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Abstract

We investigate convergence of the rational-trigonometric-polynomial interpolation that
performs convergence acceleration of the classical trigonometric interpolation by sequential
application of polynomial and rational correction functions. Unknown parameters of the ra-
tional corrections are determined along the ideas of the Fourier-Pade approximations. The
resultant interpolation we call as Fourier-Pade interpolation and investigate its convergence
in the regions away from the endpoints. Comparison with other rational-trigonometric-
polynomial interpolations outlines the convergence properties of the Fourier-Pade interpola-

tion.
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Introduction

In this paper we continue investigations of [9] where we considered convergence acceleration

of the classical trigonometric interpolation

N
[N<fax) — Z f'neiﬂnx,
n=—N

1 l 2%k
r — —iTnxy —
fn 2N+1k_2:Nf(xk)e DT = o

via sequential application of rational and polynomial corrections. We recap some details
from [9].
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2 A. V. POGHOSYAN

Let ry(f;x) be the error of the classical trigonometric interpolation

rn(fiz) = f(z) — In(f; ).

We have
N 00 —N-1
TN(f) _ Z (fn - fn)ezﬁnz + Z fneumm + Z fnezwnat7
n=—N n=N+1 n=-—00
where f,, is the n-th Fourier coefficient of f
1! ,
fo==1[ flx)e "™ dx.
2/

Consider a finite sequence of complex numbers 6 = {0 }‘f k=1 and denote
62(97 Cn) = Cp,
S5 (0,c) = 0810, co) + 0_k051(0, cn) + Ok (6571(0, co) + 0-105 (0, )

for some sequence c,. By 6f(c,) we denote the sequence that corresponds to the choice
0 = 1. It is easy to check that

On(en) = A7 (cn),
where AF(c,) are the classical backward finite differences defined by the recurrence relation
Ad(en) = e
An(en) = AHen) + ARTT(en).

Reiterations of the Abel transformation up to p times leads to the following expansion
of the error

p k1 -~
—imNz s T 0_10 9, n
rn(f) = (7™ ¢ (N+1))§: . kN‘( fn) _
— [ (14 0_se™) (1 + O,e7im)

) P LE U3
k=1 Hljzl(l +0_sei™) (1 4 Oe~im)

1 o ‘
+ . - 52 97fn emnm
;5:1(1 + 0_Sel7rz)(1 + Qse—lwz) n|§N:+1 ( )
N
1 e .
+ . - 6P (0, fo — frn)e™,
P (1+0_sem™) (1 + fe~m) nZ__N n(0, fu = fa)e

where the first two terms in the right-hand side can be viewed as rational corrections and the
last two terms as the actual error. This viewing leads to the following rational-trigonometric

interpolation

14 —imNx in(N+1)x - efkéf\f_l(97 fn)
IN(fix) = In(fix)+ (e —e ). T (11 0_cm) (1 + fue—im)
k=1 s=1 —S s

b (N e 3 0:3°31 (0, f)
k=1 H];:l(l + 0_eim)(1 4 Oge—ime)
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with the error

1
P (L +0_sem) (1 + fse—ime

i(fie) = 7D O S

[n|=N+1

1 al o
) D080, fu = fa)e™. (1)
=—N

+ . .
€:1(1+9_semx)<1+gse—mm .

Additional acceleration of the rational-trigonometric interpolation can be achieved by
application of the polynomial corrections.
Let f € C7Y—1,1]. By Ax(f) denote the jumps of f at the end points of the interval

A(f) =) = fB(-1), k=0,...,¢— L.

The polynomial correction method is based on the following representation of the inter-

polated function
fa) =Y Au(f)Bi(x) + F(x), (2)
k=0

where By are 2-periodic Bernoulli polynomials

By(x) = g, Bi(z) = /Bk_l(x)dx, /_1 Bi(z)dx =0, z € [-1,1]

with the Fourier coefficients

(_1>n+1

B, (k) = Wa

Function F is a 2-periodic and relatively smooth function on the real line (F € C7}(R))
with the discrete Fourier coefficients

q—1

Fo=fo= S A Balk).

k=0

Approximation of F' in by the classical trigonometric interpolation leads to the Krylov-

Lanczos (KL-) interpolation

q—1

Ing(f;2) = ZAk(f)Bk(x) + In(F;2)

k=0

and approximation of F' by the rational-trigonometric interpolation leads to the rational-

trigonometric-polynomial (RTP-) interpolation

q—1

5 (fiz) = > Au(f)Bilx) + IR(F;x)

k=0

with the errors ry4(f; ) and 7y (f; z), respectively.
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4 A. V. POGHOSYAN

The Krylov-Lanczos polynomial correction approach was suggested in 1906 by Krylov [0]
and later in 1964 by Lanczos [7], [§] (see also [1], [3]-[5], [L0] with references therein).

The next results we need for further comparisons.

= (1
on= L By

Denote

Theorem 1 [10] Let ¢ > 2 be even, f € CT[-1,1] and f9*Y € AC[-1,1]. Then the
following estimate holds for |x| <1

(—=1)N+2 sinZE (2N+ 1)
2ratt Nat+l cos &F

rng(fiz) = Ag(f) Ggr1 +o(N7TH), N — oo,

2

Theorem 2 [10/ Let ¢ > 1 be odd, f € C2[—~1,1] and f92 € AC[-1,1]. Then the
following estimate holds for |x| <1

(—1)N+%1“(q + 1) sin %f sin 7TI(QN +1)

TNvQ(f; x) = AQ(f) 47Tq+1NQ+2 COS2 71'23) q+2

(—1)N+2 sin TZ(2N 4 1)

+ AQ+1 (f) O ra+2 Na+2 ¢q+2 + 0(N7q72)7 N — oo

COS ?

The approach of rational corrections applied for convergence acceleration of the classical
trigonometric interpolation was suggested in [I3]. The idea of such corrections is coming
from the Fourier-Pade approximation (see [2]) where rational corrections are applied for
convergence acceleration of the truncated Fourier series.

Rational-trigonometric-polynomial interpolation is undefined nevertheless parameters 6
are unknown. One approach was considered in [9], [11] and [12] where

Qk—Qk—l—N k=1,- (3)
and 7, are independent of V.
Let ), be defined as in (3). Let () be the coefficients of polynomial

P P
H(l + Tsx) = nys(T)xs.
s=1 s=0
Also denote
P P
Yo = (=1 7%(1) D W(7)(2p — k — 5+ M) P2y t—srmsr-
s=0 k=0

Theorem 3 [9] Let ¢ > 2 be even and f € CITT2P+H—1 1] with fa+%+) ¢ AC[-1,1] for
some p > 1. Let parameters 6 be chosen as in (@ Then the following estimate holds for
lz| <1

(—1)N+pt3 81n—(2N+ 1)

p s = —2p—q—1




On a convergence of the Fourier-Pade interpolation

Theorem 4 [9] Let ¢ > 1 be odd and f € C9+%+2[—1 1] with f+?+2) ¢ AC[-1,1] for
some p > 1. Let parameters 6, be chosen as in (@ Then the following estimate holds for
lz| <1

(—1)N+P+%1+1 sin Z% ¢in ZX(2N + 1)

p . — 2 2
rN,q(fJ Q:) - Q(f) 22p+2ﬂ_q+1q!N2p+q+2 cos2pr+2 %z q+1,p
N (—1)N+pHi3t sin ZZ (2N + 1)

Aq+1(f)
2p+1 2 2 2 2p+1 q+1lp
221 rat2(q + 1)IN?PHat2 - cos?Ptl TF

+ o(N~#71%) N — co.

Comparison with Theorems [1| and |2 shows that for smooth functions RTP-interpolation
is asymptotically more precise than the KL-interpolation and improvement in precision is
by the factor O(N?) as N — oo.

Theorems |3 and 4] are valid nonetheless parameters 7, are still undefined and this allows
to achieve additional accuracy in different frameworks. One such approach was realized in
[T1] where the Lo-minimal RTP-interpolation was introduced and investigated for p = 1.
Another approach was considered in [9] where parameters 75, are the roots of the associated
Laguerre polynomials L (z).

In this paper we consider essentially different approach for determination of parameters
f which we determine by the following system

62,F,) =0, []n|]=N—-p+1,---  N. (4)
Taking into account that the discrete Fourier coefficients are periodic
fn+s(2N+1) =
then system can be rewritten in the equivalent form
620, F,) =0, n=N—-p+1,--- ,N+p. (5)

This leads to the Fourier-Pade interpolation ([13]). We investigate convergence of such
interpolations for smooth functions and show its fast convergence compared to the choice
as in . In particular, we show additional improvement in accuracy by the factor O(N?)
compared to Theorems [3| and {4 and hence by the factor O(N) compared to Theorems
and 2

1 Pointwise Convergence of the Fourier-Pade Interpo-

lation away from the Endpoints

Throughout the paper we consider that interpolated function is smooth on [—1, 1] and the

exact values of jumps Ag(f) are known. Parameter 6 is supposed to be determined from
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6 A. V. POGHOSYAN

system . Let 5(0%) be the coefficients of the polynomials

p

[0+ be) = Z% (")

k=1

H(l +0_pz) = ka(é’_)xk.
k=1 k=0

Note that generalized finite differences 67 (6, F},) can be represented by the coefficients y,(6%)

50(0, F,) Z% Z% Frvpsi (6)

and hence system can be rewritten in the form

and

P
Z’Ys Z’Yk TH—S k_o |n| N_p+177N

or according to
P
275 Z’Vk n+s k—o n=N— p+1 N+p' (7>

We can rewrite (5) using also the finite differences A

AN (00(0,F,)) =0, w=0,...,2p~ 1. (8)
Denote
. Jrwrm\ (frw\TE o itw—z
me 5 - —1 J—=2=Y “ "
m(J,2) ( . )< . >;( ) (y+w >a7y+
gy T
% r;m(_l) (2r + 1)Jtwtm+1’
where

In particular

. w o f[JFTw+m\ [(]+w
] ) | ) T

It is easy to verify from definition of ¢, that for even values of m we have
XZw,m(Q.j + 17 2] + ]-) = X2w+1,m(2ja 2]) =0

and for odd values
Xowm(2§,25) = Xowr1,m(25 + 1,25 +1) = 0.

We are widely using these facts in coming subsections an that is why in further investigations

we need to separate even and odd values of q.
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On a convergence of the Fourier-Pade interpolation

1.1 Even values of ¢

First we prove some lemmas concerning the properties of the generalized finite differences.

Lemma 1 Let f € C%+et1[—1 1] and f4+) € AC[-1,1]. Let the coefficients v,(0%)
satisfy the system @ Then

5U(52(8, Fy)) = O(n~"1"2) 4 o(n~9"2) |n| > N, N — cc.

Proof. According to the smoothness of f and expansion we have

q+4p+1

Z A m) 4+ o(n9"%72) |n| > N, N = oco. (9)

Taking into account that F,, = Y s Fatseni1) we get from @ and system @ that ~,(6%)
have finite limits as N — oo

ve(6%) — (p>, N = . (10)
s
Thus, in view of @D we have
g+4p+1
o (P (6, F,) Z A (£)8(62(0, B,(m))) 4 o(n~9-%72),
This completes the proof as
p P
8 (85(0, Bu(m))) = A2, (850, Ba(m))) = > 76(07) > (07 )AM ,(Buysr(m))
s=0 k=0
and
ANy (Ba(m)) = O(nm7172),
O

Lemma 2 Let the conditions of Lemmal[l] be valid. Then
0 (070, F, — F)) = O(N ™71 72) + o(N~*772)  [n| < N, N — oo,

Proof. We proceed as in the proof of Lemma [I| and write

q+4p+1

5U(0(0, F, — F,)) = Z An(£)62(82(0, By(m) — B,(m)))
+ O(N =42
Then

0, (07(0, Bo(m) — By(m))) = AR

n—l—w

(056, Bu(m) — By(m)))

- Z 7Vs(6 Z% n+w Brts—e(m) = Buis—i(m)).



8 A. V. POGHOSYAN

This completes the proof as

52w

n+w

(056, Bu(m) — Ba(m))) = O(N~"71721).

We need similar but exact estimates for % (62(6, F,,)). First we prove important prop-

erties of the numbers (3, (¢ — j) defined in the next lemma.

Lemma 3 Let q be even, f € CPHa+[—1 1] with fUrtat) ¢ AC[—1,1] and A,(f) # 0. Let
the coefficients vs(0F) satisfy system @ If determinants

det((Xawq(25,2)10_o)s M =0,....2p—1, (11)
det((Xowt1,4(27 + 1, 2]+1))]w o), M=0,....2p—1 (12)

are nonzero then
B.(l—=4)=0,£<2p—1,0<2<j, 0<j<u (13)

where

ZZ Z 'th’ysu —j— t(k S)Z

t=0 s=0 k=0

and 'yfu are the coefficients of the asymptotic expansions

dp+l 4 dp+1  —

’ys,u —Ap— _ 7 _Ap—
75(9—"_) = Nu + O(N 4p 1)7 75(9 ) = Nt + (N 4p 1)'
u=0 t=0

Proof. We will use system () and we start with estimation of AR, (65 (0, F,)). We proceed

as in the proofs of Lemmas [I] and [2] and write

q+4p+1
A%, (520, F,) Z An(H)AY L (67(0, By(m))) + o( N~97472), (14)
Then ) "
. w\ ~
Ay 0100,Bulm) = 0 w0 Y () Bt (19
s=0 k=0 (=0
We continue by estimation of BN+p+S k—e(m)
BN—l—p—i—s—k—E(m) - Z BN+p+s—k—€+7"(2N+1)<m>
(_1)N+p+s+k+£+1 0 (_1)1‘
- 2(im)m+l = (N+p+s—k—L+r(2N+1))"H

(—1) NPttt 1 (j+m i (_1)T(k: +l—p—s—r)
2(im N )m+1 par Ni\ m (2r + 1)Jtm+1

r=—00
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Substituting this and the asymptotic expansions of the coefficients v, (6%) into (15) we derive

. ( 1)N+p+1 < 1 j+m

w P —

AN+p(5n<07Bn(m))) 2(Z7TN)m+1 Z N m

p 4p+1 ’Y+ p 4p+1 N

s S,U —dp—1 k Tkt —dp—1

x Y (1) [ N (N Y (=) [ ~7 oV )]

s=0 u=0 k=0 t=0

— (W v~ ek l—p—s—r)
x ;( 1 (K)TZ_:OO( 1) (2 4 1)7+m+1

(—1)N+p+1 dp+1 j+m P (W
- 227er+1ZNUZ( )Z Z%ﬂsug tZ( 1) (€>

s=0 k=0 /=0

< X 0 o

r=—00

- s (1) ()

u=0 7=0 2=0

< 2 (5) X i e

= r=—o0

After some manipulations we get from here

AR 3016, Bulm))) = %ZNLZZ (") C)

- j—z—y[J T F p + T)] Y
< (! o 3 U
4 O(N—4p—m—2)'

Taking into account that

py =0, 0<y<w-—1

we obtain
. ( N+p+1 4p—w—+1
AN—&-p(ég(ean(m))) - 2(Z7TN m+1Nw Z N“ ZZﬂz u—17 wm(]a )

7=0 2=0
+ o(NTTmTE),
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Substituting this into (14]) we write

A’LU

. (_1)N+p+1 q+4p+1 A dp—w+1
vy - N 7 _
N+p(5 (0, Fn)) o Nw mz:q Z7TN m+1 Z N“ ;;Bz U ] wm(], )
L o(Nta
4dp—w+1 w j
(—1)¥ri e |
- e 2w S Xt
=0 =0 =

+ (NI

I RNAIRE I IR 23 Agri-ulf)
- 2(ir N)atl Nw Z NC Z Z A ) Z (imr)i—v Xw,j—u—f—q(ua z)
=0 7=0 2z=0 u=z
+ o(N"1T472) (16)
Equation together with system implies

Z Zﬁz (€— Z %L?L—(JC)Xw,jfquq(ua z) =0, (17)

7=0 z= u=z (Zﬂ-)j b

w=0,....2p—1; £=0,...,4p—w+ 1.

The proof of this lemma is based on . We proceed by the mathematical induction.
For £ =0 in ((17)) we have

Ag(£)B0(0) Xu,4(0,0) = 0.

Taking w = 0 and recalling that A,(f) # 0 we obtain

B0(0)X0,4(0,0) = 0.

From here we conclude that §y(0) = 0 as X,4(0,0) = ¢,+1 # 0 for even values of ¢.

For £ =1 in (|17) we have

1

A Xaal0.0)+(0) 3 —<f>X<u 0) + B1(0)Ag(f) X (1, 1) = 0.

u=

Then, as 5y(0) = 0 and A,(f) #0

Bo(1) Xu,q(0,0) 4+ 1(0) Xy 4(1,1) = 0.

We take w = 0,1 and write the following system for determination of (1) and /1 (0)

Bo(1)X0,4(0,0) + B1(0)Xo,,(1,1) = 0,
Bo(1)X1,4(0,0) + 1(0) X1 4(1,1) = 0.

It is easy to verify that Xo,(1,1) = X;,(0,0) = 0 and X,,(0,0) # 0, X;,(1,1) # 0 and
therefore (1) = 51(0) =0

10



On a convergence of the Fourier-Pade interpolation

Suppose that is true for ¢ < ¢y — 1 and let us prove for £ = {3 < 2p — 1. From (|17))

we have

o J J A Lo—1 j—1 Jj A,
: qtj—u _ - g+j—u
Z Z: /BZ(EO - ]) Z: (iﬂ_>j7uXw,j—u+q(ua 2) — 4 - ﬁz(f() - .]) Z: (Z.’]T)j*u Xw,j—u+q(u7 Z)
j=0 2=0 u=z j=0 2=0 u=z
lo—1 to—1
lo—u
+Aq(f) ﬁ(é wq ] j + Z Bz Z quf(()) uXw,Eo—u+q(u> Z)
j:O U=z
+56,(0)Ag(f) Xw (b0, bo) = Zﬁj ) Xwq(d: 7) = 0.
As A,(f) # 0 we get
Zﬁy ) Xug(d.5) =0, w=0,... 6 <2p—1.
Separating even and odd values of 7 and w we write for w =0,...,p—1

(5]

Baj(lo — 2§) X 2w q(25,25) + Z Bajir(lo — 2] — 1) X2uq(2] +1,2j + 1) = 0,
=0
] [7— ]
Boi(lo — 2) Xouws14(25,20) + D Bojui(lo — 25 — 1) Xowi14(25 + 1,2 +1) = 0.
j=0 Jj=0

w‘é‘

<.

w‘é‘

[
Taking into account that Xa, (27 + 1,27 + 1) = Xowt14(27,24) = 0 and recalling that
determinants and are nonzero, we complete the proof. [

Next lemma presents exact estimates for 6% (62(6, F},)).

Lemma 4 Let the conditions of Lemmal[d be valid. Then the following estimate holds

(=N (2p)!

IN(O(0,F) = £A,(f)

2(im N )at1 N2w+2p
p—1 p—1
X | Xowg(20,20) = X0ug(25,25) Y a5, Xow o(2p, 2p)
7=0 w=0

4 O(N™I20=%72) | o(N=172) N o0,

p—1

where a, are the elements of the inverse of the matriz (Xouq(27,27))h —o-

Proof. Note that
0N (070, F)) = AlN (910, 1))

11



12 A. V. POGHOSYAN

Hence, we start as at the beginning of the proof of Lemma [3| and instead of derive the

following estimate

) 3 (—1)N+uwt p 2wl o L d
ALY 0’0, F,)) = — (0=
:I:N—I—w( n( ’ )) Q(iWN)Q+1N2w ; NG ]ZOZZ:OB ( j)
y iAqﬂ_u(f) 2w+ j +q\ (u+ 2w
—~ (im)y \j—u+tq z
— _ 1\utzty U+ 2w —z 7" 'LU + r)u—z—y
X ;( 1) ( Yy + 2w Q2w,y+2w T_z_:oo (2r £ 1)2w+itatl

+ o(NTeir2y),

Taking into account we get

§ o (—1)N ot (20) 2w+ Jj+q\ 2w+
A?ﬁ:N—&—w(én(g’Fn)) = Aq(f)Q(ZWN)q+1N2w+2p Zﬁ] )( q ) < ] )
G (=1)"
X Z (2r + 1)2wtitatl

r=—

+ O(N—q—2w—2p—2) + 0<N—q—4p—2)‘

It is easy to verify that for odd j (¢ is even)

o0 7.

=0

Z 27~ + 1 2w+]+q+1

and for even j

SRS SRCL s
L (27 4 1)2wtitat] L (27 4 1)2wtitatl’
Hence

(_1>N+w+l p ' o
2(im N )i+ N2w+2p > 522 — 25) Xoug (24, 2))

j=0
+ O(N~T2072072) 4 o(N~T72),

A?&Vw((sg(eapn)) = iAq(f)

Finally, it remains to calculate the values of 59;(2p — 27), j =0,...,p. We use for

even values of w and ¢ = 2p

iiﬁ(z_.)i:AqLu(f)X ) =0 w=0 N .
j=0 z=0 A — (imr)i—u 2w, j—utq\Wh, 2) = U, W=U,...,p )

12
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We simplify in view of

% I AL
D B2 =) Y T X (4, 2) =
7=0 2=0 u=z <Z7T)
2p—1 5—1 J A . 2p—1
8.2 = 3) D FE Ko yasal1,2) + A1) D B2 = ) Xa(G.)
j=0 z=0 u=z 7=0
2p—1
+ Z /Bz Z q+ZZ Z 2w 2p—u+q(u Z) + 621)( )A (f)XQw q(2p7 2]9)
u=z 2p
= Ag(£)D B2 — ) Xawq (i, 4) = 0.
j=0
As A,(f) # 0 we get
2p p
> B2 — ) Xouwg(G.d) = D Bai(20 — 25) Xowg(24, 2))
§=0 j=0
p—1
+ ) Bojr(20 — 2j — 1) Xaug(2) + 1,25 + 1)
§=0

p
= ) Boi(2p — 2/)X20,4(25,2)) =0, w=0,...,p— L
=0

Hence we derived the following system

p—1

Z Baj(2p — 27) Xow ¢(27,27) = —Bap(0) X2w4(2p, 2p), w =0,...,p—1

J=0

which has unique solution
Ba;(2p — 2j) = — B2 (0 Za wXowq(2p,2p), §=0,...,p— 1,
where (see
p p
Bap(0) = D (=D oy gvdo(k — 5)*

This completes the proof.
0

Now we prove the main result of this subsection.

13



14 A. V. POGHOSYAN

Theorem 5 Let the conditions of Lemma|3 be valid. Then the following estimate holds for
|z <1 as N — oo

(—1)N+3(2p)! sinZE(2N +1)

P _
TN’q<f’ z) = q(f) 24p+1g+1 Natdp+l  ogéptl %
p—1 p—1
x| Xopg(2p,2p) — Z Xop,q(27,27) Z aj_u%XZw,q<2p> 2p)
=0 w=0
)
where a;, are the elements of the inverse of the matriz (Xau q(2], 2j))ﬁjjlzo.

Proof. Taking into account that

g (fix) = i (F;z)

we get from by application of the Abel transformation

—irNw in P 2p w ”
i) = 1 (f+;v e_we)((iV r)e eine) 2 (1+eiwi§wi%<(017fn2m>w+l
s=1 —s s w=0
i T 2 8 (356, Fu)

P (Ut O_em)(1+ fyemim) = (1 4 eimo)uwti(1 4 e=ime)ut

1 > .
T BT Deos m P [T (L 5 0o (1 £ o) |n§+1 S (S8 (B, Fy))el™

1 al L

+ > ot (on(0, F, — F))e™ . (20)

(24 2cosmz)?2PH [0 (1 4 0_se™)(1 4 O e=m) —

Taking into account (see ) that 7,(6%) — (?) and consequently 64, — 1 as N — 0o we
need to estimate only the sums in the right hand side of .
Lemma [2] shows that

SHTL(P(0, F, — F,)) = O(N T*%73) 4 o(N~7%72)
= o(N 172
and hence the last term in (20)) is o(N~7*"~1). According to Lemma

G OR(0, F)) = O™ %) +o(n" %)

= o(n 972

and the third term is also o( N=774~1).
Then, according to system

5830, ) = 0" (520, ) = 0, w=0,...,p— 1. (21)

14



On a convergence of the Fourier-Pade interpolation 15

Therefore
O (056, F))
(1 + eiTrx)Qp-l-l(l + e—iﬂx)2p+1
07y (35(6, F))
(1 + eiﬂ'x)Zerl(l + efiﬂx)2p+1
e imtNE _ pgim(N+1)z 2 5% (020, F,))

D ( ,LE) _ (efiﬂN:r_eiw(Nqu)x)

+ (eiﬂNx . e—i7r(N+1)ar:>

+ . , . .
(1 + emx)p(l + efmx)p S (1 + emx)erl(l + 6717rx)w+1
Lo e e e 0%y (006, Fn))
T —iTT iz \w+1 —imz \w+1
(14 em)p(1 +e )pw:p+1(1+e YW1 + e~inme)
+ (NI,

According to Lemma
0% (85(0, F)) = O(NTIT1720720) 4 o( N717172)
and taking into account that parameter w is ranging from p + 1 to 2p we get

§YN (080, Fy)) = o(N"9"2) w=p+1,...,2p.

Thus
D . _ —irNz _ _in(N+1)z (5'2(0 F ))
TN,‘](f’x) o <€ € )(1 + ezﬂ'x)2p+1(1 _|_ e z7rac>2p+1
4 (VT _ gDy & N (02(0, F))
(1+elﬂx)2p+ 14+ e mx)Zerl

4 o(NTIY),

This completes the proof in view of the exact estimates of Lemma [4]
O

Comparison with Theorem [1] (the KL-interpolation) shows dramatically improved accu-
racy in the regions away from the endpoints and improvement is O(N*). Compared with the
RTP-interpolation where parameter 6 is chosen as in (3)) (Theorem [3) we have improvement

in accuracy by the factor O(N?).

1.2 Odd values of ¢

In this subsection we prove analog of Theorem 5| for odd values of ¢. In general we perform
identical observations. First we present analogs of Lemmas [1| and [2] without proofs as they

are identical to the old ones.

Lemma 5 Let f € C%+12[—1 1] and f4+12 ¢ AC[-1,1]. Let the coefficients ~v(0%)
satisfy the system @ Then

5U(82(0, Fp)) = O(n~""1"2) 4 o(n~9"%=3)  |n| > N, N — oc.

15



16 A. V. POGHOSYAN

Lemma 6 Let the conditions of Lemma[3] be valid. Then
520 (0, F, — F,)) = O(N™9172%) 4 o(N~T%73)  |n| < N, N — 0.
Properties of 8,(u — j) are explored in the next lemma.

Lemma 7 Let q be odd, f € C*+T9+2[—1 1] with f4+1+2) € AC[-1,1] and A,(f) # 0. Let
the coefficients v5(0F) satisfy system @ If determinants

det((Xowg(27 + 1,25 + 1)V o), M =0,....2p—1, (22)
det((X2w+1q(2j,2j))jw o), M =0,....2p—1 (23)
are nonzero then
B.(0—3j)=0,0<2p—1,0<z2<yj 0<j<u. (24)
Then
Pojr1(2p—25—-1)=0, 7=0,...,p—1, (25)
and
62]—&-1(2]?_2]):0’ ]:077])7 (26>
where
u=j p
u_j ZZ Z rykt,)/sut](k_‘g);:
t=0 s=0 k=0
and %fu are the coefficients of the asymptotic expansions
4p+2 7_’_ 4p+2 ”)/_
S,u —4p— — k,zt —dp—
Ys(07) = Z Nu +o(NT#7%), 4,(07) = Z G +o(NTH#72),
u=0 t=0

Proof. First we prove . Equation is valid also for odd values of ¢ with some

corrections according to the higher smoothness of f

) (_1)N+p+1 dp—w+2 1 I | J Aq+j—u
AR08, Fy)) = im Ny N > e IS (m)j_uXw,j—wq(Ua z)
/=0 7=0 2=0 u=z

+ o(NTaird,

According to from here we derive

L J A
Z Z Bz(é - J) Z éjr—;;:ZXw,j—u—i-Q(uv Z) =0, (27>

7=0 2=0 u=z

w=0,....,2p—1; £=0,...,4p —w + 2.

We proceed by the mathematical induction and start with £ = 0 in deriving

Ag(£)50(0)Xw4(0,0) = 0.

16



On a convergence of the Fourier-Pade interpolation

Taking here w = 1 and observing that X; ,(0,0,) # 0 for odd values of ¢ and A,(f) # 0 we
conclude that 3y(0) = 0.
Then, for £ =1, we have

Bo(1)Xu,4(0,0) + £1(0) Xy 4(1,1) =0, w=0,...,2p— 1.
Taking here w = 0, 1 we get the following system for determination of Gy(1) and £;(0)

B0(1)X0,4(0,0) + 1(0)Xo,4(1,1) = 0,
Bo(1)X1,4(0,0) + £1(0) X7 4(1,1) = 0.

It is easy to verify that for odd values of ¢ we have that X;,(0,0) = X;,(1,1) = 0 and

consequently fp(1) = £1(0) =0
Suppose that is true for ¢ = ¢y — 1 and let us prove it for £ = {5 < 2p — 1. We put
(= /{in and simplify it as we did it for even values of ¢

Zﬁj ) Xuwq(d,5) = 0.

As Ay(f) #0

> Billo = j)Xuwq(j, ) =0, w=0,....6 < 2p—1. (28)

We consider separately odd and even values of w and j and write

[€0/2] [€0/2—1]
D Baill — 25) Xouw (24, 2) + Z Baj1 (o — 2 — 1) Xou (2] +1,2j +1) = 0,
7=0

[¢o/2] [50/2 1]

D Bojllo = 20) Xow14(2,2) + Y Bojir (o — 2) — 1) Xouy14(25 + 1,2 +1) = 0.
j=0 =0

Taking into account that for odd values of ¢ we have that Xy, ,(27,2)) = Xowt1,4(25+1,25+

1) = 0 and determinants and are nonzero we end the proof of (24).
Now let us prove . We take ¢ = 2p in and write for w =10,...,2p —1

A Zf‘”)f = X g, 2) Zﬁj % — )Xl ) = 0.

7=0 2=0
Therefore
p—1
ZBZJ 2p — 25) Xowg(24,25) + > Boj1(2p — 25 — 1) Xoug(25 + 1,25 + 1) = 0.
Jj=0 7=0
As Xo,4(27,27) = 0 we get
p—1
D Boju1(20 =2 — D) Xoug(2j + 1,2 +1) =0, w=0,...,p— L.
j=0

17



18 A. V. POGHOSYAN

This system has unique solution and hence fy;11(2p — 25 — 1) = 0.
Finally, we prove . We again use with ¢ = 2p and for odd values of w obtain

2p
Zﬂj(Qp_j)XQIU-‘qu(j?j) = Zﬁ?y 2p X2w+1q(2.]72j)
7=0

p—1

+ > Baia(2p — 25 — 1) Xowi14(25 + 1,2 +1) = 0.
j=0

Taking into account that Xo,11,4(25 + 1,25 4+ 1) = 0 we get
p
> 3220 — 25) Xowr1,4(24, 25) = 0. (29)
=0

From the other side ((17)) with ¢ = 2p + 1 implies

2p+1 3 J
ZZ 2p+1_jz q+ju 'w] u+q(u’2>—0
7=0 2=0
which gives
2p+1 74
B2+ 1= ) Xug(id) + Y B2 — ) Xug(i +1,5) =0, w=0,...,2p— 1.
=0 =

We rewrite it for even values of w as follows

p p
D Boi1(20 = 2§) Xow g (25 + 1,25 + 1) + Y Bj(2p — 25) Xow (25 +1,2§) = 0
j=0 Jj=0

and hence

p—1
> Boir1(2p — 2)) Xowg(2 +1,2j +1) = —ZﬁQJ 2p — 25) Xou4(25 + 1,25)
j=0
- sz+1( ) X2w,g(2p+1,2p + 1) (30)

It is easy to verify that

ﬁ2p+1 (0) =

=
=

=
El

+

w
N
>3
N~
VR
»w 3
~_
=
o

=
_l’_
—

|

(@]

s=0 k=0

Then simple calculations show that

X2’LU7Q(2j + 17 2]) = (p —w—= 1/2)X2w+1,q(2j7 2.7)
and hence from ([29)
p P
> Boi(20 = 25) Xouwg(25 + 1,2) = (p—w — 1/2) > Baj(2p — 25) Xaw41,4(24, 25) = 0.
Jj=0 j=0

18



On a convergence of the Fourier-Pade interpolation

Substituting all these into (30) we get

p—1

Zﬁ2j+1(2p —2J)Xowg(27 +1,2j+1) =0 (31)
=0

which completes the proof of 1} as determinant det((Xay 4(27 + 1,27 + 1))5;]-1:0) is nonzero
and thus has unique zero solution.

U
In the next lemma we investigate behavior of %, (62(6, F,)) for odd values of g.

Lemma 8 Let the conditions of Lemmal7 be valid. Then the following estimate holds

(=D 2p)!

0y (0n(0, Fn)) = f) A(im ) a1 Nat+2w+2p+2

p—1 p—1
X2w+1q 2p7 2p ZXZw-i-lq 2]727 ijs X25+1 q(2pa 2p)>

Ay
>< <
7=0
—1\Ntwtp+l 9]
Zﬂ)q+2Nq+2w+2p+2
p—1 p—1
X <X2w q+1 2]77 217 ZX2w,q+1<2j7 2]) Z bj_le2s+17q(2pa 2p))

j=0 s=0
4 O(N12m2=8) g o N—9—ip=5)

p—1

where b;j are the elements of the inverse of the matriz (Xowy1,4(2,27))4 j—o-

Proof. We again note that
0N (050, F)) = ALy, (0(0, F))

and proceed as in the proof of Lemma [d] Starting as in the proof of Lemma [7] we derive

2w n
A:I:N-l—w((sz(e? Fn)) 2('i7TN)q+1N2w

L j
DA
/=0 7j=0 2=0
J

y ZAq+j,u 2w+]+q u—+ 2w
— (im)i~v\ j—u+q z
— u+z+ r (w + T,)u—z—y
0(_1) ! ( X2w,y+2w Z(_l) (2r £ 1)2wtitatl
y:

4 o(N-T3y,

IS
[N SN

u+ 2w —
Y+ 2w

(]

N————

19



20 A. V. POGHOSYAN

Taking into account we get
ATN (050, )
B (—1)NFTwtl(2)! 2w+ j+q j + 2w — (=1)"
=4 2(z7r)q+1Nq+2w+2P+1 ZB] (2p =) q ; Z < (2r £ 1)2wtitat]

o, CDT W) Zﬁ o1 j)(2w+J+q) (J+2w) (-1

2(Z7T)q+1Nq+2’w+2p+2 27, + 1)2’w+j+(1+1

2p
(—1)N+wtl 2w+]—|—1+q j—|—1+2w
- Aq 2(i )q+1Nq+2w+2p+2 Z/BJ 2p —J)

= w AT = (—=1)"
_ ! 1) |
X ( (2w +1)! Z (=1) (2r £ 1)2writa2 +w(2w + 1)! Z (2r + 1)2w+j+q+2>

( 1)N+w+1 2w —|—]—|—q—{—1 ]+2w - (_l)r
+ A 2(im) +2Nq+2w+2p+2z B;(2p g+1 j _Z (2r 4 1)2wtita+2
+ O(N-972P72w=3) 4 o(N a=4p=3), (32)

We conclude from the properties ([25)), and Y (—=1)"/(2r £ 1)?wt¥tetl = ( that the
first two terms in the right hand side of vanish. Thus

ARN (050, )

NFw+ (2 + 1)! Qw+2j+1+ 27+ 142w
C AU () ()

Q(Zﬂ)q+1Nq+2w+2p+2 q 2]
o] . T‘
X Z (=1) (2r & 1)2wt2i+a+2
r=—00
(—1)N+etl (2 2w+ 25 +q+ 1\ (2] + 2w
+ AQ+1(f)Q(W)q+2Nq+2w+2p+2 2621 (2p —2j) g+1 27
G (_1)T 0O N—q—2p—2w—3 N—q—4p—3
X Z (27" —+ 1)2w+2j+q+2 + ( ) + 0( )
Finally, applying the properties
oo . 1 o0 . 1
_Z (=1) (2r — 1)2wH2i+a+2 - _Z (=1) (2r + 1)2wH2i+a+2
and
> , r > , r
_Z (=1) (2r — 1)2wt2i+a+2 - _2: (=1) (2r + 1)2w+2+a+2

20
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we obtain
2w D n ( 1)N+w
AN (05(0, Fn)) = Aq(f)zl(m)qHNﬁ?er?PH Zﬁzg 2p — 2§) Xow+1,4(27, 27)
7=0
(— 1)N+w+1
+ Aq+1 (f) 2(Z7T)q+2Nq+2w+2p+2 Z ﬁ2] 229 2,])X2w q+1(237 2.])
+ O(N-T272w=3) 4 o(N~9~ - 3). (33)

It remains to calculate the values of B5;(2p — 2j). We use and write

p—1
> B2 = 25) Xows1,4(24:25) = —Bop(0) Xouw1,4(2p, 2p)- (34)
=0
Taking into account that determinant det((Xowy1.4(27, 25))% o) is nonzero we get the unicque
solution of the system
p—1
Baj(2p — 27) = —P2(0) Z b Xows1.4(2p, 2p)

w=0

and
()= pg(—l)’m () (7)o = -ap

This completes the proof. [
Now we prove the main result of this subsection.

Theorem 6 Let the conditions of Lemma[7 be valid. Then

(= 1)V (2p)! sin % sin 5F (2N + 1)

D . _
Tqu(f’ :L’) B Aq(f) 24p+27q+1 Ng+4p+2 cosdpt2 1z
2

j=0 s=0

() —-1)¥ N (2p)! sin ZE(2N +1)
e 24p+1ﬂ-q+2 N a+4p+2 COS4p+1 Tr;

p—1 p—1
X (szﬂ,] 2p,2p) = Y Xopi14(2,25) D 03 Xoas14(2p, 2p>)
A

p—1
X X2p q+1 2pa 2]7 ZXqu+1 2ja 2.] ijs X25+1 q(2pa 2]7))
Jj=0 s=0

+ o(N"IH N = oo,
where b;j are the elements of the inverse of the matriz (Xowi1.4(24,27))5

w,j=0"
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22 A. V. POGHOSYAN

Proof. The proof is similar to the one of Theorem [5| and we omit some details. Application

of the Abel transformation leads to the following expansion of the error

¢-imNe _ qi(N+1) 2PZ+1 OR (950, F))
0+ e ) (14 ) o (Tt el

ointNz _ p—im(N+1)z o N A ))

i’:l(l +9,S€iﬂ'm)<1 _'_93671'71'1) 1;) (1 + eiﬂ'x)w+1 14+ efiﬂ’:r)erl

o (fix) =

+

—~

[e.9]

Z (5121p+2((5£(9, Fn))ez‘wnz

[In|=N+1

1
24 2cosmx)P T2 [1P_ (1 + 0_se™) (1 + O,e~m)

B

1
+ , ,
(24 2cosma)?2PH2 TP (1 + 0_se™) (1 + fse—m

N

) >GRO, F, — F))e™ . (35)
n=—N

According to Lemmas and@the last two terms are o( N~97%72) as N — oo. Then according

to and Lemma (8] we derive

ey O(OL(0.F,)
(1 + 617rx)2p+1(1 + e—iﬂx)?p—i—l

0% (00, )
(1 + 61’7rm)2p+1(1 + 6—i7rx)2p+1

Hhalfia) = (" =

+ (eiﬂ'NI_efiﬂ'(]\LFl)CC)
4 o(NT),

This completes the proof as Lemma 8] gives exact estimates for 6% (62(6, F3,)).
U

Comparison with the corresponding theorems shows that the Fourier-Pade interpolation
has improved accuracy also for odd ¢ and improvement in accuracy is O(N) compared to
the KL-interpolation and consequently O(N?) compared to the RTP-interpolations with @
as in (3)).

Appendix

Throughout the paper we used the fact that some determinants are nonzero. We calculated
the values of determinants for rather large values of ¢ and M and in all cases they are
nonzero. Explicit forms of determinants are unknown. Here we show some values.

Let us start with even g. We denote

an(q) = det((Xaw,q(27, 2j))1]1\;/[,j:0)’

and
bar(q) = det((Xowr14(25 + 1,25 + 1)) io)-

For ¢ = 2 we have
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On a convergence of the Fourier-Pade interpolation

9rr10 67572! 148837577

3797588812575
=0T 0y(2) = 9) = ——oo2 o -
2018 (%) 32) = 591067296

~ 35184372088832’

ai(2) 4(2)

~ 1048576 ¢
_ 651352939147968757 7

a5(2) a _ 51492038967580042863281257 105
ST 2305843009213693952

2) =
6(2) 604462909807314587353088

267! 154305727 326706817574
bi(2) = by(2) = ——— oo b3(2) T
67108864 1099511627776

32768 7 °

~9621010418906257% ba(2) = 222793284940228947656257°°
36028797018963968 ’ 9444732965739290427392

b6(2)::__272503621o2859286767460068359375ﬂi19

9903520314283042199192993792

ba(2) =

For ¢ =4
89714 85725727 4235088375744
=—— a(4) = ———r—, a3(4) = ,
524288 4294967296 281474976710656
aa(d) = 3741504051796875755 @ = 3176867211184746105468757°°
4 P T T 38685626227668133590597632

al (4)

~ 36893488147419103232°
ao(d) = 1683803238577910250260958544921875w119’
162259276829213363391578010288128
32321718 114620475733 71686477940175752
) = oriessar 2™ = ~2rasTroncenss ™ T Ta057594037927936”
_ 9144882554906087718757 | 12653666803027757706303072656257 '
37778931862057161709568 " %) 158456325028528675187087900672
b6(4)::__122024348575905308512624404608334814453125w133

2658455991569831745807614120560689152

bs(4) =

For ¢ =6
01 (6) = 32321718 0(6) = 1528273733
7549747200’ 6597069766656
43(6) = 7434153267877°2 0s(6) = 113802982905497980577°
5764607523034234880° 1208925819614629174706176
45(6) = 11547642594399257403085470757 102
° 10141204801825835211973625643008°
06(6) = 965107144094666380808983932941773031257133
340282366920938463463374607431768211456
33082169722 5890863705613 30964079292679568 7750

b6:7 = — =
1(6) 362387865600’ 2(60) 31665934879948800° 3(0) 7378697629483820646400’

b4(6)::__1680353443856200312501785%85
1237940039285380274899124224°

b5 (6) = 330993716290340414389805939184160657 14
41538374868278621028243970633760768

4758624446628712077388375544255986551473570849375ﬂ147
5575186299632655785383929568162090376495104

be(6) =

When ¢ is odd we denote
ear(q) = det((Xaug(2) + 1,25+ 1))u;0);

23
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24 A. V. POGHOSYAN

and
dar(q) = det(Xawi1.4(27,24)) i iz0)-

For ¢ = 1 we have

1) = 3710 1) = 45721 1) = 14175736 1) - 4018612575
A= e AW T 131072 AV T 2684354567 AN T 1009511627776
1) - 62660215406257 ™ 1) - 381041469401561718757105
U T 36028797018963968° “C\ T T4722366482869645213696
9710 675721 1488375736 3797588812575°
di(1) = ——, do(1) = — da(1) = /250 g (1) = e
1) 512’ 2(1) 131072’ 3(1) 268435456 ' 4(1) 1099511627776
6513529391479687577 51492038967580042863281257 105
ds(1) = (1) =—
5V T T36028797018963968 OV T 4722366482869645213696

For g =3

0(3) = 89714 a(3) = 5715727 a(3) = 40334175744 (3 — 3959263546875763
1207983047 2V T 671088647 2N T 10995116277767 1 T 36028797018963968

c5(3) = 305614931330903906257° co(3) = 124601564256329614848925781257119
ST 79444732965739290427392 7 O T T 9903520314283042199192993792

4)(3) = 8914 3) = 857257 3 — 4235088375744
1) 307687 T2 T T 671088647 2N T 1099511627776
04(3) =  37415040517968757°° 3 = 3176867211184746105468757%°
T T T36028797018963968 © 0V T 9444732965739290427392
do(3) = 16838032385779102502609585449218757 119
613 = 9903520314283042199192993792
For g =5
32321718 4584819733 28674591176077°2

5 =, =, - g s
1) = Gao1a5600" ) = 37a3R0531720” ©) = 1801439850048198400

- 292636241756994807775 e (5) = 809834675451376493203396657 102
T 37778931862957161709568° '/ 158456325028528675187087900672°

es(5) = 15619116617715879489615923789866856257 "3
O 2658455991560831745807614120560689152

32321718 (5) = - 13754457733 (5) = 60216641469747752
T 2097152007 2V T T 2748779069447 VT 360287970189639680

di(5)

_27654124846036009261571‘75 (5) = 8418231451317058646849308176757 102
37778931862957161709568 = 7/ 158456325028528675187087900672

da(5) =

21 10689324135035374829247861343657619343 757133
2658455991569831745807614120560689152

dg(5) =
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