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Abstract. This paper provides a comprehensive derivation of
geodesic equations in a two-dimensional Finsler space character-
ized by a Matsumoto-type metric. It further explores the geomet-
ric applications of these equations on various surfaces, including
cylinders, spheres, pseudo-spheres, and catenoids. Using illustra-
tive examples and graphs, we analyze the geometric properties
of geodesics for different parametric forms of these surfaces. The
results enhance our understanding of geodesic behavior in Finsler
geometry and shed light on curvature and geometric structures
in diverse contexts.
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Introduction

In 1972, Matsumoto introduced a special Finsler metric by considering the
positively homogeneous function L(a, ) of degree one in «, represented

by +/ai;(z)y'y?, which corresponds to a Riemannian metric, and S(z,y)
expressed as b;(x)y’ serves as a one-form metric [5H7].

Let us consider a special form of the class p-power («, 5)-metric, as stud-
ied in [13H15]. Its generalized expression is given by

L(a, B) = o' 7 (a + B)",

where p € R\0. Notably, when p = —m, this metric transforms into the
following form:

Lo, B) = o™ (a + ). (1)
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This form aligns with the Matsumoto-type metric. An intriguing feature of
this metric is its convergence to the Riemannian metric when «a exceeds (3,
as the ratio a(a + 3)~! tends to 1 in such cases.

Geodesics play a vital role in defining the shortest paths between points
and are fundamental for grasping space geometry. Matsumoto and Park [§]
first explored this concept in 1997, specifically investigating Randers and
Kropina metrics. Additionally, Matsumoto collaborated with H. S. Park
in [9] to extend this concept to the Matsumoto metric, which is used to
measure the slope of a mountain. Subsequently, various authors (see, for
example, |2H4/|10-H12]) have examined the differential equations governing
geodesics in two-dimensional scenarios, and their studies have deepened our
understanding of geometric properties within Finsler spaces by exploring
various forms of Finsler metrics.

In this paper, we find out the geodesic equations within a two-dimensional
Finsler space equipped with Matsumoto-type metric defined by equation (/1)
and explores its geometric applications on various surfaces like cylinders,
spheres, pseudo-spheres, and catenoids. Through diverse illustrative exam-
ples and graphs, we find out the geometric properties of geodesics for various
parametric forms of cylinders, spheres, and catenoids.

1 Preliminaries

Matsumoto and Park [8,9] wrote out the differential equation of the geodesic
problem in a Finsler space F? = (M2, L(«, 3)) equipped with the (c, 3)-
metric, where the Finsler function L(x,y) relies on both the Riemannian
metric o and the 1-form 3, under the following conditions:

(1) The two-dimensional manifold M? is conceptualized as a surface S that
can be described within a three-dimensional orthonormal coordinate
system X% a = 1,2,3. The parametric representation of S is given by
X = X%z, 2%). As S possesses an induced Riemannian metric, we
introduce two tangent vector fields B;, i = 1,2, whose components are
defined as B = 0X“/0x', and the components of the metric tensor
are a;; =y, BB

Considering the isothermal coordinate system z° = (z!,2%) = (z,y)

on the surface S, the Riemannian metric is denoted as @ = aF, where
a = a(z,y) > 0 and E represent the Euclidean distance function given

by E = \/4? 4+ 9?. The computation of Christoffel coefficients for S is
accomplished using the following formula:

ﬁ aajk I 8aik . 8aij
2 | 9z Qa3 Oz
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Subsequently, in the isothermal co-ordinate system (z',z?%) = (z,v),
the Christoffel coefficients I'}(,y) are determined as
a; a a a, Gy a
Plvrlarl;r27r27r2 :<_x7_ya__xa__ya_x7_y>'
(111222111222) e o aaa
Note that in this paper, we use the symbol (;) to signify covariant
differentiation concerning Christoffel symbols within R?.
Let B = B® be a constant vector field within the ambient 3-space.
Along the surface S, this constant vector field B can be expressed as

B =10b'B; + "N, (2)

where 8 = by2 + byy, and b; = a;;b’ denotes the tangential component
of B. Then the Gauss-Weingarten derivation formulae can then be
formulated as

By = (V;Bi + 0'HN) + (W;N — 0’ H}B;),

where H;; = a;.H ]’“ represents the second fundamental tensor of surface
S. If B,; =0, we obtain bfj = bOH;, leading to

bi;j == bOHij. (3)

This result further leads to b;,; = b;.;, specifically, by, = by, indicating
that b; is a gradient vector field within S.

In the context of the Finslerian surface S, the linear form [ originates
from Earth’s gravitational influence, as described in [8]. Consequently,
we assume that the constant vector field B aligns with the X3-axis,
i.e., B*=(0,0,G) is a positive constant. This assumption leads to the
expression G? = a;b'0 + (b°)? derived from equation (2)). Given that
(a11, arz, az) = (a*,0,a?), we can further deduce that

(%)2 (B + (22 + (%0)2

We focus on quantities of degree one by considering G/a as an in-
finitesimal of degree one and neglecting terms of degree two or higher.
Thus, b',b%, and 0°/a are considered to be of degree one. Equation
indicates that 8/a = (b;;'4?)/a is also an infinitesimal of degree
one. We denote these three infinitesimals of degree one as:

gl V:@’ o P

5
a a?

(4)

where v = b1y — bo.
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The (o, )-metric F is characterized as a homogeneous function of degree
one in both o and 3, as stated in |1]. Under the conditions

FaaOC_'_FaBﬁ:Oa
FBQQ + Fgﬁﬂ = O,

we derive the expression for w:

Faa_ Fa,B_FB,B

T a2’

which is commonly referred to as the w-Weierstrass invariant for F'(a, ).
Further, Matsumoto and Park [§] derived the differential equations for

an («, B)-metric in a two-dimensional Finsler space with an isothermal co-

ordinate system (z!,2%) = (z,y) as follows:

(Lo + avaQ)Fi(c) - B;OaQw’y — Lg(byy — bay) =0, (5)

w

where w represents the Weierstrass invariant, and F;(c) is defined as:

(i — i) | (a§ —ay)

E3 E ’
The equation F;(c) = 0 describes the geodesics in a given space, typically in
the context of differential geometry. Here, F; represents a set of equations
related to the geometry, often involving the metric or curvature of the man-
ifold in the associated Riemannian space, and the parameter C' denotes a
curve or path within that space.

Fi(c) = i=1,2.

2 Geodesics in Matsumoto-type («a, 5)-metric
space with L = o™ (a + )™

The Finsler metric described by equation is commonly known as a
Matsumoto-type metric. To analyze this metric, we begin by considering
an isothermal coordinate system (z', %) = (x,y) on the two-dimensional
manifold (M?, L). Using equation and the concept of partial derivatives,
we can investigate the properties of the Matsumoto-type metric. Specifi-
cally, we can compute the derivatives of the metric components to explore
their implications for curvature and geodesics, which are outlined below:

I - a™{a+ (m+1)5} Loe ma™ L m(m + 1)a™ !
R O R CE IS

Based on equations , and @, we derive the following result:

(m+2)ax  (m+1)a?
1
( T T

(6)

m(m + 1)a*vpu
E3 '

() 500 -
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This equation establishes the relationship between the parameters a, A, p, v, F,
and the function Fj(c) derived from the initial set of equations. Next, by
neglecting higher-order infinitesimals, we have:

m(m + 1)a*vu

- (7

Fi(c) =

If x from (x,y) is the parameter ¢, we have (&,y) = (1,') and (&, ) = (0,y")
with E' = /14 y"? |12]. Therefore, we get

ay”  (azy — ay)
BO=Jm+— 5 ®)

By equating and (), we obtain the approximate geodesic equation for
L=am""a+ pB)™™

"no__ m<m + 1)75:6 . E2

Yy = T ;(awy, - ay)u (9)

where v = dy/dz, a =| a;j(x) |, v = b1y’ — by and
B = bt + (b2 + b21)y + baa(y')?
= b1z + (by + boy)y' + be(?/,)Q

1 2
+ ~ (b + ayby) (E7)” = = (a0 + ayy/) (b + bay/).

o
Note that b1;2 = 62;1 and bly = ng.

Hence, we obtain the following result.

Theorem 1 In a two-dimensional Finsler space employing an isothermal
coordinate system (x'), the second-order differential equation @D provides an
approximation for the geodesics corresponding to the Matsumoto-type metric
L =am™ Y a+B)"™.

3 Some examples in two-dimensional space
employing geodesic

In this section, we shall use the following notation for geometric analysis:
(X*) =(X,Y,2), (X')=(z,y).

Here, X® represents coordinates in a three-dimensional space, while X* rep-
resents coordinates in a two-dimensional plane.
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3.1 Analyzing geodesic equations on a circular cylin-
der surface

Example 1 Cylinder with X = ry. We examine a circular cylinder S:
Y2+ 7?2 =12 and X = ry, which can be parametrically expressed as

S:X=ry, Y=rsinx, Z=rcosuz.

From this parametrization, we derive the following basis vectors, B, B,
and the normal vector V:

0 0
B, = %(X,Y,Z) = (0,rcosz, —rsinx), By= 8—y(X,Y, Z) = (r,0,0),
B1 X B2 .
N=——7"-=(0,—sinx,—cosz).
’Bl X BQ| ( )

Since the metric coefficients are (a1, a2, az) = (r?,0,72), we conclude that
a; = a, = 0. Also, from , we have connection coefficients (b, % 0°) =

((=Gsinz)/r,0,—Gcosz) and (by,by) = (—Grsinz,0). Then
Bo=—Grcosz and = —Grsinzy.
Consequently, we have the induced metric and [S-term:
o =r? (da:2 + dyz) , [ =—Grsinx dzx.

Therefore, @D gives the approximate differential equation of geodesic
for a Matsumoto-type (v, 3)-metric under the conditions of the above
example in the form

1
y" - %G%sm 2z) y =0,

which has a solution
y = Cl/ e*iGQm(ler)COSZxdx + ¢y (10)
1

Example 2 Cylinder with Y = ry. Consider the circular cylinder described
by S: X%+ Z? =r? and Y = ry with parametric representation

S:X=rcoszx, Y=ry, Z=rsinz.

From this parametrization, we derive the following basis vectors, By, B,
and the normal vector V:

By = (—rsinz,0,rcosz), Bs=(0,r,0), N = (—cosz,0,—sinz).
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The corresponding metric coefficients a;; and the connection coefficients b’
and b; are

r

(a11, aiz, ag) = (r*,0,7?), (b', 0%, 1°) = (g cosx, 0, —Gsinx) ,
(by,b2) = (Grcosz,0).
Additionally, we have a, = a, = 0. Then
Bo=—Grsinz and ~=Grcoszy'.

Consequently, the following expressions for a? and -term are obtained from
the induced metric:

a? =r? (dx2 + dy2) , B =Grcosxdr.

Thus, equation @D provides the approximate differential equation of geodesic
of a Matsumoto-type («, §)-metric under the conditions of this example:

1
y' + —m(m; )G2(sm 2r) y' =0,
which has the solution
y = Cl/ eiG2m(1+m)cos2:pdx+CQ. (11)
1

Thus, from Examples [1] and 2, we have

Proposition 1 The differential equations for geodesics of the Matsumoto-
type metric in a two-dimensional Finsler manifold, as ezamined in Examples
and (3 for a circular cylinder, are expressed as follows:

,m(m-+1)

y' F 5 G?*(sin2z) ¢y =0,

and their solutions, respectively, are expressed as

x

12

y = cl/ 62F4G 771(1—1—771)c05290daj + ¢y
1

Since the solution derived in the above proposition cannot be obtained
analytically, we resort to numerical methods using Python. For this purpose,
we set G = 1 and ¢y = 0, as it serves merely as a shifting parameter. We
then explore the behavior of the solution for various values of ¢ = 1,2, 3
and m = 1,2, 3. The results corresponding to these parameter variations are
presented in Figure 1.

In Figure 1, the first graph illustrates the behavior of the function given
in equation for different values of ¢; and m. Since the integrand is
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Figure 1: Variation of y = ¢; flz e T1G*m(14+m)

and m

cos2z 7o for various values of ¢

always positive, all curves increase monotonically, though their steepness
and overall height vary. Increasing c; scales the graph vertically, producing
taller curves, while the parameter m influences the growth rate: smaller m
results in a smoother, slower rise, whereas larger m produces sharper upward
bends beyond x & 3, leading to much faster growth (as evident in the yellow
and brown curves). Between x = 2 and x = 4 several curves temporarily
flatten due to the oscillatory cosine factor reducing the integrand, but all
eventually rise again, demonstrating how the parameters control both the
pace and magnitude of growth. In Figure 1, the second graph illustrates
the variation of equation under the same conditions. All curves in-
crease monotonically because the integrand remains positive, though their
profiles change with parameter values. A larger ¢; scales the curves verti-
cally, resulting in higher growth, while increasing m causes a sharper rise
beyond x &~ 2.5, leading to steep bends and eventual saturation. The yellow
and brown curves (¢; = 3,m = 3 and ¢; = 2,m = 3) exhibit the most
rapid growth, approaching a plateau quickly, whereas smaller m values pro-
duce smoother, more gradual increases. Overall, the figure highlights that
¢y primarily determines the amplitude, while m governs the steepness and
saturation behavior of the function.

Example 3 Cylinder with X = rx. Consider the circular cylinder S: Y2 +
Z? = 1%, X = rx. In parametric form, this can be expressed as

S: X =rx, Y=rsiny, Z=rcosy.

From this parametrization, we derive the following basis vectors, By, B,
and the normal vector NV:

By = (r,0,0), By=(0,rcosy,—rsiny), N = (0,siny,cosy).
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The corresponding metric coefficients a;; and the connection coefficients b’
and b; are

-G
(a11, a1z, ag) = (r2,0,7%), (b', 0%, 0°) = (O, — siny,Gcosy) ,

(by,b2) = (0, —Grsiny).
Additionally, we have, a, = a, = 0. Then

Bo=—Grcosyy® and = Grsiny.
Consequently, we obtain the induced metric and S-term:
o =r* (do® + dy®), B =—Grsinydy.

Therefore, equation @D yields the approximate differential equation for the
geodesic of a Matsumoto-type («, #)-metric under the conditions of this
example as

,, mim+ 1)

5 G?(sin 2y) y* = 0.

This is a non-linear second-order differential equation for which the solution
is an implicit function given by
1 _ m(m+1)G2
4

r=— | €
&1

OSWy + ¢y (12)

Example 4 Cylinder with Y = rxz. We consider the circular cylinder de-
fined by S: X2+ Z2 = r? and Y = rz. In parametric form, this cylinder
can be represented as

S: X =rcosy, Y=rx, Z=rsiny.

From this parametrization, we derive the following basis vectors, By, B,
and the normal vector V:

By =(0,7,0), Bs=(—rsiny,0,rcosy), N = (cosy,0,siny),

while the corresponding metric coefficients a;; and the connection coefficients
b* and b; are

G
(allu a2, (122) = (7”2, 07 T2)7 (bl, b27 bo) = (07 7 COS Y, G sin y) )

(by,b2) = (0, Grcosy).
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Then

Bo=—Grsinyy? and = —Grcosy.
Consequently, we have the induced metric and S-term:

o =12 (d:CQ + dyQ) , B = Grcosydy.

Therefore, equation @D provides the approximate differential equation for
the geodesic of a Matsumoto-type (o, 5)-metric (1)) under the conditions of
this example:

1
y// . m(m2+ )GQ(Sin 2y) y/2 — O,
which has a solution
o= l em(mzl)G2 Cos2ydy + cy. (13)
C1

Proposition 2 The differential equations for geodesics of the Matsumoto-
type metric in a two-dimensional Finsler manifold, as ezamined in Examples
[3 and[{] for a circular cylinder, are expressed as follows:

m(m + 1)

/!
n
Y 2

G?(sin 2y) y? = 0,
and their solutions, respectively, are expressed as

1 m(m+1)G2
r=— [etT 1 Wy 4 ¢y
&1

Since the solution ([12]) is expressed as an implicit function, Python was
employed to numerically analyze its behavior for G = 1, ¢ = 0, and varying
values of ¢; and m (1, 2, and 3). The resulting curves, illustrated in the
first graph of Figure 2, depict the dependence of x on y for the specified
parameter sets. Increasing m enhances the curvature and oscillatory nature
of the curves, while variations in ¢; modify the horizontal scaling, causing
the profiles to stretch or compress accordingly. The parameter ¢y simply
translates the curves along the x-axis without affecting their shape. Overall,
the figure demonstrates how changes in ¢; and m influence the nonlinear
mapping between z and y, producing families of smooth, S-shaped curves
with distinct widths and slopes. In comparison, the second graph of Figure 2
presents the variations of functions for the same parameter values. Each
colored curve represents a unique parameter combination, where m primarily
controls the steepness and curvature—larger m values yield more pronounced
S-shaped behavior while ¢; determines the horizontal scaling, compressing
or expanding the curves with increasing or decreasing magnitude.
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Graph ofx:(‘—‘J':eL?i‘““de’ +c Graph c:f)(:c‘—h(nyeeL”!ﬁ‘nszy dy' +c;

cl=3,m=1c=0,G6=1
— 1=3,m=22=0,G=1
c1=3,m=3,c2=0,6=1

c1=3,m=3,c2=0,6=1

. .. 1 m(m+1)G2
Figure 2: Variation of z = = [T 4

and m

cs2ydy for various values of ¢

Example 5 Cylinder with Z = ry. Consider the circular cylinder defined
by S: X2+ Y% =1? and Z = ry. The parametric form of this cylinder is
given by

S: X =rcosx, Y =rsinz, Z=ry.

From this parametrization, we derive the following basis vectors, By, B,
and the normal vector IV:

By = (—rsinz,rcosz,0), By =(0,0,7), N = (cosz,sinz,0).

The corresponding metric coefficients a;; and the connection coefficients b’
and b; are

(a117a12,@22) = (7‘2,077”2)7 (bl,bQ,bO) = (07 gﬁ) ) (51,52) = (O;GT)-

Then
Bo=0 and v =-Gr.
Consequently, we have the induced metric and [S-term:
a? =12 (d:v2 + dyz) , B =Grdy.

Using equation @, we derive the approximate differential equation for the
geodesic of a Matsumoto-type («, 5)-metric (1) under these conditions as

y" =0,
which simplifies to the linear solution
Yy = Oll’ + OQ,

where C] and C5 are constants.
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Example 6 Cylinder with Z = rx. Consider the circular cylinder defined
by S : X2+ Y? =12 and Z = rz. The parametric representation of this
cylinder is

S: X =rcosy, Y =rsiny, Z=rz.

From this parametrization, we derive the following basis vectors, By, B,
and the normal vector V:

By =(0,0,7), By=(—rsiny,rcosy,0), N = (—cosy,—siny,0),

and the corresponding metric coefficients a;; and the connection coefficients
b' and b; given by

(a117a127a22) = (TQ,O,TQ), (blab27b0) = <§7070) ) (blvbQ) = (GT, O)

Then
Bo=0 and ~=Gry.
Consequently, we obtain the induced metric and S-term:
o =12 (de + dyQ) , 0B =Grdx.

Using equation @, we derive the approximate differential equation for the
geodesic of a Matsumoto-type («, 5)-metric under these conditions as

y// — O
which simplifies to the linear solution
y = Ciz + Cy,

where C] and Cy are constant.
Thus, from Examples [f] and [6] we have

Proposition 3 The differential equation for geodesics of the Matsumoto-
type metric in a two-dimensional Finsler manifold, as analyzed in Examples
[ and @ for a specific form of a circular cylinder, is expressed as follows:

y" =0,
and 1s solution s given by
Y = 1% + Co.

Futher, we use Python programming to obtain a numerical solution by
setting co = 0, as it acts as a shifting parameter. We examine various values
of ¢y = 1, 2,3 and the results of these variations are represented as straight
lines, which are shown in Figure 3.
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Graph of y = C1*x + C2

-4 -2 4 2 4

Figure 3: Variation of y = c1x + ¢

3.2 Analysis of geodesic equations for revolution sur-
faces using Matsumoto-type (a, f)-metric

In this section, we analyze the geodesic equations for revolution surfaces
where the axis of revolution is parallel to a constant vector field B. The
surface S is given by the parametric equations

X =g(u)cosy, Y =g(u)siny, Z= f(u).
Using the coordinates (u,y), we derive the basis vectors By and B:
By = (¢ cosy, ¢ siny, f'), By = (—gsiny,gcosy,0).
The normal vector N is:
N = (- cosy, ~f'siny.o), =P+ @P
The metric coefficients a;; and the connection coefficients b and b; are

Gf Gg’>

0. 22
F2’ 7 F

(a11, 012, G22) = (FQ,O,gQ) , (bl,bQ,bO) = (
(b1,b2) = (Gf',0).
From these coefficients, we derive
o = F?(du)’ + ¢ (dy)*, B =Gf'du.

To convert the coordinates into an isothermal coordinate system, we take

x:/gw. (14)

With this transformation, the metric o and the S-term become

/!

o = g(u)? (do* + dy®), B = G?gdx. (15)
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Example 7 Geodesic equations on a sphere with constant curvature +1.
We consider the sphere, a surface of constant curvature +1, with functions
g(u) =rcosu and f(u) = rsinu. Here, F' = r. Using the integral transfor-

mation, we obtain
1 1+sinu
r= [ secudu==log| —— ).
2 1 —sinu

From (1 +sinu)/(1 —sinu) = €2, we find 1/cosu = cosh z, which implies
du = dx/cosh x. Consequently, from equation ((14)), we derive
9 r? Gr

o’ = —(da® +dy?), B= dx

)
cosh” x cosh? z

(b', 0%, 0°) = (g sec hx, 0, —Gtanhx) , (b1,b2) = (Grsechx,0).

From here we obtain b, = —Grsechaztanhz, by, = b1y = by, = 0 and
a =r/coshz. Thus, a, = —rsechz tanhz and a, = 0. Then

Bo = —Grsechztanhx(y?) and v = Grsechz(y').

Therefore, @ provides the approximate differential equation for the geodesics
in the form

y" =tanhz {(1 - m(m+1)G*)y" +y'}. (16)

Proposition 4 The differential equation for geodesics of the Matsumoto-
type metric in a two-dimensional Finsler manifold, as examined in Fxample

@for a specific form of a sphere, is given by .

The differential equation is a nonlinear second-order differential
equation. An analytical solution reveals that y = const is a trivial solu-
tion, while the general solution is quite complex. To simplify our analysis,
we set G = 1, which reduces the equation to

y" =tanhz {(1 —m(m+1))y* +y'}.

The equation remains in nonlinear form; its solution is given by

¢y cosh x
=+ dx + co,
Y /\/1 — Ac? cosh? x ?

where A = 1—m(m+1). Since the solution is analytically complex, numeri-
cal methods were employed using Python to examine its behavior for c; = 0
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and varying values of ¢; = 1,2,3 and m = 1, 2, 3. The resulting variations of
the curves are presented in Figure 4. The plot illustrates both the positive
and negative branches of the function, represented by solid and dashed lines,
respectively. Each colored pair of curves corresponds to a unique combina-
tion of parameters, as indicated in the legend. The parameter ¢; primarily
affects the amplitude and horizontal scaling of the curves, while m controls
the rate of divergence and steepness near the origin. As ¢; and m increase,
the curves diverge more rapidly from the origin, indicating stronger non-
linear growth. The symmetry between the positive and negative branches
confirms that the function is even in y, exhibiting mirror-image behavior
with respect to the z-axis. Overall, Figure 4 highlights how variations in
c; and m govern the bifurcated nature of the function, producing symmet-
ric pairs of curves that expand outward with distinct steepness and spread
characteristics.

VAT
Graph of y == [\ /75w dx + ¢

—— + Branch (c1=1, m=1, c2=0)

- - Branch (c1=3, m=2, c2=0)
+ Branch (c1=3, m=3, c2=0)
--- - Branch (c1=3, m=3, c2=0)

Figure 4: Variation of y = =+ [ /%dw + ¢

Example 8 Cylinder with constant curvature +1. We consider the cylinder,
a surface of constant curvature +1, with functions g(u) = r and f(u) = u.
Here, F' = 1. Using the integral transformation, we obtain

T = /ldu, du = rdx.
r

Consequently, from equation ([14]), we derive

o? = r?(dr? + dy*), B = Grdz,
(b4, 0%,0°) = (G, 0,0), (by,be) = (G,0).

From here we obtain by, = byy = by, = by, =0 and a = r. Then a, = a, =0
and

/6;0 = 07 V= Gy/

15
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Therefore, @ provides the approximate differential equation for the geodesics
in the form

y" =0, (17)
which has a linear solution
y = Ciz + Oy,
where C] and Cy are constants.

Proposition 5 The differential equation for geodesics of the Matsumoto-
type metric in a two-dimensional Finsler manifold, as examined in Example
@for a cylinder with constant curvature +1, is given by equation . The
solution to this differential equation is the equation of straight lines.

We use Python programming to obtain a numerical solution by setting
co = 0, as it acts as a shifting parameter. We examine various values for
c1 = 1,2,3 and the results of these variations are represented as straight
lines, which are shown in Figure 5.

Graph of y = C1*x + C2

-4 -2 0 2 4

Figure 5: Variation of y = cix + ¢

Example 9 Pseudo-sphere with constant negative curvature -1. We con-
sider the pseudo-sphere, a surface of constant curvature -1, with the func-
tions g(u) = sechw and f(u) = u — tanhu. The derivatives and correspond-
ing transformations are given by

f' = tanh*u, F =tanhu

Using the transformation, we obtain

T = / sinh udu, du du

sinh u
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Substituting these into equation , we derive

V1—a22

12

1
o = —(de* +dy?), B=G dx,
T

(b1, 02, 10) = (G, o,-%) . (b, by) = (%(1 —xZ),o) .

From here we obtain by, = —2G/2?, by, = by, = by, = 0 and a = 1/x. Then
a; = —1/2% and a, = 0. Thus,
G o, Goop G 2
Bo = —;(1 +y”) + ;(?/ -1), 7= ﬁ(l — )y

Therefore, @ yields the approximate equation of geodesics as

L+y?)], O+y?)
+ Yy

1—a?) (
/! — 1 2( / 12 _ 1 _
y'=m(m+1)G Y (y ) " .

(18)
Proposition 6 The differential equation for geodesics of the Matsumoto-
type metric in a two-dimensional Finsler manifold, as examined in Fxample
@for a pseudo-sphere with constant curvature —1, is given by .

The obtained equation is a highly nonlinear second-order differential
equation, and its complexity makes finding an analytical solution extremely
difficult, despite the existence of the trivial solution y = const. Assign-
ing G = 1 does not significantly reduce this complexity, as the equation
remains challenging to solve both analytically and numerically. However,
when G = 0, the geometry of the manifold changes from Finslerian to Rie-
mannian, resulting in a simplified and more tractable form of the nonlinear
differential equation

1/ (1 + y/2) /

y'=——y (19)

Thus, we can state the following corollary of Proposition [6]

Corollary 1 The differential equation for geodesics of the Matsumoto-type
metric in a two-dimensional Riemannian manifold, as examined in Example
@ for a pseudo-sphere with constant curvature —1, is given by .

The solution to the above nonlinear differential equation, obtained using
Python programming, is given by

y== sin~!e1x + .

Further, we utilize Python programming to obtain a numerical solution by
setting co = 0, since it serves as a shifting parameter. We examine various
values for ¢; =: 0,0.5, 1. The results of these variations are given on Figure 6.
It clearly illustrates that the curves for ¢; = 0.5 and ¢; = 1 coincide.

17
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Graph of y = xsin~! (c1x) + ¢,

-1.00 =075 -0.50 =-0.25 0.00 0.25 0.50 0.75 1.00
x

1

Figure 6: Variation of y = +sin"" c1z + ¢

Example 10 Catenoid with constant curvature -1. In this example, we con-
sider the catenoid, a surface with constant curvature —1, with the functions
g(u) = rcoshu/r and f(u) = u. Here f' =1 and F = coshu/r. Substitut-

ing integral transformation
1
r= | —du, du = rdux,
r

into equation (|14}, we derive
o = r?cosh?® z(da® + dy?), = Grdz,
(b', 6%, 1°) = (Gsech® 2,0, Gtanhx), (by,by) = (G,0).

From here we obtain by, = by, = b1y = byy = 0 and a = r cos hz, and thus,
a, = rsinhz, a, = 0. Then

Bo = Gtanhz(y? —1), v=GY.
Therefore, @ yields the following approximate equation of geodesics

m(m+1)G*(y” 1) (y* + 1>) : (20)

r2 cosh? z

y" = tanh zy/’ (

Proposition 7 The differential equation for geodesics of the Matsumoto-
type metric in a two-dimensional Finsler manifold, as examined in FExample
for a catenoid with constant curvature —1, is given by .

This is a highly nonlinear second-order differential equation, making an
analytical solution extremely difficult, though the trivial solution y = const
exists. Even with G = 1, the equation remains complex and challenging
to solve analytically or numerically. However, setting G = 0, reduces the



THE GEODESIC EQUATIONS IN A TWO-DIMENSIONAL FINSLER MANIFOLD

system to a Riemannian manifold, simplifying the equation into a more
tractable nonlinear form

y" = —tanhzy/(y” + 1). (21)

Thus, we can state the following corollary of Proposition [7]

Corollary 2 The differential equation for geodesics of the Matsumoto-type
metric in a two-dimensional Riemannian manifold, as examined in Example
@ for a catenoid with constant curvature —1, is given by .

The solution to the above nonlinear differential equation, obtained using
Python programming, is given by

A
y:j:/ dr + B.
cosh? r — A2

Therefore, type of solution depends on the value of A. There are three types
of solutions:

inh
1.IfA>1, theny = +sinh ™! ———2_ 4 B.

VA2 -1

tanh x . B
V1 — A2
3. If A=1, then y = £1In|sinhz| + B.

2. If A< 1, then y = &tan™!

Since in all the solutions, B only acts as a shifting parameter, it is set to
the origin while varying A, as shown in Figures 7 and 8. In Figure 7, as A
increases, the curves flatten, showing reduced steepness. The positive and
negative branches are symmetric about the z-axis, indicating even functional
behavior with A controlling curvature and vertical spread. Figure 8 shows
both branches of y = +In|sinhz|; they are symmetric about the z-axis,
with a singularity at z = 0 and grow nearly linearly for large |z| reflecting
the logarithmic nature of sinh z.

Example 11 Infinite cone with constant curvature (. Consider the infinite
cone, which has a constant curvature of zero. The parametric equations for
this surface are given by g(u) = ru and f(u) = ru. To find the geodesic
equations, we start with the derivatives and the corresponding transforma-
tions

fl'=r, F=+2n

19



Graph of y = * arctan(tanh(x) / sqrt(1 - A~2))

—— A =2 (positive)
— A =2 (negative)
—— A= 3 (positive)
—— A= 3 (negative)
—— A= 4 (positive)
—— A= 4 (negative)

-4 -2 [ 2 4
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Graph of y = + arcsinh(sinh(x)/VA2 - 1)+ B
4]
04
21 02
- 0 > 00
-02
-7 — A=2
—— A=2 (negative)
— A=3 0.4
— A =3 (negative)
-4 — A=4
— A =4 (negative)
a = o 2 a
. .. .1 -1
Figure 7: Variation of y = Z£sinh
tanh x
+tan~! + B

V1 — A2

Graph of y = *In|sinh x|

10.0 A

7.5 4

5.0

2.5

—2.54

—5.0 4

—7.541

-10.0

—— y=In|sinhx|
—— y= —In[sinhx|

Figure 8: Variation of y = +In |sinhz| + B

Using equation , we derive the transformation = = v/2logu. From this,

we get the relationship v = ev2, which implies

T

ev?2

V2

du = dx.

Using equation , we obtain the following expressions for o and f:

Gr =
o2 = 12V (da? + dy? , = —eVadr.
( y), B 7
The connection coefficients are given by
G G
L2 b)) = [ —,0, — by, bo) = )
( y Yy ) 27”07 \/§ ) ( 1, 2) (GT, 0)
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From here we determine b, = by = b1y = byy = 0, a = re%, and thus,
g = \/Lieﬁ and a, = 0. Then

Gr, ,
0o=—u"—-1), =Gry'.
B \/ﬁ(y ) y
These expressions allow us to derive the approximate differential equation
for the geodesics:
1" m(m+1> 2 1 (12 V2 y "2
= —G —1)e V' — =—=(1+ . 22
y A (v*—1) NG (1+y?) (22)
Proposition 8 The differential equation for geodesics of the Matsumoto-
type metric in a two-dimensional Finsler manifold, as examined in FExample
for an infinite cone with constant curvature of zero, is given by .

The differential equation (22)) is a second-order nonlinear equation char-
acterized by highly complex terms, making an analytical solution extremely
difficult if not impossible to obtain, despite the existence of the trivial solu-
tion y = const. To simplify the analysis, one might consider setting G = 1;
however, this does not significantly ease the difficulty, as the equation re-
mains analytically and numerically intractable. Alternatively, setting G = 0,
we transform the manifold from Finslerian to Riemannian geometry. Under
this condition, the equation reduces to a more manageable nonlinear form

i

~ (1+y7). (23)

Thus, we can state the following corollary of Proposition

Corollary 3 The differential equation for geodesics of the Matsumoto-type
metric in a two-dimensional Riemannian manifold, as examined in Example
for for an infinite cone with constant curvature of zero, is given by .

The solution to nonlinear differential equation , obtained using Python
programming, is given by

y==xA +
1 _ AQe—xﬁ

Further, we use Python programming to obtain a numerical solution by
setting B = 0 as it acts as a shifting parameter. From the equation above,
it is clear that if we set A = 0, the curve will align with the y-axis. If we
consider values of A greater than 1, the denominator will turn into a complex
function, complicating the equation further. Therefore, we examine various
values of A = 0.5,0.7,0.9, and the results of these variations are presented
in Figure 9.
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T

Graph of £A].

- +B
Vi-a%e>T

eve
Figure 9: Variation of y = +A4 [ + B

A /1 _ A2€—x\/§

4 Conclusion

This paper offers a thorough derivation of geodesic equations in a two-
dimensional Finsler space equipped with Matsumoto-type metric, as pre-
sented in Theorem [I] It further investigates the geometric applications of
these equations on various surfaces, including cylinders, spheres, pseudo-
spheres, and catenoids, and provides solutions to the nonlinear differential
equations of the geodesic detailed in Propositions 2H8 In cases where the
analysis becomes complex and cannot be solved analytically in Finslerian
space, results are derived in Riemannian space, as outlined in Corollaries
1, 2 and 8] Moreover, we employ Python programming to visualize varia-
tions through graphs, which analyze the geometric properties of geodesics.
The findings significantly enhance our understanding of geodesic behavior
in Finsler geometry and illuminate curvature and geometric structures in
various contexts.
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