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Abstract. In this paper, we will show a new Tauberian theo-
rems defined by weighted Norlund-Cesaro summability method.
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Introduction

Let Y ° ,a, be an infinite series with sequence of partial sums (s,). The
(C,1) (see [3],page 7) transform is defined as the n-th partial sum of (C,1)
summability and is given by

So+ St Sy 1
n+1 n+1

n
Zsk—>s as n — o0, (1)
k=0

then the infinite series Y~ ja, is summable to the definite number s by
(C,1) method.
Let {p,} be a non-negative, non increasing sequence such that

P,=po+p1+-+p, >0, as n—o00,P1=p_=0.

Then the series > a, is said to be almost Nérlund summable to S (or
(N, pn)-summable) if

1 n
ey n—uv v_)Sa

as n — 0o.
The product of (V, p,) summability and (C, 1) summability defines (N, p,,)
(C,1) summability and we denote it by N?C}. Thus if

n k
1 1

NgC’}Z:FE pkk‘+1g Sy — S as n — 00, (2)
" k=0 0
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where NP denotes the (N, p,) transform of s, and C! denotes the (C,1)
transform of s,,, then the series Y - a, is said to be summable by (N, p,)(C, 1)
means or summable (N,p,)(C,1) to a definite number s. The (N, p,) is a
regular method of summability.

sn—>s:>C'lsn ——g S, — S, as n — oo,

C} method is regular,
NE(Cl(s,)) = NPC) — s, as n — oo,

NPC! method is regular.
We say that the sequence (z,) is Norlund-Cesdro summable to L by

the weighted mean method determined by the sequences (p,), or briefly
(N, pn)(C,1)— summable if

lim N?C}(z) = L. (3)

In this case we will write L = NPC! — lim,, x,,. We denote by NPC! the set
of all sequences which are summable N?C!. If

limz, =a (4)
n
exists, then also exists. However, the converse is not always true. We

can show by the following example

Example 1 Let us consider that p, = 1 for all n € N. Also we define the
following sequence © = (xy) = (—1)’“ then we have

n+1zk+1z 1) -0 as n— oo.

And as we know x = (xy), is not convergent.

Notice that may imply under a certain condition, which is called
a Tauberian condition. Any theorem which states that convergence of se-
quences follows from its (N, p,)(C,1)— summability and some Tauberian
condition is said to be a Tauberian theorem for the (N, p,)(C,1)— summa-
bility method.

The theory of Tauberian is extensively studied by many authors([T}, 2],
[4, 5], [7]). In this paper our aim is to find conditions (so-called Tauberian)
under which the converse implication holds, for defined convergence. Ex-
actly, we will prove under which conditions convergence of sequences (),
follows from NPC!— convergence. This method generalized method given
in [5] and [7], it is shown on the following example.

Example 2 Let us consider that x,, = n, then N*C} reduces to the Norlund
method defined in [5] and [7].
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1 Main results

In this paper we will generalized Hardy’s Tauberian theorem (see [3]) and
obtain new Tauberian theorems for the weighted (V, p, )(C, 1)— summability
method. Let u = (u,) be a sequence of real numbers. The classical control

modulo of the oscillatory behavior of (u,,) is denoted by wi) (u) = nAu, =
n(u, —u,—_1). The general control modulo of the oscillatory behavior of order
1 of (uy,) is defined by

wM (1) = w (u) — o (WP (u)),

n

where o\ (1) = —= Y p_o Uk And identity

where V,” Ay = n+r1 > i kAuy, is known as Kronecker identity.
In our case the above definitions are as follows:

wh(w) = w () — ol (W (u)),

where af&%(u) = Pin Y reo pk%ﬂ Zi:o Uyp-

We will start from theorem of Hardy,

Theorem 1 ([3]) If (z,,) is (N, p) summable to x and

then (z,,) converges to x.

Theorem 2 [7] If (ag,)g(u)) is (N,p) summable to s and the condition

w{™ (1) = 0(1)

n?p

holds, then (u,) converges to s.

Now we are ready to formulate our results which are generalization of
the result given above.

Theorem 3 If

L,

lim inf >1, t>1 (5)

where t,, denotes the integer parts of the [t - n] for every n € N, and let
(xk) be a sequence of real numbers which converges to L, via (N,p,)(C,1)—
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summability method. Then (xy) is convergent to the same number L if and
only if the following two conditions holds:

tn

suplirrbninf — P Z p]] 1 Z v —Tp) >0 (6)

£>1 j=n+1

and

sup liminf Z p]] | Z —x,) > 0. (7)

n
0<t<1 t —t,+1

In what follows we will show some auxiliary lemmas which are needful
in the sequel.

Lemma 1 Condition given by relation (@ 15 equivalent to this one:

P,
1iminfp—">1, 0<t<l. (8)

tn

Proof. We omit it, because it is similar to the lemma 1, given in [6]. O

Proposition 1 Let us suppose that relation (3) is satisfied and let x = (zy)
be a sequence of complex numbers which is Norlund-Cesdro summable to L.
Then

hrrlnpt _P ZP{H Z i=1L, for t>1 (9)
j=n+1
and ‘
li x; =1L 0<t<l. 10
2P - PR, mglpﬂﬁlz o 1o

Proof. (I) Let us consider the case where ¢ > 1. Then we obtain

1 tn 1 k
P, = ”kzﬂpkk—'_ Zo o
Ptn 1 tn 1 k k
7 _PnP—MZpkkH;xU Zpkk+1z v
1 & 1 < P,
_P_tnzpkkJrlZ "B - P
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By relation (5) we get

li ) 1 <
1m sup = 00.
nooe P, — P, liminf, .., % —1

Now relation @, follows from relation and assumed convergence of
NPC
(IT) In this case we have that 0 < ¢ < 1. Then

1 " 1 & B
P, Ptnkt pkk?-l—l; v
P, 1 — 1 & P, 1 Lk
Pn—PtnEZp’“kHZOI” P—Ptnﬁzpkkﬂvzzo v
_ 1 - 1 -
anpkk+1zx“+

P, 1 <& 1 & 1 1 -
+—Pn_Ptn E;Pkk+1;$v—})—%;]?kk+1;$v - (12)

Now relation , follows from relations , and assumed conver-
gence of NPC}. O

Proof of Theorem [3

Proof. Necessity. Let us suppose that limy z; = L, and lim,, N°C}(z) = L.
For every t > 1 following Proposition [1| we have

In case where 0 < t < 1, we find that

n

. 1

1m ——-—

n P, — P,
" k=ty

i

_'_
Dk Z:pv>} =0.
P Ptn Mt k+1 —
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Sufficient: Assume that conditions @ and @ are satisfied. In what
follows we will prove that lim, x,, = L. Given any € > 0, by relation @ we
can choose t; > 0 such that

J

lim inf —— — ) > —e, 13
im in Ptnl ijj+1z Ty) > —€ (13)

n+1

where t,,, = [t; - n]. By the assumed summability N?C! of (z,), Proposition
, for t > 1 and taking into account relation ([13)), we obtain

limsupz, <L +e€. (14)

On the other hand, if 0 < ¢ < 1, for every € > 0, we can choose 0 < t5 < 1
such that

n J

1 1
iminf — S, —a) > —, 15
mint o 30 g Yen) 2 (09
J=tng+1 v=0

where t,,, = [tz - n]. By the assumed summability N?C! of (x,), Proposition
[M] for 0 <t < 1 and relation (15, we get

liminfz, > L —e. (16)

Since € > 0 is arbitrary, combining relations and yields the conver-
gence
limz, = L.

0

In the next result we will consider the case where z = (x,,) is a sequence
of complex numbers.

Theorem 4 Let us suppose that relation (3) is satisfied. And (x,) be a
sequence of complex numbers, which is NPC!— summable to L. Then (x,) is
convergent to the same number L if and only if the following two conditions

holds: .
j
g{hyrlnsup R&n Z Dh— +1Z —x,)| =0 (17)
and
onf limsup PP Ptn ;lpk]JrlZ n—Ty)| =0 (18)
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Proof. Necessity: Let us suppose that relations and are satisfied.
Than by Proposition [1} we get relation (17)), for ¢ > 1 and relation (1§), fro
0<t<l1.

Sufficient: Let us suppose that relation , and . are satisfied.
Then for any given € > 0, there exists a t3 > 1 such that

. .
1 - 1<
limsup | — Dk— (1, — zp)| < ¢,
" Ptng_P”j_zn;rl J+1vz:%

where t,, = [t3 - n]. Taking into account fact that (z,) is N?C} summable
we get the following estimation

- S R
L_B—_Pj:; p’“j+1¥"”””

limsup |L — z,| < limsup

. .
1 n3 1 Jd
limsup | —— Di— (xy — )| <e.
" Pt"B_P”j;-l ]+1v2=0

Since € > 0 is arbitrary, we have lim,, x,, = L. Second case is similar to the
first one and we omit it. [

Remark 1 Theorem 2.3 is generalization of the theorem 2.2, because in the
theorem 2.2 are given conditions for Tauberian theorem for Norlund-Cesaro
summability method (N, p,)(C,0) and in theorem 2.3 are given conditions for
Tauberian theorem for Norlund-Cesaro summability method (N, p,)(C,1).
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