bj:=a; whenj € {p+1,p+2,...,q—1}, Br = oq +cr10x
when k € {¢,q+1,...,n— 1}, and B, := a1 + c1ac,. Since the set {f1, 5,,}
is linearly independent, we can express o and «,, as linear combinations of
51 and 3,,. Therefore, a; can be expressed as a linear combination of 3;, 51,
and 3, for each i = 1,2,...,n. Consequently, the set {31, 52,..., 0.} is a
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basis of V. Furthermore, we have (f3;, 5;) = 0 for all ¢ = 1,2,...,n. This
concludes that V possesses an isotropic basis {1, s, - .., On}-

Conversely, if V possesses an isotropic basis {1, 52, ..., fn}, then ¥V must
contain isotropic elements. Suppose all the elements in V' are not isotropic.
Let o = Y ", ;3 be a non-isotropic element in V. We claim that there
exists at least one B such that (a, f;) # 0. If this is not the case, we have

(a,a) = <a,zczﬂi> =Y afa,8) =0,

i=1

which contradicts the fact that « is non-isotropic. Let us consider the el-
ement o + xf) in V, where z € R. We see that (o + 0, a + 20;) =
(o, ) + 2z{v, Br). Therefore, a + 25, can be positive or negative depend-
ing on the value of x € R. This shows that ) contains both positive and
negative elements. This completes the proof. [J

The following corollary directly follows from Theorems |3| and 4], which
provides the necessary and sufficient conditions for (V, (,)) to possess isotropic,
positive and negative bases.

Corollary 1 A symmetric bilinear space (V,(,)) possesses isotropic, pos-
itive and negative bases if and only if (V,(,)) contains both positive and
negative elements.

We observe that using the method discussed in the proof of Theorem 4} it
is possible to construct isotropic bases for symmetric bilinear spaces. How-
ever, this method relies on the choice of the basis. In the next section, we
will present additional methods for constructing isotropic bases for symmet-
ric bilinear spaces that do not depend on the basis.

3 Construction of isotropic bases for sym-
metric bilinear space

In this section, we outline methods for constructing isotropic bases of sym-
metric bilinear spaces. In Subsection [3.1, we present a geometric method
for constructing isotropic bases in Minkowski space, and in Subsection [3.2]
we introduce a linear algebraic method for constructing isotropic bases for
any symmetric bilinear space. We begin by proving a proposition that will
simplify the process of constructing these isotropic bases.

Proposition 1 Let (V, (,)1) be an n-dimensional symmetric bilinear space.
Then (V, (,)1) is isometric to (R™, (,)2), where (o, B)a = > i, diasb;, di >
dy > - >d, and a = (ay,az,...,a,), 5= (b1,ba,...,by).
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Proof. Let A be the matrix of the symmetric bilinear form (,); with re-
spect to the basis {ay, as,...,a,} of V. Since A € R™™ is symmetric, by
Theorem [l there exists an orthogonal matrix U € R"*" such that UAUT
is a diagonal matrix. By permuting the rows of U, we can find another or-
thogonal matrix V' € R™" such that the diagonal entries of matrix VAV
are arranged in decreasing order. Specifically, we have d; > dy > -+ > d,,,
where d; represents the (i,i)-th entry of VAVT. We now define a sym-
metric bilinear form ()2 on R™ as follows: (a, )2 = >, d;a;b;, where
a = (ai,a,...,a,) and B = (by,ba,...,b,). It is clear that VAVT is the
matrix of (), with respect to the standard basis of R™. Therefore, by
Theorem [2 (V, (,)1) and (R", (,)2) are isometric. [J

Let us make some observations based on the proof of Proposition [I}

Remark 1 Consider a bijective linear function f : R® — V), defined by
fla) =37 a;a; where oo = (ay, a9, ..., a,). It is evident that

(f(@), f(B))r = aAB.

Next, define a function ¢ : R" — V by o(a) = f(aV). Since f is a bi-
jective linear function and det(V') # 0, it follows that o is also a bijective
linear function. Furthermore, we have (o(«),o(8))1 = (f(aV), f(BV))1 =
aVAVTBT = («a, B)5. Therefore, by Definition , we conclude that o is an
isometry. Let {fi, (2, ..., s} be an isotropic basis of (R™, (,)s). It follows
immediately that {o(81),0(82),...,0(5,)} is an isotropic basis of (V, (,)1).

In view of Proposition[I]and Remark 1] it is sufficient to find the isotropic
bases of symmetric bilinear space (R", (,)), where (o, ) = >, e;a;b;, e1 >
ey >+ > e, and o = (ay,a9,...,a,), 8= (b1, ba,...,b,). In the remainder
of this section, we will prove the results for (R", (,)). We will specify the
values of n and eq,es,...,e, as necessary. For instance, in the following
subsection, we will set n =4, e; =e3 =e3 =1, and ¢, = —1.

3.1 Geometrical construction of isotropic bases for
Minkowski space

Minkowski space is fundamental in the theory of special relativity and in
two-dimensional conformal geometry (see, for example, [8|11,/16]). Two-
dimensional conformal geometry establishes a connection between Minkowski
space and the set of circles, lines, and points in R? (see 8, Chapter 2, Sec-
tion 2.2] and |11, Chapter 4, Section 4.2]). In this section, we will construct
isotropic bases for Minkowski space by utilizing this relationship. To begin,
let us revisit the definition of Minkowski space.
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Definition 7 Minkowski space, denoted by R>', is the vector space R?,
equipped with the symmetric bilinear form («, 5) := a1by + agbs + agbs — asby,
where o = (ay, as, az, ay) and B = (by, b, bg, by) in RE.

A circle or a point (which can be viewed as a circle of zero radius) in
R? can be represented by an equation of the form (z — a)?* + (y — b)? = r?,
where r > 0. A line in R? can be represented by an equation of the form
cx+dy = h, where c24+d? = 1. The lemma below provides a relation between
C and R*', where C represents the set of all circles, lines, and points in R2.

Lemma 4 Let ¢ : C — R3! be a function defined by

() = (2a,2b,1 —a®> = b +r*, 1 +a* +b* —r?) if C1 holds,
) (e,d,—h,h) if C2 holds,

where C1: € is (v —a)? + (y —b)*> =r?%, and C2: € is cx + dy = h. Then
¢ is an injective function which maps a circle or a line in R? to a positive
element in R3' and a point in R? to an isotropic element in R>!.

Proof. 1t is straightforward to see that the function ¢ is injective. We will
now prove the other assertion. Let € € C be a circle or a point defined by
the equation (z — a)? + (y — b)? = r2. Tt is easy to see using the definition
of ¢ that

(H(€), 9(€)) = 4a® + 4" + (1 — a® — b* + 1) — (1 +a® + b* — r?)* = 4%

Here, € is a circle when r > 0 and a point when » = 0. Thus, ¢ maps
a circle to a positive element and a point to an isotropic element in R>!.
Now, if € € C is a line given by the equation cx + dy = h, we find that
(6(€), p(€)) = ¢ + d* = 1. Therefore, ¢ maps a line to a positive element
in R, O

The following lemma provides the necessary and sufficient conditions for
a circle or a line to pass through a given point.

Lemma 5 Let €, be a point and €y be a circle or a line in R?. Then €,
passes through the point € if and only if (p(€1), #(C2)) = 0.

Proof. Let €; represent the point (ay, by), which can be expressed by equa-
tion (z —ay)? + (y — b1)? = 0. Let €, be the circle defined by (z — as)? +
(y — by)? = r2. According to the definition of ¢ (see Lemma [4), we have
¢(Q:1) = (2@172()1,1 — CL% — b%, 1+ CL% + b%) and ¢(€2) = (2&2,2[)2, 1 - CL% -
b + 13,1+ a3+ b2 —r3). A direct calculation shows that (¢(€), ¢(€s)) =
272 —2(a; —az)*—2(by —by)%. Thus, the circle €, passes through the point €;
if and only if (¢(€;), ¢(&€;)) = 0. Now, suppose that &€, represents the line
expressed by ¢y + doy = hy. In this case, we have ¢(€y) = (cz, d2, —ha, ha).
For this scenario, we find that (¢(€;), d(€2)) = 2aicy + 2b1dy — 2hs, which
equals 0 if and only if the line €, passes through the point &;. [J
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Remark 2 For any two points €; and €, in R?, we have (¢(€;), #(€,)) # 0.
One can see this by setting o = 0 in the proof of Lemma [5

We now provide a method to construct an isotropic basis for R*! using
circles, lines, and points of R2.

Theorem 5 Let € be a circle or a line in R?. We choose three points €,
&y and €3 which lie on € and a point €4 which does not lie on €. Then

{0(€1), d(€3), d(€3), d(€4)} is an isotropic basis of R

Proof. Tt follows immediately from Lemma [4| that (¢(<;), ¢(€;)) = 0 for
all i+ = 1,2,3,4. Note also that for any real number k, ¢(&;) # k¢(C))
when ¢ # j; otherwise, it would contradict the fact (¢(&;), #(€;)) # 0 (cf.
Remark [2). Now, if ¢(€;), ¢(€;) and ¢(€3) are linearly dependent, then
there exist two real numbers ki and ko such that k1¢(€;) + kot () = ¢(C3).
ThUS, we have <k1¢(¢1) + k2¢(¢2), k1¢(€1) + k2¢(€2)> = <¢(€3), ¢<€3)> =0.
Consequently, (¢(€1), ¢(€3)) = 0, which contradicts Remark 2] Hence, the
set {@(€1), d(€,), #(€3)} is linearly independent in R*!'. Since € passes
through the point €;, by Lemma [5| we have (¢(&;), ¢(€)) = 0 for all i =
1,2,3. Now, let us assume that k1¢(€;) + kot (Ca) + k3 (C3) = ¢(&y) for
some real numbers ki, ko, and k3. Then (¢(€4), (€)) = ki{d(€1), d(€)) +
k2 (0(€2), ¢(€))+k3(p(€5), ¢(€)) = 0. This contradicts Lemmal5|since € does
not pass through the point €,. Hence, the set {¢(€1), p(€2), ¢(€3), H(C4)}

is linearly independent, and therefore, forms an isotropic basis of R*!. [

In the following example, we construct an isotropic basis for R*! using
the method provided in the Theorem [5]

Example 1 Let us consider the circle € defined by (z — 1)? +y? = 1. We
choose three points (0, 0), (2,0), and (1, 1), which lie on the circle €. Denote
these points as €, €, and €3, respectively. Choose another point (0,1)
that does not lie on € and denote it by €,. Now, represent the point €; by
the equation 2% + y* = 0, and using the definition of ¢ given in Lemma ,
we get ¢(€1) = (0,0,1,1). In a similar way, we find ¢(€) = (4,0,-3,5),
o(€3) = (2,2,—1,3), and ¢(€4) = (0,2,0,2). Now, using Theorem , we
conclude that the set {(0,0,1,1),(4,0,-3,5),(2,2,—1,3),(0,2,0,2)} forms
an isotropic basis of R>!.

Although this method allows for the straightforward construction of
isotropic bases in Minkowski space, it becomes challenging to apply to other
symmetric bilinear spaces. In the following section, we will present a tech-
nique that enables the construction of isotropic bases for any symmetric
bilinear space.
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3.2 Construction of isotropic basis for (R”, (,))

The proof of the following theorem provides a method to construct an
isotropic basis for (R™,(,)). Recall that (a, ) = Y"1 e;a;b; and e; >
€y > - 2 Ep.

Theorem 6 Let (R™, (,)) contain both positive and negative elements. Then
any set {aq,ag,...,a,} C R™ of n elements can be transformed into an
isotropic basis of (R™,(,)) by changing the values of at most three coordi-
nates of each o;, 1 =1,2,...,n.

Proof. For ease of notation, we write R™ := (R", (,)). Let {aq,aq,...,an}
be a subset of R”. We transform this set into an isotropic basis of R™ in n
steps. First, we provide a brief overview of this transformation process. In
the first step, we transform «; into an isotropic element 5, € R™. In the
k-th step, we transform oy into an isotropic element [, € R”, ensuring that
the set {01, B2, ..., Br} remains linearly independent. Finally, in the n-th
step, we transform «,, into an isotropic element (3, € R™. At this point, the
set {B1, B2, ..., Bn} will constitute an isotropic basis of R”. We now describe
the procedure for transforming «; into an isotropic element (5 during the
k-th step of this process.

Suppose we have constructed the set {31, 5z, ..., Bx—1} of (k—1) linearly
independent isotropic elements in R", k > 1. Now, we want to transform
ar = (ag1, a2, --.,ax,) into an isotropic element By = (b1, bk2, - - -, bkn)
in R” such that the set {51, fs, ..., [r} remains linearly independent. To
achieve this, we will use two functions: 1, which will transform o into S,
and Fy, which will maintain the linear independence of the set {51, B, . . ., Bk}
It is important to note that since R™ contains positive and negative elements,
there exist positive integers p and ¢ (with ¢ > p) such that e; > 0 for all
ie€{l,2,...,p}ande; <Oforall j € {q,q+1,...,n}.

Let 7 € R™ denote the element whose k-th coordinate is 1 and rest of
the coordinates are 0. Define function v, : R® — R" by

wk(x7yvz): Oék‘f‘m’Yk‘i‘y’Yl‘f'Z’Yn 1f/€€{p—|—1,p+2,,q—1},
oy + Ty + Yy it kef{qgq+1,...,n}.

Now, let M}, = (m;;) be the k x k matrix given by

{bij if i £k,
mij =

Qi if i = k’,

(recall that a;; and b;; are the j-th coordinate of c; and ;, respectively) and
let El(f) denote the k x k matrix, whose (i, 7)-th entry is 1 and rest of the
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entries are 0. Define function Fj, : R? — RF** by

My + zEX) if ke {1,2,...,p},
Fy(z,y,2) = (k) k) .

My +zEy, +yE,, ifke{p+1,p+2,...,n}
Put Si1 == {(v,y,2) € R® : (Yp(z,y,2),¢Ye(x,y,2)) = 0} and Spy :=
{(x,y,2) € R : det(Fy(z,y,2)) = 0}, choose a point (zy, Y, zx) from the
set Skl \Skg, and define ﬁk = %(%7%7 Zk>.

It remains to show that Sy \ Sk is non-empty and {Si, 52, ..., [k} is

linearly independent. The following observations will assist us in doing this.

1. Note that the i-th coordinate of ¥y(x,y,z) is the (k,i)-th entry of
Fy(z,y,2) for i = 1,2,..., k. Thus, (i,j)-th entry of Fi(zk,yx, 2x) is
bij, where 4,7 =1,2,... k.

2. For k > 1, Fp_1(zk_1,Yk-1,2K-1) is a (k — 1) x (k — 1) submatrix of
Fy(x,y, z), which can be obtained by deleting the k-th row and the
k-th column of Fy(x,y, z).

Let us show that Sy \ Ske is non-empty. To do this, first note that if
ke {1,2,...,p}, then

<¢k(x7 Y, Z)a ¢k(x7 Y, Z)>

k—1 P n—1

2 2 2 2 2

= E eay; + ex(ap, +x)° + E eay; + E eiar; + en(ap, +9)°.
i=1 i=k+1 i=q

fke{p+1,p+2,...,q— 1}, then

n—1

p
<¢k<x7y7 Z)vwk(xa Y, Z)> = el(akl + y)2 + Zeia’zi + Zeia’zi + en(akn + 2)2‘

i=2 i=q

Ifke{qgq+1,...,n}, then

<wk($a Y, Z)a wk(xa Y, Z))
p k-1 n
= e1(am +y)* + Z eia; + Z eiay; + ex(am + 1) + Z €i;-

i=2 i=q i=k+1

By considering all these cases, it is evident that (¢ (x,y, 2), ¥, (z,y, 2)) can
be expressed in one of the following forms: either as vy (z + uy)* F vo(y +
ug)? + uz or as v3(y + ug)? — vg(z + uz)? + ug. Here u;, i = 1,2,...,6,
are real numbers, and v;, ¢+ = 1,2,3,4, are positive real numbers. We
also observe that if & = 1, then det(Fi(x,y,2)) = a;1 + x. If & > 1, the
Laplace expansion (see Lemma [2)) of det(Fy(x,y,z)) along the k-th row
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leads to the expression det(Fy(z,y,2)) = wiz + woy + ws. It is impor-
tant to note that = appears only in the (k, k)-th entry of Fi(z,y, z). Hence,
by observation [2) we find that w; = det(Fy_1(zx_1,Yk_1,2k-1)). From the
construction, it is clear that (x—1, yr—1, 2k—1) € Se—1)1 \ Sk—1)2, and there-
fore, wy = det(Fj—1(Tk—1,Yx—1, 26-1)) # 0. Consequently, det(Fy(x,y,z)) =
w1 + way + w3 for some real numbers wy (# 0), we and wsz. Therefore, the
set Sk1 \ Sk is non-empty.

We now show that the set {31, 5a, ..., [k} of k isotropic elements is lin-
early independent in R™. Consider the k£ x n matrix A whose i-th row is
Bi, i =1,2,..., k. From observation , we can see that the (7, j)-th entry of
Fi(k, Yk, 2x) is by, where ¢, 5 = 1,2, ... k. Therefore, Fj(zx, yi, 2x) is a kxk
submatrix of A. Now, since (zx, Yk, 2x) € Sk1 \ Ske, det(Fy(xk, Yk, 2x)) # 0.
Thus, applying Lemma [T, we conclude that A has rank k. As a result, the
set {f1, P2, ..., Bk} is linearly independent.

If we carry out this procedure for k = 1,2, ..., n, we obtain the isotropic
basis {51, B2, ..., Bn} of R". We complete the proof by noting that fj has
been obtained by changing the values of at most three coordinates of «y, for
each k=1,2,...,n. U

Remark 3 The method described above can generate an isotropic basis for
(R™, (,)) from any n elements oy, g, . . ., v, (not necessarily distinct) in R™.

The following example illustrates the method provided in the proof of
Theorem [6

Example 2 Let P3 be the set of all polynomials in x with real coefficients
and of degree less than 4. It is easy to see that Ps forms a 4-dimensional
real vector space. On Ps, we define a symmetric bilinear form as follows:
(a(x), B(x))1 = 2asby + 2a4b3 — 3asby, where a(x) = a1 + apw + azr? + agx?
and B3(z) = by +byx+bsx*+byx®. Our goal is to find an isotropic basis for the
symmetric bilinear space (Ps, (,)1). To do this, first note, using Definition
M that matrix A of the symmetric bilinear form (,); with respect to the
basis {1, x, 2% 23} of Ps is given by

000 O

000 O

A_OOOQ’

0 0 2 =3

and then,

2 1
1 00 O 007575
r |00 0 O 110 0 0
SAS—OOO 0 ,vvhelreS—01 0 0
12
000 —4 00_7575
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Consider now the symmetric bilinear space (R%, (, )2), where («, 8)2 = a1b; —
4asby, o = (a1, as,a3,a4) and B = (b1, bs, b3, by). Using Definition [4] note
that the matrix of (), with respect to the standard basis of R* is given by
SAST. By applying Theorem [2| we conclude that the symmetric bilinear
spaces (Ps, (,)1) and (R* (,),) are isometric.

Define a linear function f : R* — Ps as follows: f(a) = a; +asw +azx® +
a3, where o = (ay,as,as,as). Also, consider the function o : R* — Ps
given by o(a) = f(aS). It is clear from Remark [I| that o is an isometry.
We will now construct an isotropic basis for (R%, (,)s) using the procedure
described in the proof of Theorem [6] We will then convert this basis into an
isotropic basis of (Ps, (,)1) using the isometry o.

We begin by choosing four elements oy = as = (0,0, 0,0), g = (0,0, 1,0),
and oy = (0,0,0,1) in R* (cf. Remark . Now, consider the functions
U1(z,y,2) = (2,0,0,y) and Fi(z,y, z) = [z], and put Sy; = {(z,y,2) € R?:
(1,01)2 = 2% — 4y*> = 0} and Sp» = {(x,y,2) € R? : det(Fy) = = = 0}.
Choose point (z1,¥y1,21) = (2,1,0) € 811 \ S12, and let f; = ¥1(2,1,0) =
(2,0,0,1). Consider functions

2 0
oz, y,2) = (y,2,0,2) and Fy(z,y,2) = {y x} )
NOW7 821 = {(ZL‘,y,Z) € RS : <¢27¢2>2 = y2 —422 = 0} and 822 = {(l‘7ya Z) €
R3 : det(Fy) = 2z = 0}. Choose point (22,2, 22) = (1,2,1) € Sa1 \ Sz9, and
let By = 15(1,2,1) = (2,1,0,1). Next, consider the following functions:

2 0 0
Us(z,y,2) = (y,0,1 +x,2) and F3(z,y,2) =12 1 0 |,
y 0 142z

and pUt 831 - {($ayaz) € Rg : <¢3,¢3>2 = y2 - 422 = O}a 832 = {(%y;z) S
R3 : det(F3) = 2+ 2z = 0}. Choose point (3,y3,23) = (1,2,1) € S31 \ Ss»
and let B3 = ¢3(1,2,1) = (2,0,2,1). Finally, consider functions

200 1

210 1
1#4(9573/; Z) - (y707071 —|—SC) and F4(SL‘,y, Z) 12 0 2 1

y 00 1+=2

Now, Sy1 = {(z,y,2) € R : (¢y,04)2 = v* —4(1 + 2)? = 0} and Sy =
{(z,y,2) € R : det(Fy) = 4 + 42 — 2y = 0}. Choose point (x4, ys, 24) =
(0,—2,0) € S41\Ss2 and let By = 104(0,—2,0) = (—2,0,0,1). It is clear from
the proof of Theorem |§| that the set {/1, B2, 83, B4} forms an isotropic basis
of (R*(,)2). Therefore, the set {o(51),0(B2),0(B3),0(54)} is an isotropic
basis of (P, (,)1). Here o(B1) = f(B1S) = (3/V5)a? + (4/V5)2®, 0(Ba) =
F(B25) = 1+ (3/v5)a? + (4/V5)a®, a(Bs) = f(SsS) = 22 + (3/v5)a? +
(4/VB3)a?, and o(B2) = F(sS) = — /52>

13
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Remark 4 In the proof of Theorem [0}, if we replace the set Sg; with Sis,
defined as Spz := {(7,9,2) € R® : (Yp(z,y,2), Yp(x,y,2)) > 0}, we will
obtain a positive basis of (R™,(,)). Similarly, if we substitute Sx; by Sk,
where Syy := {(z,9,2) € R : (Ur(z,y,2), Yr(z,y,2)) < 0}, we will derive a
negative basis of (R", (,)).

In the following section, we explore a question in topology that emerges
naturally from the characteristics of symmetric bilinear spaces and their
bases. We provide a positive answer to this question by proving a key result.
Additionally, we demonstrate some applications of this result within the
context of symmetric bilinear spaces.

4 Applications of topology in symmetric bi-
linear space

For any positive integer n, let us consider the topology on R"™ induced by
the Euclidean norm ||| = />, a?, where a = (aq, as, ..., a,) € R". We

=1 "1
now make two observations.

Remark 5 Let (,) be a symmetric bilinear form on R". Define a func-
tion f : R — R by f(a) = (a,a). Clearly, function f is continuous
(see [7, Chapter VI. 1, Proposition 5]). Moreover, from Theorems [3] and [4]
we know that the space (R™,(,)) possesses at least one basis that is ei-
ther positive, isotropic, or negative. If (R", (,)) possesses an isotropic basis
{ai,ag,...,a,}, then f(a;) =0 foralli =1,2,... n. If (R” (,)) possesses
a positive basis {ay, ag, ..., a,}, then for a positive real number ¢, we define
Bi = (v/¢/f(a;))a;. Tt is evident that the set {f1, 52, ..., 8.} forms a basis
of R", and we have f(f3;) = c for all i = 1,2,...,n. Similarly, if (R™, (,))
possesses a negative basis, then for any negative real number ¢, there exists
a basis {aq, ag, ..., a,} such that f(«;) = cforalli = 1,2,...,n. Therefore,
there exists a basis {a1, ag,...,a,} of R” such that f(a;) = f(«;) for all
i, j=1,2,....n.

Now, let {ay, g, . .., } be a basis of R". Consider function f : R” — R
given by f(a) = inf{]la — ;|| : ¢ = 1,2,...,n}. Clearly, f is continuous
(cf. |15, §27]) and f(o;) = f(ay) foralli,j5 =1,2,...,n.

Based on the above two observations, it is natural to ask the following
question.

Problem 1 Let f : R® — R be a continuous function. Does there exists a
basis {a1, g, ..., 0} of R such that f(o;) = f(oy) foralli,j=1,2,...,n?
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We will answer this question in the affirmative by proving Theorem[7] To
do this, we first need to establish some additional notations and terminology.
We will say that an interval Z C R is non-degenerate if it contains more than
one element. Under a function f : X — ), the preimage of y € ), denoted
by f71(y), is the set {x : f(x) = y}, and the preimage of Z C ), denoted
by f7Y(Z), is the set {x : f(z) € Z}. When we use the term subspace, we
mean vector subspace. For all topological terminology, such as interior point,
open set, and connected set, we refer to [15]. Now, we proceed to prove the
following theorem.

Theorem 7 Let f be a continuous function from R"™ onto a non-degenerate
interval T C R. Then for each interior point ¢ of Z, dim(span(f~'(c))) is
either n—1 orn. Furthermore, dim(span(f~*(c))) = n—1 holds for at most
one interior point ¢ of L.

Proof. First, let us show that if S is a proper subset of an (n—1)-dimensional
subspace S; of R™, then set R™ \ S is connected. To see this, consider a
basis {a1,a9,...,a,_1} of §; and extend it to a basis {ay,as,...,a,} of
R™. Now, consider linear function g : R® — R which satisfies g(a;) = 0,
i=1,2,...,n—1, and g(a,,) = 1. Observe that ¢7*(0) = S;. We will now
show that the set S; := g71((0, 00)) is connected. If we take any two elements
a and f from S,, we find that g(za + (1 —2)5) = zg(a) + (1 —x)g(B) > 0
for 0 <z < 1. This shows that za + (1 — z)8 € Ss, which implies that S,
is a connected set. Similarly, we can show that S3 := g~!((—00,0)) is also
connected. Note that R"\ & = (&1 \ §) US, US;. Suppose R™ \ S is not
connected. Then there exist two disjoint non-empty open sets U; and Us
such that R" \ & = U; UUs. Choose an element « in S; \ S and assume that
a lies in U;. Consequently, there exists an open ball B(a; ), centered at «
with radius r > 0 such that B(«a;r) C U;. Now, |[(a +za,) — | = |z|||an]|-
Hence, o + zay, lies in U if |z| < (r/|lan|]). Furthermore, we find that
gla+ zay,) = g(a) + zg(ay,) = x. Therefore, a + za,, is in S; when = > 0
and in 83 when x < 0. As a result, /; has non-empty intersections with
the connected sets Sy and S;. This implies that both S; and S are con-
tained in ;. Consequently, the set S;\ S is also contained in U;. Therefore,
U, is empty, which is a contradiction. Hence, we conclude that R" \ S is
connected.

Assume now that there exists an interior point ¢ of Z such that f~!(c)
is a proper subset of an (n — 1)-dimensional subspace of R”. Then &, :=
R" \ f7!(c) is connected. It is a known result that continuous image of a
connected set is connected (see [15, §23, Theorem 23.5]). Thus, f(S,) is
connected. However, we also have f(S;) = Z \ {c}, which is not connected.
This leads to a contradiction, and we conclude that dim(span(f~!(c))) must
be either n — 1 or n. Now, suppose there are two interior points ¢ and d in Z

15
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such that dim(span(f~'(c))) = dim(span(f~'(d))) = n — 1. From the previ-
ous discussions, it is evident that span(f~1(c)) = f~!(c) and span(f~!(d)) =
f71(d). Therefore, f~*(c) N f~!(d) is non-empty, which leads to a contra-
diction. This completes the proof. [

We now demonstrate the above result by an example.

Example 3 Consider continuous function f : R? — R defined by f(z,y) =
x. It is easy to verify that dim(span(f~1(0))) = 1 and dim(span(f~'(c))) = 2
when ¢ # 0.

Remark 6 It is clear from the proof of Theorem [7]that if dim(span(f~*(c))) =
n — 1 holds at an interior point ¢ € Z, then span(f~!(c)) = f~!(c).

We now explore a property of symmetric bilinear forms using Theorem [7]
and Remark [6l

Lemma 6 Let (,) be a symmetric bilinear form on R™. Then function f
from R™ onto an interval T C R given by f(a) = (o, a) is continuous. Also,
for each interior point ¢ of Z, dim(span(f~'(c))) = n.

Proof. The continuity of function f follows from the continuity of ().
Now, assume that dim(span(f~'(c))) # n for some interior point ¢ of Z. It
is evident from Remark [6]that f~1(c) is an (n — 1)-dimensional subspace of
R™. If ¢ # 0, we choose a non-zero element « in f~*(c). Note that for any
real number z, f(za) = 2?f(a) = z?c. Therefore, za is not in f~1(c) when
2? # 1, which contradicts the fact that f~!(c) is a subspace. On the other
hand, if ¢ = 0, we can choose two elements « and § such that f(«) > 0 and
f(B) < 0. Consider now polynomial f(a+ z8) = f(a) + 2z{a, 8) + 22 f(5)
in z. Since f(«a)f(5) < 0, polynomial f(a+ x3) has two distinct real roots,
denoted as z; and 5. Therefore, a + z18 and « + zo3 are in f~'(c), and
consequently, a and (3 are also in f~!(c). Thus, we derive a contradiction
and we conclude that dim(span(f~!(c))) =n. O

Remark 7 Theorems [3| and ] along with Corollary [I} are immediate con-
sequences of Lemma [6] and Proposition [I, Additionally, Lemma [6] applies
to bilinear forms that are not symmetric as well. The proof for this case is
similar to that of Lemma [l

In Theorem [7] and Lemma [6] if ¢ is not an interior point, we cannot
conclude anything about dim(span(f~'(c))). We illustrate this with the
following example.

Example 4 Let us consider the function f : R™ — [0, 00) given by f(a) =
S a2, where o = (ay,as, . .., a,) € R™. f(a) = 0 if and only if a; = 0 for

=1 "1

all i =1,2,..., k. Thus, f~(0) is an (n — k)-dimensional subspace of R".
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In conclusion, we propose the following important problem related to
Theorem [7

Problem 2 Let f : R™ — R™ be a non-constant continuous function,
where m > 1 and n > 1. For a € R", determine all possible values of

dim(span(f~(a))).

5 Conclusion

In this paper, our primary focus lies on isotropic bases of real symmetric
bilinear space. However, it is important to note that bilinear forms can also
be defined on vector spaces over other fields. Thus, understanding the exis-
tence of different types of bases in bilinear spaces, along with the methods
for their construction, is of significant interest from the theoretical perspec-
tive. Also, this knowledge could be beneficial in the fields where bilinear
spaces play a crucial role; for example, see [2-6,[12-14}|16].
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