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Abstract

We investigate convergence of the rational-trigonometric-polynomial interpolation that

performs convergence acceleration of the classical trigonometric interpolation by sequential

application of polynomial and rational correction functions. Unknown parameters of the ra-

tional corrections are determined along the ideas of the Fourier-Pade approximations. The

resultant interpolation we call as Fourier-Pade interpolation and investigate its convergence

in the regions away from the endpoints. Comparison with other rational-trigonometric-

polynomial interpolations outlines the convergence properties of the Fourier-Pade interpola-

tion.

Key Words: Convergence Acceleration, Fourier-Pade interpolation, Rational interpolation,

Krylov-Lanczos interpolation

Mathematics Subject Classification 2000: 41A20, 42A15, 65T40

Introduction

In this paper we continue investigations of [9] where we considered convergence acceleration

of the classical trigonometric interpolation

IN(f ;x) =
N∑

n=−N

f̌ne
iπnx,

f̌n =
1

2N + 1

N∑
k=−N

f(xk)e
−iπnxk , xk =

2k

2N + 1

via sequential application of rational and polynomial corrections. We recap some details

from [9].
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2 A. V. POGHOSYAN

Let rN(f ;x) be the error of the classical trigonometric interpolation

rN(f ;x) = f(x)− IN(f ;x).

We have

rN(f) =
N∑

n=−N

(fn − f̌n)eiπnx +
∞∑

n=N+1

fne
iπnx +

−N−1∑
n=−∞

fne
iπnx,

where fn is the n-th Fourier coefficient of f

fn =
1

2

∫ 1

−1
f(x)e−iπnxdx.

Consider a finite sequence of complex numbers θ = {θk}p|k|=1 and denote

δ0n(θ, cn) = cn,

δkn(θ, cn) = δk−1n (θ, cn) + θ−kδ
k−1
n−1(θ, cn) + θk

(
δk−1n+1(θ, cn) + θ−kδ

k−1
n (θ, cn)

)
for some sequence cn. By δkn(cn) we denote the sequence that corresponds to the choice

θ ≡ 1. It is easy to check that

δkn(cn) = ∆2k
n+k(cn),

where ∆k
n(cn) are the classical backward finite differences defined by the recurrence relation

∆0
n(cn) = cn,

∆k
n(cn) = ∆k−1

n (cn) + ∆k−1
n−1(cn).

Reiterations of the Abel transformation up to p times leads to the following expansion

of the error

rN(f) = (e−iπNx − eiπ(N+1)x)

p∑
k=1

θ−kδ
k−1
N (θ, f̌n)∏k

s=1(1 + θ−seiπx)(1 + θse−iπx)

+ (eiπNx − e−iπ(N+1)x)

p∑
k=1

θkδ
k−1
−N (θ, f̌n)∏k

s=1(1 + θ−seiπx)(1 + θse−iπx)

+
1∏p

s=1(1 + θ−seiπx)(1 + θse−iπx)

∞∑
|n|=N+1

δpn(θ, fn)eiπnx

+
1∏p

s=1(1 + θ−seiπx)(1 + θse−iπx)

N∑
n=−N

δpn(θ, fn − f̌n)eiπnx,

where the first two terms in the right-hand side can be viewed as rational corrections and the

last two terms as the actual error. This viewing leads to the following rational-trigonometric

interpolation

IpN(f ;x) = IN(f, x) + (e−iπNx − eiπ(N+1)x)

p∑
k=1

θ−kδ
k−1
N (θ, f̌n)∏k

s=1(1 + θ−seiπx)(1 + θse−iπx)

+ (eiπNx − e−iπ(N+1)x)

p∑
k=1

θkδ
k−1
−N (θ, f̌n)∏k

s=1(1 + θ−seiπx)(1 + θse−iπx)
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with the error

rpN(f ;x) =
1∏p

s=1(1 + θ−seiπx)(1 + θse−iπx)

∞∑
|n|=N+1

δpn(θ, fn)eiπnx

+
1∏p

s=1(1 + θ−seiπx)(1 + θse−iπx)

N∑
n=−N

δpn(θ, fn − f̌n)eiπnx. (1)

Additional acceleration of the rational-trigonometric interpolation can be achieved by

application of the polynomial corrections.

Let f ∈ Cq−1[−1, 1]. By Ak(f) denote the jumps of f at the end points of the interval

Ak(f) = f (k)(1)− f (k)(−1), k = 0, . . . , q − 1.

The polynomial correction method is based on the following representation of the inter-

polated function

f(x) =

q−1∑
k=0

Ak(f)Bk(x) + F (x), (2)

where Bk are 2-periodic Bernoulli polynomials

B0(x) =
x

2
, Bk(x) =

∫
Bk−1(x)dx,

∫ 1

−1
Bk(x)dx = 0, x ∈ [−1, 1]

with the Fourier coefficients

Bn(k) =
(−1)n+1

2(iπn)k+1
, n 6= 0, B0(k) = 0.

Function F is a 2-periodic and relatively smooth function on the real line (F ∈ Cq−1(R))

with the discrete Fourier coefficients

F̌n = f̌n −
q−1∑
k=0

Ak(f)B̌n(k).

Approximation of F in (2) by the classical trigonometric interpolation leads to the Krylov-

Lanczos (KL-) interpolation

IN,q(f ;x) =

q−1∑
k=0

Ak(f)Bk(x) + IN(F ;x)

and approximation of F by the rational-trigonometric interpolation leads to the rational-

trigonometric-polynomial (RTP-) interpolation

IpN,q(f ;x) =

q−1∑
k=0

Ak(f)Bk(x) + IpN(F ;x)

with the errors rN,q(f ;x) and rpN,q(f ;x), respectively.
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4 A. V. POGHOSYAN

The Krylov-Lanczos polynomial correction approach was suggested in 1906 by Krylov [6]

and later in 1964 by Lanczos [7], [8] (see also [1], [3]-[5], [10] with references therein).

The next results we need for further comparisons.

Denote

φm =
∞∑

s=−∞

(−1)s

(2s+ 1)m
.

Theorem 1 [10] Let q ≥ 2 be even, f ∈ Cq+1[−1, 1] and f (q+1) ∈ AC[−1, 1]. Then the

following estimate holds for |x| < 1

rN,q(f ;x) = Aq(f)
(−1)N+ q

2

2πq+1N q+1

sin πx
2

(2N + 1)

cos πx
2

φq+1 + o(N−q−1), N →∞.

Theorem 2 [10] Let q ≥ 1 be odd, f ∈ Cq+2[−1, 1] and f (q+2) ∈ AC[−1, 1]. Then the

following estimate holds for |x| < 1

rN,q(f ;x) = Aq(f)
(−1)N+ q+1

2
+1(q + 1)

4πq+1N q+2

sin πx
2

sin πx
2

(2N + 1)

cos2 πx
2

φq+2

+ Aq+1(f)
(−1)N+ q+1

2

2πq+2N q+2

sin πx
2

(2N + 1)

cos πx
2

φq+2 + o(N−q−2), N →∞.

The approach of rational corrections applied for convergence acceleration of the classical

trigonometric interpolation was suggested in [13]. The idea of such corrections is coming

from the Fourier-Pade approximation (see [2]) where rational corrections are applied for

convergence acceleration of the truncated Fourier series.

Rational-trigonometric-polynomial interpolation is undefined nevertheless parameters θ

are unknown. One approach was considered in [9], [11] and [12] where

θk = θ−k = 1− τk
N
, k = 1, · · · , p (3)

and τk are independent of N .

Let θk be defined as in (3). Let γk(τ) be the coefficients of polynomial

p∏
s=1

(1 + τsx) =

p∑
s=0

γs(τ)xs.

Also denote

ψm,p =

p∑
s=0

(−1)sγs(τ)

p∑
k=0

γk(τ)(2p− k − s+m)!φ2p−k−s+m+1.

Theorem 3 [9] Let q ≥ 2 be even and f ∈ Cq+2p+1[−1, 1] with f (q+2p+1) ∈ AC[−1, 1] for

some p ≥ 1. Let parameters θk be chosen as in (3). Then the following estimate holds for

|x| < 1

rpN,q(f ;x) = Aq(f)
(−1)N+p+ q

2

22p+1πq+1q!N2p+q+1

sin πx
2

(2N + 1)

cos2p+1 πx
2

ψq,p + o(N−2p−q−1), N →∞.
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Theorem 4 [9] Let q ≥ 1 be odd and f ∈ Cq+2p+2[−1, 1] with f (q+2p+2) ∈ AC[−1, 1] for

some p ≥ 1. Let parameters θk be chosen as in (3). Then the following estimate holds for

|x| < 1

rpN,q(f ;x) = Aq(f)
(−1)N+p+ q+1

2
+1

22p+2πq+1q!N2p+q+2

sin πx
2

sin πx
2

(2N + 1)

cos2p+2 πx
2

ψq+1,p

+ Aq+1(f)
(−1)N+p+ q+1

2

22p+1πq+2(q + 1)!N2p+q+2

sin πx
2

(2N + 1)

cos2p+1 πx
2

ψq+1,p

+ o(N−2p−q−2), N →∞.

Comparison with Theorems 1 and 2 shows that for smooth functions RTP-interpolation

is asymptotically more precise than the KL-interpolation and improvement in precision is

by the factor O(N2p) as N →∞.

Theorems 3 and 4 are valid nonetheless parameters τk are still undefined and this allows

to achieve additional accuracy in different frameworks. One such approach was realized in

[11] where the L2-minimal RTP-interpolation was introduced and investigated for p = 1.

Another approach was considered in [9] where parameters τk are the roots of the associated

Laguerre polynomials Lqp(x).

In this paper we consider essentially different approach for determination of parameters

θ which we determine by the following system

δpn(θ, F̌n) = 0, |n| = N − p+ 1, · · · , N. (4)

Taking into account that the discrete Fourier coefficients are periodic

f̌n+s(2N+1) = f̌n

then system (4) can be rewritten in the equivalent form

δpn(θ, F̌n) = 0, n = N − p+ 1, · · · , N + p. (5)

This leads to the Fourier-Pade interpolation ([13]). We investigate convergence of such

interpolations for smooth functions and show its fast convergence compared to the choice

as in (3). In particular, we show additional improvement in accuracy by the factor O(N2p)

compared to Theorems 3 and 4 and hence by the factor O(N4p) compared to Theorems 1

and 2.

1 Pointwise Convergence of the Fourier-Pade Interpo-

lation away from the Endpoints

Throughout the paper we consider that interpolated function is smooth on [−1, 1] and the

exact values of jumps Ak(f) are known. Parameter θ is supposed to be determined from

5



6 A. V. POGHOSYAN

system (4). Let γs(θ
±) be the coefficients of the polynomials

p∏
k=1

(1 + θkx) =

p∑
k=0

γk(θ
+)xk

and
p∏

k=1

(1 + θ−kx) =

p∑
k=0

γk(θ
−)xk.

Note that generalized finite differences δpn(θ, F̌n) can be represented by the coefficients γs(θ
±)

δpn(θ, F̌n) =

p∑
s=0

γs(θ
+)

p∑
k=0

γk(θ
−)F̌n+s−k (6)

and hence system (4) can be rewritten in the form

p∑
s=0

γs(θ
+)

p∑
k=0

γk(θ
−)F̌n+s−k = 0, |n| = N − p+ 1, · · · , N

or according to (5)

p∑
s=0

γs(θ
+)

p∑
k=0

γk(θ
−)F̌n+s−k = 0, n = N − p+ 1, . . . , N + p. (7)

We can rewrite (5) using also the finite differences ∆k
n

∆w
N+p(δ

p
n(θ, F̌n)) = 0, w = 0, . . . , 2p− 1. (8)

Denote

Xw,m(j, z) =

(
j + w +m

m

)(
j + w

z

) j−z∑
y=0

(−1)j−z−y
(
j + w − z
y + w

)
αw,y+w

×
∞∑

r=−∞

(−1)r
(p+ r)j−z−y

(2r + 1)j+w+m+1
,

where

αw,y =
w∑
`=0

(−1)`
(
w

`

)
`y.

In particular

Xw,m(j, j) = (−1)ww!

(
j + w +m

m

)(
j + w

j

)
φj+w+m+1.

It is easy to verify from definition of φm that for even values of m we have

X2w,m(2j + 1, 2j + 1) = X2w+1,m(2j, 2j) = 0

and for odd values

X2w,m(2j, 2j) = X2w+1,m(2j + 1, 2j + 1) = 0.

We are widely using these facts in coming subsections an that is why in further investigations

we need to separate even and odd values of q.
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On a convergence of the Fourier-Pade interpolation 7

1.1 Even values of q

First we prove some lemmas concerning the properties of the generalized finite differences.

Lemma 1 Let f ∈ C4p+q+1[−1, 1] and f (4p+q+1) ∈ AC[−1, 1]. Let the coefficients γs(θ
±)

satisfy the system (7). Then

δwn (δpn(θ, Fn)) = O(n−q−1−2w) + o(n−q−4p−2), |n| > N, N →∞.

Proof. According to the smoothness of f and expansion (2) we have

Fn =

q+4p+1∑
m=q

Am(f)Bn(m) + o(n−q−4p−2), |n| > N, N →∞. (9)

Taking into account that F̌n =
∑

s Fn+s(2N+1) we get from (9) and system (7) that γs(θ
±)

have finite limits as N →∞
γs(θ

±)→
(
p

s

)
, N →∞. (10)

Thus, in view of (9) we have

δwn (δpn(θ, Fn)) =

q+4p+1∑
m=q

Am(f)δwn (δpn(θ, Bn(m))) + o(n−q−4p−2).

This completes the proof as

δwn (δpn(θ, Bn(m))) = ∆2w
n+w(δpn(θ, Bn(m))) =

p∑
s=0

γs(θ
+)

p∑
k=0

γk(θ
−)∆2w

n+w(Bn+s−k(m))

and

∆2w
n+w(Bn(m)) = O(n−m−1−2w).

�

Lemma 2 Let the conditions of Lemma 1 be valid. Then

δwn (δpn(θ, Fn − F̌n)) = O(N−q−1−2w) + o(N−q−4p−2), |n| ≤ N, N →∞.

Proof. We proceed as in the proof of Lemma 1 and write

δwn (δpn(θ, Fn − F̌n)) =

q+4p+1∑
m=q

Am(f)δwn (δpn(θ, Bn(m)− B̌n(m)))

+ o(N−q−4p−2).

Then

δwn (δpn(θ, Bn(m)− B̌n(m))) = ∆2w
n+w(δpn(θ, Bn(m)− B̌n(m)))

=

p∑
s=0

γs(θ
+)

p∑
k=0

γk(θ
−)∆2w

n+w(Bn+s−k(m)− B̌n+s−k(m)).

7



8 A. V. POGHOSYAN

This completes the proof as

δ2wn+w(δpn(θ, Bn(m)− B̌n(m))) = O(N−m−1−2w).

�

We need similar but exact estimates for δw±N(δpn(θ, F̌n)). First we prove important prop-

erties of the numbers βz(`− j) defined in the next lemma.

Lemma 3 Let q be even, f ∈ C4p+q+1[−1, 1] with f (4p+q+1) ∈ AC[−1, 1] and Aq(f) 6= 0. Let

the coefficients γs(θ
±) satisfy system (7). If determinants

det((X2w,q(2j, 2j))
M
j,w=0), M = 0, . . . , 2p− 1, (11)

det((X2w+1,q(2j + 1, 2j + 1))Mj,w=0), M = 0, . . . , 2p− 1 (12)

are nonzero then

βz(`− j) = 0, ` ≤ 2p− 1, 0 ≤ z ≤ j, 0 ≤ j ≤ u (13)

where

βz(u− j) =

u−j∑
t=0

p∑
s=0

(−1)s
p∑

k=0

(−1)kγ−k,tγ
+
s,u−j−t(k − s)z

and γ±s,u are the coefficients of the asymptotic expansions

γs(θ
+) =

4p+1∑
u=0

γ+s,u
Nu

+ o(N−4p−1), γs(θ
−) =

4p+1∑
t=0

γ−k,t
N t

+ o(N−4p−1).

Proof. We will use system (8) and we start with estimation of ∆w
N+p(δ

p
n(θ, F̌n)). We proceed

as in the proofs of Lemmas 1 and 2 and write

∆w
N+p(δ

p
n(θ, F̌n)) =

q+4p+1∑
m=q

Am(f)∆w
N+p(δ

p
n(θ, B̌n(m))) + o(N−q−4p−2). (14)

Then

∆w
N+p(δ

p
n(θ, B̌n(m))) =

p∑
s=0

γs(θ
+)

p∑
k=0

γk(θ
−)

w∑
`=0

(
w

`

)
B̌N+p+s−k−`(m). (15)

We continue by estimation of B̌N+p+s−k−`(m)

B̌N+p+s−k−`(m) =
∞∑

r=−∞

BN+p+s−k−`+r(2N+1)(m)

=
(−1)N+p+s+k+`+1

2(iπ)m+1

∞∑
r=−∞

(−1)r

(N + p+ s− k − `+ r(2N + 1))m+1

=
(−1)N+p+s+k+`+1

2(iπN)m+1

∞∑
j=0

1

N j

(
j +m

m

) ∞∑
r=−∞

(−1)r
(k + `− p− s− r)j

(2r + 1)j+m+1
.

8
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Substituting this and the asymptotic expansions of the coefficients γs(θ
±) into (15) we derive

∆w
N+p(δ

p
n(θ, B̌n(m))) =

(−1)N+p+1

2(iπN)m+1

∞∑
j=0

1

N j

(
j +m

m

)

×
p∑
s=0

(−1)s

[
4p+1∑
u=0

γ+s,u
Nu

+ o(N−4p−1)

]
p∑

k=0

(−1)k

[
4p+1∑
t=0

γ−k,t
N t

+ o(N−4p−1)

]

×
w∑
`=0

(−1)`
(
w

`

) ∞∑
r=−∞

(−1)r
(k + `− p− s− r)j

(2r + 1)j+m+1

=
(−1)N+p+1

2(iπN)m+1

4p+1∑
u=0

1

Nu

u∑
j=0

(
j +m

m

) p∑
s=0

(−1)s
p∑

k=0

(−1)k
u−j∑
t=0

γ−k,tγ
+
s,u−j−t

w∑
`=0

(−1)`
(
w

`

)

×
∞∑

r=−∞

(−1)r
(k + `− p− s− r)j

(2r + 1)j+m+1
+ o(N−4p−m−2)

=
(−1)N+p+1

2(iπN)m+1

4p+1∑
u=0

1

Nu

u∑
j=0

j∑
z=0

βz(u− j)
(
j +m

m

)(
j

z

)

×
w∑
`=0

(−1)`
(
w

`

) ∞∑
r=−∞

(−1)r
(`− p− r)j−z

(2r + 1)j+m+1
+ o(N−4p−m−2).

After some manipulations we get from here

∆w
N+p(δ

p
n(θ, B̌n(m))) =

(−1)N+p+1

2(iπN)m+1

4p+1∑
u=0

1

Nu

u∑
j=0

j∑
z=0

βz(u− j)
(
j +m

m

)(
j

z

)

×
j−z∑
y=0

(−1)j−z−y
(
j − z
y

)
αw,y

∞∑
r=−∞

(−1)r
(p+ r)j−z−y

(2r + 1)j+m+1

+ o(N−4p−m−2).

Taking into account that

αw,y = 0, 0 ≤ y ≤ w − 1

we obtain

∆w
N+p(δ

p
n(θ, B̌n(m))) =

(−1)N+p+1

2(iπN)m+1Nw

4p−w+1∑
u=0

1

Nu

u∑
j=0

j∑
z=0

βz(u− j)Xw,m(j, z)

+ o(N−4p−m−2).

9
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Substituting this into (14) we write

∆w
N+p(δ

p
n(θ, F̌n)) =

(−1)N+p+1

2Nw

q+4p+1∑
m=q

Am(f)

(iπN)m+1

4p−w+1∑
u=0

1

Nu

u∑
j=0

j∑
z=0

βz(u− j)Xw,m(j, z)

+ o(N−4p−q−2)

=
(−1)N+p+1

2(iπN)q+1Nw

4p−w+1∑
`=0

1

N `

∑̀
u=0

A`−u+q(f)

(iπ)`−u

u∑
j=0

j∑
z=0

βz(u− j)Xw,`−u+q(j, z)

+ o(N−q−4p−2)

=
(−1)N+p+1

2(iπN)q+1Nw

4p−w+1∑
`=0

1

N `

∑̀
j=0

j∑
z=0

βz(`− j)
j∑

u=z

Aq+j−u(f)

(iπ)j−u
Xw,j−u+q(u, z)

+ o(N−q−4p−2) (16)

Equation (16) together with system (8) implies

∑̀
j=0

j∑
z=0

βz(`− j)
j∑

u=z

Aq+j−u(f)

(iπ)j−u
Xw,j−u+q(u, z) = 0, (17)

w = 0, . . . , 2p− 1; ` = 0, . . . , 4p− w + 1.

The proof of this lemma is based on (17). We proceed by the mathematical induction.

For ` = 0 in (17) we have

Aq(f)β0(0)Xw,q(0, 0) = 0.

Taking w = 0 and recalling that Aq(f) 6= 0 we obtain

β0(0)X0,q(0, 0) = 0.

From here we conclude that β0(0) = 0 as X0,q(0, 0) = φq+1 6= 0 for even values of q.

For ` = 1 in (17) we have

β0(1)Aq(f)Xw,q(0, 0) + β0(0)
1∑

u=0

Aq+1−u(f)

(iπ)1−u
Xw,1−u+q(u, 0) + β1(0)Aq(f)Xw,q(1, 1) = 0.

Then, as β0(0) = 0 and Aq(f) 6= 0

β0(1)Xw,q(0, 0) + β1(0)Xw,q(1, 1) = 0.

We take w = 0, 1 and write the following system for determination of β0(1) and β1(0)

β0(1)X0,q(0, 0) + β1(0)X0,q(1, 1) = 0,

β0(1)X1,q(0, 0) + β1(0)X1,q(1, 1) = 0.

It is easy to verify that X0,q(1, 1) = X1,q(0, 0) = 0 and X0,q(0, 0) 6= 0, X1,q(1, 1) 6= 0 and

therefore β0(1) = β1(0) = 0.

10



On a convergence of the Fourier-Pade interpolation 11

Suppose that (13) is true for ` ≤ `0 − 1 and let us prove for ` = `0 ≤ 2p− 1. From (17)

we have

`0∑
j=0

j∑
z=0

βz(`0 − j)
j∑

u=z

Aq+j−u
(iπ)j−u

Xw,j−u+q(u, z) =

`0−1∑
j=0

j−1∑
z=0

βz(`0 − j)
j∑

u=z

Aq+j−u
(iπ)j−u

Xw,j−u+q(u, z)

+Aq(f)

`0−1∑
j=0

βj(`0 − j)Xw,q(j, j) +

`0−1∑
z=0

βz(0)

`0∑
u=z

Aq+`0−u
(iπ)`0−u

Xw,`0−u+q(u, z)

+β`0(0)Aq(f)Xw,q(`0, `0) = Aq(f)

`0∑
j=0

βj(`0 − j)Xw,q(j, j) = 0.

As Aq(f) 6= 0 we get

`0∑
j=0

βj(`0 − j)Xw,q(j, j) = 0, w = 0, . . . , `0 ≤ 2p− 1.

Separating even and odd values of j and w we write for w = 0, . . . , p− 1

[
`0
2
]∑

j=0

β2j(`0 − 2j)X2w,q(2j, 2j) +

[
`0
2
−1]∑

j=0

β2j+1(`0 − 2j − 1)X2w,q(2j + 1, 2j + 1) = 0,

[
`0
2
]∑

j=0

β2j(`0 − 2j)X2w+1,q(2j, 2j) +

[
`0
2
−1]∑

j=0

β2j+1(`0 − 2j − 1)X2w+1,q(2j + 1, 2j + 1) = 0.

Taking into account that X2w,q(2j + 1, 2j + 1) = X2w+1,q(2j, 2j) = 0 and recalling that

determinants (11) and (12) are nonzero, we complete the proof. �

Next lemma presents exact estimates for δw±N(δpn(θ, F̌n)).

Lemma 4 Let the conditions of Lemma 3 be valid. Then the following estimate holds

δw±N(δpn(θ, F̌n)) = ±Aq(f)
(−1)N+w+p+1(2p)!

2(iπN)q+1N2w+2p

×

[
X2w,q(2p, 2p)−

p−1∑
j=0

X2w,q(2j, 2j)

p−1∑
w=0

a−1jwX2w,q(2p, 2p)

]
+ O(N−q−2w−2p−2) + o(N−q−4p−2), N →∞,

where a−1jw are the elements of the inverse of the matrix (X2w,q(2j, 2j))
p−1
w,j=0.

Proof. Note that

δw±N(δpn(θ, F̌n)) = ∆2w
±N+w(δpn(θ, F̌n)).

11



12 A. V. POGHOSYAN

Hence, we start as at the beginning of the proof of Lemma 3 and instead of (16) derive the

following estimate

∆2w
±N+w(δpn(θ, F̌n)) =

(−1)N+w+1

2(iπN)q+1N2w

4p−2w+1∑
`=0

1

N `

∑̀
j=0

j∑
z=0

βz(`− j)

×
j∑

u=z

Aq+j−u(f)

(iπ)j−u

(
2w + j + q

j − u+ q

)(
u+ 2w

z

)

×
u−z∑
y=0

(−1)u+z+y
(
u+ 2w − z
y + 2w

)
α2w,y+2w

∞∑
r=−∞

(−1)r
(w + r)u−z−y

(2r ± 1)2w+j+q+1

+ o(N−q−4p−2).

Taking into account (13) we get

∆2w
±N+w(δpn(θ, F̌n)) = Aq(f)

(−1)N+w+1(2w)!

2(iπN)q+1N2w+2p

2p∑
j=0

βj(2p− j)
(

2w + j + q

q

)(
2w + j

j

)

×
∞∑

r=−∞

(−1)r

(2r ± 1)2w+j+q+1
+O(N−q−2w−2p−2) + o(N−q−4p−2).

It is easy to verify that for odd j (q is even)

∞∑
r=−∞

(−1)r

(2r ± 1)2w+j+q+1
= 0

and for even j
∞∑

r=−∞

(−1)r

(2r ± 1)2w+j+q+1
= ±

∞∑
r=−∞

(−1)r

(2r + 1)2w+j+q+1
.

Hence

∆2w
±N+w(δpn(θ, F̌n)) = ±Aq(f)

(−1)N+w+1

2(iπN)q+1N2w+2p

p∑
j=0

β2j(2p− 2j)X2w,q(2j, 2j)

+ O(N−q−2w−2p−2) + o(N−q−4p−2).

Finally, it remains to calculate the values of β2j(2p − 2j), j = 0, . . . , p. We use (17) for

even values of w and ` = 2p

2p∑
j=0

j∑
z=0

βz(2p− j)
j∑

u=z

Aq+j−u(f)

(iπ)j−u
X2w,j−u+q(u, z) = 0, w = 0, . . . , p− 1. (18)

12



On a convergence of the Fourier-Pade interpolation 13

We simplify (18) in view of (13)

2p∑
j=0

j∑
z=0

βz(2p− j)
j∑

u=z

Aq+j−u
(iπ)j−u

X2w,j−u+q(u, z) =

2p−1∑
j=0

j−1∑
z=0

βz(2p− j)
j∑

u=z

Aq+j−u
(iπ)j−u

X2w,j−u+q(u, z) + Aq(f)

2p−1∑
j=0

βj(2p− j)X2w,q(j, j)

+

2p−1∑
z=0

βz(0)

2p∑
u=z

Aq+2p−u

(iπ)2p−u
X2w,2p−u+q(u, z) + β2p(0)Aq(f)X2w,q(2p, 2p)

= Aq(f)

2p∑
j=0

βj(2p− j)X2w,q(j, j) = 0.

As Aq(f) 6= 0 we get

2p∑
j=0

βj(2p− j)X2w,q(j, j) =

p∑
j=0

β2j(2p− 2j)X2w,q(2j, 2j)

+

p−1∑
j=0

β2j+1(2p− 2j − 1)X2w,q(2j + 1, 2j + 1)

=

p∑
j=0

β2j(2p− 2j)X2w,q(2j, 2j) = 0, w = 0, . . . , p− 1.

Hence we derived the following system

p−1∑
j=0

β2j(2p− 2j)X2w,q(2j, 2j) = −β2p(0)X2w,q(2p, 2p), w = 0, . . . , p− 1

which has unique solution

β2j(2p− 2j) = −β2p(0)

p−1∑
w=0

a−1jwX2w,q(2p, 2p), j = 0, . . . , p− 1, (19)

where (see 10)

β2p(0) =

p∑
s=0

p∑
k=0

(−1)k+sγ−k,0γ
+
s,0(k − s)2p

=

p∑
s=0

p∑
k=0

(−1)k+s
(
p

k

)(
p

s

)
(k − s)2p

= (−1)p(2p)!.

This completes the proof.

�

Now we prove the main result of this subsection.

13



14 A. V. POGHOSYAN

Theorem 5 Let the conditions of Lemma 3 be valid. Then the following estimate holds for

|x| < 1 as N →∞

rpN,q(f ;x) = Aq(f)
(−1)N+ q

2 (2p)!

24p+1πq+1N q+4p+1

sin πx
2

(2N + 1)

cos4p+1 πx
2

×

[
X2p,q(2p, 2p)−

p−1∑
j=0

X2p,q(2j, 2j)

p−1∑
w=0

a−1jwX2w,q(2p, 2p)

]
+ o(N−q−4p−1),

where a−1jw are the elements of the inverse of the matrix (X2w,q(2j, 2j))
p−1
w,j=0.

Proof. Taking into account that

rpN,q(f ;x) = rpN(F ;x)

we get from (1) by application of the Abel transformation

rpN,q(f ;x) =
e−iπNx − eiπ(N+1)x∏p

s=1(1 + θ−seiπx)(1 + θse−iπx)

2p∑
w=0

δwN(δpn(θ, F̌n))

(1 + eiπx)w+1(1 + e−iπx)w+1

+
eiπNx − e−iπ(N+1)x∏p

s=1(1 + θ−seiπx)(1 + θse−iπx)

2p∑
w=0

δw−N(δpn(θ, F̌n))

(1 + eiπx)w+1(1 + e−iπx)w+1

+
1

(2 + 2 cosπx)2p+1
∏p

s=1(1 + θ−seiπx)(1 + θse−iπx)

∞∑
|n|=N+1

δ2p+1
n (δpn(θ, Fn))eiπnx

+
1

(2 + 2 cosπx)2p+1
∏p

s=1(1 + θ−seiπx)(1 + θse−iπx)

N∑
n=−N

δ2p+1
n (δpn(θ, Fn − F̌n))eiπnx. (20)

Taking into account (see (10)) that γs(θ
±) →

(
p
s

)
and consequently θ±s → 1 as N → ∞ we

need to estimate only the sums in the right hand side of (20).

Lemma 2 shows that

δ2p+1
n (δpn(θ, Fn − F̌n)) = O(N−q−4p−3) + o(N−q−4p−2)

= o(N−q−4p−2)

and hence the last term in (20) is o(N−q−4p−1). According to Lemma 1

δ2p+1
n (δpn(θ, Fn)) = O(n−q−4p−3) + o(n−q−4p−2)

= o(n−q−4p−2)

and the third term is also o(N−q−4p−1).

Then, according to system (4)

δwN(δpn(θ, F̌n)) = δw−N(δpn(θ, F̌n)) = 0, w = 0, . . . , p− 1. (21)

14



On a convergence of the Fourier-Pade interpolation 15

Therefore

rpN,q(f ;x) = (e−iπNx − eiπ(N+1)x)
δpN(δpn(θ, F̌n))

(1 + eiπx)2p+1(1 + e−iπx)2p+1

+ (eiπNx − e−iπ(N+1)x)
δp−N(δpn(θ, F̌n))

(1 + eiπx)2p+1(1 + e−iπx)2p+1

+
e−iπNx − eiπ(N+1)x

(1 + eiπx)p(1 + e−iπx)p

2p∑
w=p+1

δwN(δpn(θ, F̌n))

(1 + eiπx)w+1(1 + e−iπx)w+1

+
eiπNx − e−iπ(N+1)x

(1 + eiπx)p(1 + e−iπx)p

2p∑
w=p+1

δw−N(δpn(θ, F̌n))

(1 + eiπx)w+1(1 + e−iπx)w+1

+ o(N−q−4p−1).

According to Lemma 4

δw±N(δpn(θ, F̌n)) = O(N−q−1−2w−2p) + o(N−q−4p−2)

and taking into account that parameter w is ranging from p+ 1 to 2p we get

δw±N(δpn(θ, F̌n)) = o(N−q−4p−2), w = p+ 1, . . . , 2p.

Thus

rpN,q(f ;x) = (e−iπNx − eiπ(N+1)x)
δpN(δpn(θ, F̌n))

(1 + eiπx)2p+1(1 + e−iπx)2p+1

+ (eiπNx − e−iπ(N+1)x)
δp−N(δpn(θ, F̌n))

(1 + eiπx)2p+1(1 + e−iπx)2p+1

+ o(N−q−4p−1).

This completes the proof in view of the exact estimates of Lemma 4.

�

Comparison with Theorem 1 (the KL-interpolation) shows dramatically improved accu-

racy in the regions away from the endpoints and improvement is O(N4p). Compared with the

RTP-interpolation where parameter θ is chosen as in (3) (Theorem 3) we have improvement

in accuracy by the factor O(N2p).

1.2 Odd values of q

In this subsection we prove analog of Theorem 5 for odd values of q. In general we perform

identical observations. First we present analogs of Lemmas 1 and 2 without proofs as they

are identical to the old ones.

Lemma 5 Let f ∈ C4p+q+2[−1, 1] and f (4p+q+2) ∈ AC[−1, 1]. Let the coefficients γs(θ
±)

satisfy the system (7). Then

δwn (δpn(θ, Fn)) = O(n−q−1−2w) + o(n−q−4p−3), |n| > N, N →∞.

15



16 A. V. POGHOSYAN

Lemma 6 Let the conditions of Lemma 5 be valid. Then

δwn (δpn(θ, Fn − F̌n)) = O(N−q−1−2w) + o(N−q−4p−3), |n| ≤ N, N →∞.

Properties of βz(u− j) are explored in the next lemma.

Lemma 7 Let q be odd, f ∈ C4p+q+2[−1, 1] with f (4p+q+2) ∈ AC[−1, 1] and Aq(f) 6= 0. Let

the coefficients γs(θ
±) satisfy system (7). If determinants

det((X2w,q(2j + 1, 2j + 1))Mj,w=0), M = 0, . . . , 2p− 1, (22)

det((X2w+1,q(2j, 2j))
M
j,w=0), M = 0, . . . , 2p− 1 (23)

are nonzero then

βz(`− j) = 0, ` ≤ 2p− 1, 0 ≤ z ≤ j, 0 ≤ j ≤ u. (24)

Then

β2j+1(2p− 2j − 1) = 0, j = 0, . . . , p− 1, (25)

and

β2j+1(2p− 2j) = 0, j = 0, . . . , p, (26)

where

βz(u− j) =

u−j∑
t=0

p∑
s=0

(−1)s
p∑

k=0

(−1)kγ−k,tγ
+
s,u−t−j(k − s)z

and γ±s,u are the coefficients of the asymptotic expansions

γs(θ
+) =

4p+2∑
u=0

γ+s,u
Nu

+ o(N−4p−2), γs(θ
−) =

4p+2∑
t=0

γ−k,t
N t

+ o(N−4p−2).

Proof. First we prove (24). Equation (16) is valid also for odd values of q with some

corrections according to the higher smoothness of f

∆w
N+p(δ

p
n(θ, F̌n)) =

(−1)N+p+1

2(iπN)q+1Nw

4p−w+2∑
`=0

1

N `

∑̀
j=0

j∑
z=0

βz(`− j)
j∑

u=z

Aq+j−u
(iπ)j−u

Xw,j−u+q(u, z)

+ o(N−q−4p−3).

According to (8) from here we derive

∑̀
j=0

j∑
z=0

βz(`− j)
j∑

u=z

Aq+j−u
(iπ)j−u

Xw,j−u+q(u, z) = 0, (27)

w = 0, . . . , 2p− 1; ` = 0, . . . , 4p− w + 2.

We proceed by the mathematical induction and start with ` = 0 in (27) deriving

Aq(f)β0(0)Xw,q(0, 0) = 0.

16



On a convergence of the Fourier-Pade interpolation 17

Taking here w = 1 and observing that X1,q(0, 0, ) 6= 0 for odd values of q and Aq(f) 6= 0 we

conclude that β0(0) = 0.

Then, for ` = 1, we have

β0(1)Xw,q(0, 0) + β1(0)Xw,q(1, 1) = 0, w = 0, . . . , 2p− 1.

Taking here w = 0, 1 we get the following system for determination of β0(1) and β1(0)

β0(1)X0,q(0, 0) + β1(0)X0,q(1, 1) = 0,

β0(1)X1,q(0, 0) + β1(0)X1,q(1, 1) = 0.

It is easy to verify that for odd values of q we have that X0,q(0, 0) = X1,q(1, 1) = 0 and

consequently β0(1) = β1(0) = 0.

Suppose that (24) is true for ` = `0 − 1 and let us prove it for ` = `0 ≤ 2p− 1. We put

` = `0 in (27) and simplify it as we did it for even values of q

Aq(f)

`0∑
j=0

βj(`0 − j)Xw,q(j, j) = 0.

As Aq(f) 6= 0
`0∑
j=0

βj(`0 − j)Xw,q(j, j) = 0, w = 0, . . . , `0 ≤ 2p− 1. (28)

We consider separately odd and even values of w and j and write

[`0/2]∑
j=0

β2j(`0 − 2j)X2w,q(2j, 2j) +

[`0/2−1]∑
j=0

β2j+1(`0 − 2j − 1)X2w,q(2j + 1, 2j + 1) = 0,

[`0/2]∑
j=0

β2j(`0 − 2j)X2w+1,q(2j, 2j) +

[`0/2−1]∑
j=0

β2j+1(`0 − 2j − 1)X2w+1,q(2j + 1, 2j + 1) = 0.

Taking into account that for odd values of q we have that X2w,q(2j, 2j) = X2w+1,q(2j+1, 2j+

1) = 0 and determinants (22) and (23) are nonzero we end the proof of (24).

Now let us prove (25). We take ` = 2p in (27) and write for w = 0, . . . , 2p− 1

2p∑
j=0

j∑
z=0

βz(2p− j)
j∑

u=z

Aq+j−u
(iπ)j−u

Xw,j−u+q(u, z) = Aq(f)

2p∑
j=0

βj(2p− j)Xw,q(j, j) = 0.

Therefore

p∑
j=0

β2j(2p− 2j)X2w,q(2j, 2j) +

p−1∑
j=0

β2j+1(2p− 2j − 1)X2w,q(2j + 1, 2j + 1) = 0.

As X2w,q(2j, 2j) = 0 we get

p−1∑
j=0

β2j+1(2p− 2j − 1)X2w,q(2j + 1, 2j + 1) = 0, w = 0, . . . , p− 1.

17



18 A. V. POGHOSYAN

This system has unique solution and hence β2j+1(2p− 2j − 1) = 0.

Finally, we prove (26). We again use (27) with ` = 2p and for odd values of w obtain

2p∑
j=0

βj(2p− j)X2w+1,q(j, j) =

p∑
j=0

β2j(2p− 2j)X2w+1,q(2j, 2j)

+

p−1∑
j=0

β2j+1(2p− 2j − 1)X2w+1,q(2j + 1, 2j + 1) = 0.

Taking into account that X2w+1,q(2j + 1, 2j + 1) = 0 we get

p∑
j=0

β2j(2p− 2j)X2w+1,q(2j, 2j) = 0. (29)

From the other side (17) with ` = 2p+ 1 implies

2p+1∑
j=0

j∑
z=0

βz(2p+ 1− j)
j∑

u=z

Aq+j−u
(iπ)j−u

Xw,j−u+q(u, z) = 0

which gives

2p+1∑
j=0

βj(2p+ 1− j)Xw,q(j, j) +

2p∑
j=0

βj(2p− j)Xw,q(j + 1, j) = 0, w = 0, . . . , 2p− 1.

We rewrite it for even values of w as follows

p∑
j=0

β2j+1(2p− 2j)X2w,q(2j + 1, 2j + 1) +

p∑
j=0

β2j(2p− 2j)X2w,q(2j + 1, 2j) = 0

and hence

p−1∑
j=0

β2j+1(2p− 2j)X2w,q(2j + 1, 2j + 1) = −
p∑
j=0

β2j(2p− 2j)X2w,q(2j + 1, 2j)

− β2p+1(0)X2w,q(2p+ 1, 2p+ 1). (30)

It is easy to verify that

β2p+1(0) =

p∑
s=0

p∑
k=0

(−1)k+s
(
p

k

)(
p

s

)
(k − s)2p+1 = 0.

Then simple calculations show that

X2w,q(2j + 1, 2j) = (p− w − 1/2)X2w+1,q(2j, 2j)

and hence from (29)

p∑
j=0

β2j(2p− 2j)X2w,q(2j + 1, 2j) = (p− w − 1/2)

p∑
j=0

β2j(2p− 2j)X2w+1,q(2j, 2j) = 0.

18



On a convergence of the Fourier-Pade interpolation 19

Substituting all these into (30) we get

p−1∑
j=0

β2j+1(2p− 2j)X2w,q(2j + 1, 2j + 1) = 0 (31)

which completes the proof of (26) as determinant det((X2w,q(2j+ 1, 2j+ 1))p−1w,j=0) is nonzero

and thus (31) has unique zero solution.

�

In the next lemma we investigate behavior of δw±N(δpn(θ, F̌n)) for odd values of q.

Lemma 8 Let the conditions of Lemma 7 be valid. Then the following estimate holds

δw±N(δpn(θ, F̌n)) = Aq(f)
(−1)N+w+p(2p)!

4(iπ)q+1N q+2w+2p+2

×

(
X2w+1,q(2p, 2p)−

p−1∑
j=0

X2w+1,q(2j, 2j)

p−1∑
s=0

b−1js X2s+1,q(2p, 2p)

)

± Aq+1(f)
(−1)N+w+p+1(2p)!

2(iπ)q+2N q+2w+2p+2

×

(
X2w,q+1(2p, 2p)−

p−1∑
j=0

X2w,q+1(2j, 2j)

p−1∑
s=0

b−1js X2s+1,q(2p, 2p)

)
+ O(N−q−2p−2w−3) + o(N−q−4p−3),

where b−1jw are the elements of the inverse of the matrix (X2w+1,q(2j, 2j))
p−1
w,j=0.

Proof. We again note that

δw±N(δpn(θ, F̌n)) = ∆2w
±N+w(δpn(θ, F̌n))

and proceed as in the proof of Lemma 4. Starting as in the proof of Lemma 7 we derive

∆2w
±N+w(δpn(θ, F̌n)) =

(−1)N+w+1

2(iπN)q+1N2w

4p−2w+2∑
`=0

1

N `

∑̀
j=0

j∑
z=0

βz(`− j)

×
j∑

u=z

Aq+j−u
(iπ)j−u

(
2w + j + q

j − u+ q

)(
u+ 2w

z

)

×
u−z∑
y=0

(−1)u+z+y
(
u+ 2w − z
y + 2w

)
α2w,y+2w

∑
r

(−1)r
(w + r)u−z−y

(2r ± 1)2w+j+q+1

+ o(N−q−4p−3).
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Taking into account (24) we get

∆2w
±N+w(δpn(θ, F̌n))

=Aq
(−1)N+w+1(2w)!

2(iπ)q+1N q+2w+2p+1

2p∑
j=0

βj(2p− j)
(

2w + j + q

q

)(
j + 2w

j

) ∞∑
r=−∞

(−1)r

(2r ± 1)2w+j+q+1

+Aq
(−1)N+w+1(2w)!

2(iπ)q+1N q+2w+2p+2

2p+1∑
j=0

βj(2p+ 1− j)
(

2w + j + q

q

)(
j + 2w

j

) ∞∑
r=−∞

(−1)r

(2r ± 1)2w+j+q+1

+ Aq
(−1)N+w+1

2(iπ)q+1N q+2w+2p+2

2p∑
j=0

βj(2p− j)
(

2w + j + 1 + q

q

)(
j + 1 + 2w

j

)

×

(
−(2w + 1)!

∞∑
r=−∞

(−1)r
w + r

(2r ± 1)2w+j+q+2
+ w(2w + 1)!

∞∑
r=−∞

(−1)r

(2r ± 1)2w+j+q+2

)

+Aq+1
(−1)N+w+1(2w)!

2(iπ)q+2N q+2w+2p+2

2p∑
j=0

βj(2p− j)
(

2w + j + q + 1

q + 1

)(
j + 2w

j

) ∞∑
r=−∞

(−1)r

(2r ± 1)2w+j+q+2

+ O(N−q−2p−2w−3) + o(N−q−4p−3). (32)

We conclude from the properties (25), (26) and
∑

r(−1)r/(2r± 1)2w+2j+q+1 = 0 that the

first two terms in the right hand side of (32) vanish. Thus

∆2w
±N+w(δpn(θ, F̌n))

= −Aq(f)
(−1)N+w+1(2w + 1)!

2(iπ)q+1N q+2w+2p+2

p∑
j=0

β2j(2p− 2j)

(
2w + 2j + 1 + q

q

)(
2j + 1 + 2w

2j

)

×
∞∑

r=−∞

(−1)r
r

(2r ± 1)2w+2j+q+2

+ Aq+1(f)
(−1)N+w+1(2w)!

2(iπ)q+2N q+2w+2p+2

p∑
j=0

β2j(2p− 2j)

(
2w + 2j + q + 1

q + 1

)(
2j + 2w

2j

)

×
∞∑

r=−∞

(−1)r

(2r ± 1)2w+2j+q+2
+O(N−q−2p−2w−3) + o(N−q−4p−3).

Finally, applying the properties

∞∑
r=−∞

(−1)r
1

(2r − 1)2w+2j+q+2
= −

∞∑
r=−∞

(−1)r
1

(2r + 1)2w+2j+q+2

and
∞∑

r=−∞

(−1)r
r

(2r − 1)2w+2j+q+2
=

∞∑
r=−∞

(−1)r
r

(2r + 1)2w+2j+q+2
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we obtain

∆2w
±N+w(δpn(θ, F̌n)) = Aq(f)

(−1)N+w

4(iπ)q+1N q+2w+2p+2

p∑
j=0

β2j(2p− 2j)X2w+1,q(2j, 2j)

± Aq+1(f)
(−1)N+w+1

2(iπ)q+2N q+2w+2p+2

p∑
j=0

β2j(2p− 2j)X2w,q+1(2j, 2j)

+ O(N−q−2p−2w−3) + o(N−q−4p−3). (33)

It remains to calculate the values of β2j(2p− 2j). We use (29) and write

p−1∑
j=0

β2j(2p− 2j)X2w+1,q(2j, 2j) = −β2p(0)X2w+1,q(2p, 2p). (34)

Taking into account that determinant det((X2w+1,q(2j, 2j))
p−1
w,j=0) is nonzero we get the unique

solution of the system

β2j(2p− 2j) = −β2p(0)

p−1∑
w=0

b−1jwX2w+1,q(2p, 2p)

and

β2p(0) =

p∑
s=0

p∑
k=0

(−1)k+s
(
p

k

)(
p

s

)
(k − s)2p = (−1)p(2p)!.

This completes the proof. �

Now we prove the main result of this subsection.

Theorem 6 Let the conditions of Lemma 7 be valid. Then

rpN,q(f ;x) = Aq(f)
(−1)N+ q+1

2 (2p)!

24p+2πq+1N q+4p+2

sin πx
2

sin πx
2

(2N + 1)

cos4p+2 πx
2

×

(
X2p+1,q(2p, 2p)−

p−1∑
j=0

X2p+1,q(2j, 2j)

p−1∑
s=0

b−1js X2s+1,q(2p, 2p)

)

+ Aq+1(f)
(−1)N+ q+1

2 (2p)!

24p+1πq+2N q+4p+2

sin πx
2

(2N + 1)

cos4p+1 πx
2

×

(
X2p,q+1(2p, 2p)−

p∑
j=0

X2p,q+1(2j, 2j)

p−1∑
s=0

b−1js X2s+1,q(2p, 2p)

)
+ o(N−q−4p−2), N →∞,

where b−1jw are the elements of the inverse of the matrix (X2w+1,q(2j, 2j))
p−1
w,j=0.
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Proof. The proof is similar to the one of Theorem 5 and we omit some details. Application

of the Abel transformation leads to the following expansion of the error

rpN,q(f ;x) =
e−iπNx − eiπ(N+1)x∏p

s=1(1 + θ−seiπx)(1 + θse−iπx)

2p+1∑
w=0

δwN(δpn(θ, F̌n))

(1 + eiπx)w+1(1 + e−iπx)w+1

+
eiπNx − e−iπ(N+1)x∏p

s=1(1 + θ−seiπx)(1 + θse−iπx)

2p+1∑
w=0

δw−N(δpn(θ, F̌n))

(1 + eiπx)w+1(1 + e−iπx)w+1

+
1

(2 + 2 cosπx)2p+2
∏p

s=1(1 + θ−seiπx)(1 + θse−iπx)

∞∑
|n|=N+1

δ2p+2
n (δpn(θ, Fn))eiπnx

+
1

(2 + 2 cosπx)2p+2
∏p

s=1(1 + θ−seiπx)(1 + θse−iπx)

N∑
n=−N

δ2p+2
n (δpn(θ, Fn − F̌n))eiπnx. (35)

According to Lemmas 5 and 6 the last two terms are o(N−q−4p−2) asN →∞. Then according

to (21) and Lemma 8 we derive

rpN,q(f ;x) = (e−iπNx − eiπ(N+1)x)
δpN(δpn(θ, F̌n))

(1 + eiπx)2p+1(1 + e−iπx)2p+1

+ (eiπNx − e−iπ(N+1)x)
δp−N(δpn(θ, F̌n))

(1 + eiπx)2p+1(1 + e−iπx)2p+1

+ o(N−q−4p−2).

This completes the proof as Lemma 8 gives exact estimates for δp±N(δpn(θ, F̌n)).

�

Comparison with the corresponding theorems shows that the Fourier-Pade interpolation

has improved accuracy also for odd q and improvement in accuracy is O(N4p) compared to

the KL-interpolation and consequently O(N2p) compared to the RTP-interpolations with θ

as in (3).

Appendix

Throughout the paper we used the fact that some determinants are nonzero. We calculated

the values of determinants for rather large values of q and M and in all cases they are

nonzero. Explicit forms of determinants are unknown. Here we show some values.

Let us start with even q. We denote

aM(q) = det((X2w,q(2j, 2j))
M
w,j=0),

and

bM(q) = det((X2w+1,q(2j + 1, 2j + 1))Mw,j=0).

For q = 2 we have
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a1(2) =
9π10

2048
, a2(2) =

675π21

1048576
, a3(2) =

1488375π36

4294967296
, a4(2) =

37975888125π55

35184372088832
,

a5(2) =
65135293914796875π78

2305843009213693952
, a6(2) =

5149203896758004286328125π105

604462909807314587353088
,

b1(2) =
267π14

32768
, b2(2) = −

154305π27

67108864
, b3(2)

3267068175π44

1099511627776
,

b4(2) = −
962101041890625π65

36028797018963968
, b5(2) =

22279328494022894765625π90

9444732965739290427392
,

b6(2) = −
27250362102859286767460068359375π119

9903520314283042199192993792
.

For q = 4

a1(4) =
89π14

524288
, a2(4) =

85725π27

4294967296
, a3(4) =

4235088375π44

281474976710656
,

a4(4) =
3741504051796875π65

36893488147419103232
, a5(4) =

317686721118474610546875π90

38685626227668133590597632
,

a6(4) =
1683803238577910250260958544921875π119

162259276829213363391578010288128
,

b1(4) =
32321π18

25165824
, b2(4) = −

114620475π33

274877906944
, b3(4) =

71686477940175π52

72057594037927936
,

b4(4) = −
914488255490608771875π75

37778931862957161709568
, b5(4) =

1265366680392775770630307265625π102

158456325028528675187087900672
,

b6(4) = −
122024348575905308512624404608334814453125π133

2658455991569831745807614120560689152
.

For q = 6

a1(6) =
32321π18

7549747200
, a2(6) =

1528273π33

6597069766656
,

a3(6) =
743415326787π52

5764607523034234880
, a4(6) =

1138029829054979805π75

1208925819614629174706176
,

a5(6) =
1154764259439925740308547075π102

10141204801825835211973625643008
,

a6(6) =
96510714409466638080898393294177303125π133

340282366920938463463374607431768211456
,

b1(6) =
33082169π22

362387865600
, b2(6) = −

589086370561π39

31665934879948800
, b3(6) =

309640792926795687π60

7378697629483820646400
,

b4(6) = −
1680353443856200312501785π85

1237940039285380274899124224
,

b5(6) =
33099371629034041438980593918416065π114

41538374868278621028243970633760768
,

b6(6) = −
58624446628712077388375544255986551473570849375π147

5575186299632655785383929568162090376495104
.

When q is odd we denote

cM(q) = det((X2w,q(2j + 1, 2j + 1))Mw,j=0),

23
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and

dM(q) = det(X2w+1,q(2j, 2j))
M
w,j=0).

For q = 1 we have

c1(1) =
3π10

512
, c2(1) =

45π21

131072
, c3(1) =

14175π36

268435456
, c4(1) =

40186125π55

1099511627776
,

c5(1) =
6266021540625π78

36028797018963968
, c6(1) =

38104146940156171875π105

4722366482869645213696
,

d1(1) =
9π10

512
, d2(1) = −

675π21

131072
, d3(1) =

1488375π36

268435456
, d4(1) = −

37975888125π55

1099511627776
,

d5(1) =
65135293914796875π78

36028797018963968
, d6(1) = −

5149203896758004286328125π105

4722366482869645213696
.

For q = 3

c1(3) =
89π14

98304
, c2(3) =

5715π27

67108864
, c3(3) =

40334175π44

1099511627776
, c4(3) =

3959263546875π65

36028797018963968
,

c5(3) =
30561493133090390625π90

9444732965739290427392
, c6(3) =

12460156425632961484892578125π119

9903520314283042199192993792
,

d1(3) =
89π14

32768
, d2(3) = −

85725π27

67108864
, d3(3) =

4235088375π44

1099511627776
,

d4(3) = −
3741504051796875π65

36028797018963968
, d5(3) =

317686721118474610546875π90

9444732965739290427392
,

d6(3) = −
1683803238577910250260958544921875π119

9903520314283042199192993792
.

For q = 5

c1(5) =
32321π18

629145600
, c2(5) =

4584819π33

1374389534720
, c3(5) =

2867459117607π52

1801439850948198400
,

c4(5) =
292636241756994807π75

37778931862957161709568
, c5(5) =

80983467545137649320339665π102

158456325028528675187087900672
,

c6(5) =
1561911661771587948961592378986685625π133

2658455991569831745807614120560689152
,

d1(5) =
32321π18

209715200
, d2(5) = −

13754457π33

274877906944
, d3(5) =

60216641469747π52

360287970189639680
,

d4(5) = −
276541248460360092615π75

37778931862957161709568
, d5(5) =

841823145131705864684930817675π102

158456325028528675187087900672
,

d6(5) = −
211068932413503537482924786134365761934375π133

2658455991569831745807614120560689152
.
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