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Characterization of the Unit Tangent Sphere
Bundle with g-Natural Metric and Almost
Contact B-metric Structure
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Abstract. We consider unit tangent sphere bundle of a Rie-
mannian manifold (M, g) as a (2n + 1)-dimensional manifold
and we equip it with pseudo-Riemannian g-natural almost con-
tact B-metric structure. Then, by computing coefficients of the
structure tensor F', we completely characterize the unit tangent
sphere bundle equipped to this structure, with respect to the
relevant classification of almost contact B-metric structures, and
determine a class such that the unit tangent sphere bundle with
mentioned structure belongs to it. Also, we find some curvature
conditions such that the mentioned structure satisfies each of
eleven basic classes.
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Introduction

As a classical research field in Riemannian geometry, the motif of lifted met-
rics on tangent and unit tangent sphere bundle of a Riemannian manifold
is widely considered by many geometrists till now. The brilliant mathe-
matician, Sasaki, made significant contributions to this field and since then,
his works have been a great inspiration for geometrists to introduce various
types of lifted metrics on tangent and unit tangent sphere bundle of Rieman-
nian manifolds such as g-natural metrics. Abbassi et al., have studied some
properties of g-natural metrics on the unit tangent sphere bundle induced
from g-natural metrics on the tangent bundle ([T}, 2, 3, 4}, [5]). Furthermore,
in this context, Kowalski ([16] 17, 18, 19, 20]), Boeckx ([7, &, 9l 10} 1T, 12]),
and Calvaruso ([14]) have published some worthy papers.

43


http://www.flib.sci.am/eng/journal/Math/

44 F. Firuzi, Y. Alipour Fakhri and E. Peyghan

The notion of the almost contact structure is another concept of classical
research field in differential geometry of manifolds, first given by Sasaki in
[27]. In [15], authors equipped an almost contact manifold to B-metric, as
a natural extension of an almost complex manifold to the odd dimensional
case, and they introduced a classification of almost contact B-metric man-
ifold with respect to the covariant derivative of the fundamental tensor of
type (1,1). This classification named the relevant classification, includes
eleven basic classes. By taking seriously the idea of classification with re-
spect to structure tensors, Manev characterized a wide scope of Riemannian
manifolds and obtained valuable results (see [21) 25] 221 23, 24| 26]).

In this paper, we consider pseudo-Riemannian g-natural almost contact
structure on the unit tangent sphere bundle 71 M with B-metric, and we
characterize this structure with respect to the relevant classification of al-
most contact manifold with B-metric introduced in [I5]. The work is or-
ganized in the following way. We begin in the section [I| from the study on
the concept of g-natural metrics on the tangent and unit tangent sphere
bundle of a Riemannian manifold (M, g). We proceed to the section 2| to de-
scribe and study the behavior of the structure tensor F' on the unit tangent
sphere bundle. The first two sections have been organized to contain all the
necessary geometric machinery for the rest of the paper. The last section
contains our main results: the characterization of the unit tangent sphere
bundle with respect to the relevant classification of almost contact B-metric
manifolds.

1 g-natural metric on sphere bundle

This section contains some necessary information on g-natural metrics on
the tangent and unit tangent sphere bundle.

1.1 g-natural metrics on the tangent bundle

Let (M, g) be an (n + 1)-dimensional Riemannian manifold, and we denote
by V its Levi-Civita connection. The tangent space T'M, . of the tangent
bundle T'M at a point (z,u) splits as

(TM)(ac,u) = H(a:,u) P V(J:,u)7

where H and V' are the horizontal and vertical spaces with respect to V.
Actually, for a vector X € M,, there exists a unique vector X" & H )
(called the horizontal lift of X to (x,u) € TM), such that 7, X" = X,
where m : TM — M is the natural projection. Also, the vertical lift of
a vector X € M, is a vector X" € V) such that X*(df) = Xf, for
all functions f on M. It should be noted that we consider 1-forms df on
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M as functions on TM (i.e., (df)(x,u) = uf). The map X — X" is an
isomorphism between the Vector spaces M, and H(,,). Similarly, the map
X — X" is an isomorphism between M, and V(.. Each tangent vector
Z € (T'M)(zu) can be written in the form Z = X" +Y", where X,Y € M,,
are uniquely determined vectors. The geodesic flow vector field on T'M
is uniquely determined by u?z W = U “ (%Z) , for any point x € M and
u € T'M,, with respect to the local coordlnates {z%} on M.

One can find a comprehensive description of the class g-natural metrics
on the tangent bundle of a Riemannian manifold (M, g) in [2]. Especially,
we express the following characterization.

Proposition 1 ([2]) Let (M, g) be a Riemannian manifold and G be the
g-natural metric on TM. Then there are siz smooth functions oy, 3; : RT —
R, i=1,2,3, such that for every u, X,Y € M,, we have

a1 + as)(r?)g(X,Y) + (b1 + Bs) (1) g( X, u)g (Y, u),
(@) (X YT) = aa(r?)g(X,Y) + Ba(r?) g(X, u)g (Y, u),
1(r)g(X,Y) + B1(r?)g(X, u)g(Y, u),

G, u)(Xh Yh)
G(m,u)(Xh )
Glou) (X7, YY)

(@
G

2

where r* = g(u,u).

There are some well-known examples of Riemannian metrics on the tan-
gent bundle obtained from Riemannian g-natural metrics. In particular, the
Sasaki metric is a special case of Riemannian g-natural metrics with

ai(t) =1, aa(t) = az(t) = Bi(t) = Ba(t) = Bs(t) =

1.2 g-natural metric on the unit sphere bundle

The unit tangent sphere bundle over a Riemannian manifold (), g), is the
hyperspace
M ={(z,u) € TM | go(u,u) = 1},

in T'M. The tangent space of T) M, at a point (z,u) € T3 M, is given by
(T M) @y = {X" +Y"|X € M,,Y € {u}* C M,}.

A (pseudo)-Riemannian g-natural metric on 77 M, is any metric G, induced
on Ty M by a g-natural metric G on T'M. Using [13], we know that G is
completely determined by the values of four real constants, namely

a= (1), b= ay(l), c=as(1), d= (P + Bs3)(1).

Let (M, g) be an (n + 1)-dimensional Riemannian manifold. We start from
an orthogonal basis {ey = u,e1,...,e,} on x € M. We define §y = e} = u”,
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and 6; = e, and 97 = ¢, for i = 1,...,n. The metric G on Ty M is
completely determmed by

@(m,u)(é@a (Z) = (a + C)ga:<ai> 6]) + dgz(aza u)ga:<aj7 ’LL),

G (z,u) (527 aT) = ng’(aza aj)a

G (zyu) (azTaajT) - agz(aiaaj)a
at any point (z,u) € TyM, for all 0;,09; € M,, with 0; orthogonal to u (see
[13]). Obviously, we have G(6;,9;) = G(6 o) = G(@T A7) =0, when i # j.

(2 7 7 7 B _ _
Therefore, the matrix of G with respect to the basis {(50, o1, or, ... 6,,0F
at a point (z,u) is block diagonal:

a+c+dr? 0 0 ... 0 0
0 at+c b ... 0 0
0 b a ... 0 0
0 . ... ... a+tc b
0 b a

the determinant of G is (a+ ¢+ dr?)a”, and G has eigenvalues a + ¢+ dr? for
once and 2a+c4+/c? + 4b? (n-times for each of them), where a = a(a+c)—b?.

Further details, including a comprehensive discussion on the signature
of these metrics and those conditions leading these metrics to Riemannian
or pseudo-Riemannian metrics can be found in [I3]. With the purpose of
constructing a B-metric structure with an associated g-natural metric on the
unit tangent sphere bundle 77 M, it requires to

a+c+d>0, a=a(a+c)—b<0.

By a simple calculation and using the Schmidt’s orthogonalization pro-
cess, it is easy to check that whenever ¢ # 0, the vector field on TM defined
by

Ngw) = ! [—bu" + (a + ¢ + d)u'],
ViIla+c+ d)o|
for all (z,u) € TM, is normal to 71 M and is unitary at any point of T3 M,
where ¢ = a(a + ¢ + d) — b*>. Now, we define the tangential lift X'¢ with
respect to G of a vector X € M, to (x,u) € T1 M as the tangential projection
of the vertical lift of X to (x,u) with respect to N¢ that is,

9]

v v G ¢ Y
XtG — X — G(J},U) (X ,N(;E7u)>N(£B,U) - X o m

(X, u)N&u).

If X € M, is orthogonal to u, then X'¢ = XV, Note that if b = 0, then
X' coincides with the classical tangential lift X* defined for the case of the
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Sasaki metric. In the general case,

h

Xl = X'+ (X, u)u".

a+c—|—dg

The tangent space (T7M )y of 1M at (x,u) is spanned by vectors of the
form X" and Y as follows,

(TiM) gy = {X" +Y'|X € M,,Y € {u}* C M,}, (1)

where XY € M,. Using this fact, the pseudo-Riemannian metric G on
Ty M, induced from G, is completely determined by the following identities.

(S<Xh7 Yh) = (a+¢)g:(X,Y) + dg. (X, u)g.(Y, u),
Q(Xha th) = ng(X7 Y)7

G(X'e)Y') = ag,(X,Y),

where X, Y € M,. It should be noted that by the above equations, horizontal
and vertical lifts are orthogonal with respect to G if and only if b = 0.

1.3 Almost contact pseudo-Riemannian g-natural met-
ric structure on sphere bundle

In this part, we consider unit tangent sphere bundle of a Riemannian man-
ifold as an odd dimensional manifold and equip it with an almost contact
pseudo-Riemannian g-natural metric structure with B-metric.

Definition 1 ([6]) A (2n+ 1)-dimensional manifold M has an almost con-
tact structure if it admits a tensor field ¢ of type (1,1), a vector field &, and
a 1-form n satisfying

pr=-I+n®¢, e =1 =0, nop=0.
Then, yields that the tangent space of Ty M at (z,u) can be written as
(TM) ) = span(€) & {X"X Lu} @ (Y'Y L u}.

Notice that a Riemannian manifold (M, g) with an almost contact structure
(p,&,m), satisfies B-metric condition, whenever

g(er, 0y) = —g(z,y) +n(x)n(y).

At first, we equip the unit tangent sphere bundle with an almost contact
structure with B-metric (o, &, 7, G) and a basis {0;, 9T, £}, such that 6;, 07 L
¢ with respect to G, where & = pu”. The following equations define an
almost contact structure on the unit tangent sphere bundle 77 M,

n(6;) =n(0) =0, n(&) =1, (2)
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p(0:) =0, 0(0])=—b &) =0. (3)

The adapted pseudo-Riemannian g-natural metric on the unit tangent sphere
bundle 771 M with almost contact B-metric structure is of the following form

G(6:,0;) = (a+ c)g(0;, 0;) + dg(Ds, u)g(0;, ),
G((ila ] ) = 07
G(9F,07) = ag(9;,0)

Also, pseudo-Riemannian metric G is a B-metric because we have

G(pbi, p0;) = —G(0:,0;),  G(pd],dT) =—G(0],dT).

1)
These equations give us a + ¢ = —a. Moreover, we have the following
equations
a;(y, v)u gs(y) = 0, al(y,0)a; (y, v)g5(y: v) = S,
b = aids, of = a;o],
é(~i75j> = —aéij, é(éf,éf) = (152‘3‘,

where a} are functions on M and §;; is the Kronecker symbol.

Lemma 1 ([6]) The Lie brackets of frame {5;,07,€} of TyM satisfy the
following relations,

0i,0;] = [aZd,, asdy) = ald,(a5)ds — asds(a])d, + ajau'R,,, " Of,

03,07 = [a]6,,a30T] = a]6,(a5)OT — a307 (al)d, + ala T2, 0F

srl

J Ty s J 1Yt rsYpo
T aT1 _ 1.ral sqlv _ raT/ .s\aT saT (¢ r\qTl
7 783‘ | = [a;0, 7%05] = a;0, (aj)as - ajas (a;)0,
0s, 5] = [ag&rv puoéo] = agdr(puo)éo - pu°5o(af)5r + agpuoulRorlkal?v

0f €] = [a; 0], pu°s,) = ;0] (pu®)d, — pu’d,(a)Of — a; pu’lh,OF

or~-p

where R denotes the Riemannian curvature tensor on M with gkajilk =

Rjiip and I'%; denote the Christoffel symbols on M defined by V,0; = T,0%,
and V,0; = T%.0y, and &€ = pu = oy = pu®(d,)".

2 Structure tensor F'

The covariant derivatives of (p, &, n) with respect to the Levi-Civita con-
nection V play a fundamental role in the differential geometry on the al-
most contact manifolds. The structural tensor F of the type (0,3) on
(TyM, p, €, m,G) is defined by the following way.
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Definition 2 The structure tensor F' is defined by

F(z,y,2) = G((Vap)y, 2), (4)

and has the following properties:

F(x,y,2) = F(x,2,y) = F(z, 0y, pz) + n(y)F(x,§, 2) + n(2)F(x,y,$),

G(V.€,y) = Fla,0y,£). (6)

The following 1-forms are associated with F,

0(z) = GVF(ei,¢;,2),  0°(2) = GVF (&, 9¢5,2),  w(z) = F(§,,2),
(7)
where G are the coefficients of the inverse matriz of pseudo-Riemannian

metric G with respect to the basis {€;,£}, (i = 1,2,...,2n) at any point
p € M and V denotes the Levi-Civita connection on Ti M.

Proposition 2 The essential coefficients (which may not be zero) of struc-
ture tensors F' are of following forms

F 51,5],50 = —{R(@i,at,u,aj) — R((’?j,ai,u,@)},

ﬁj

ar,or.¢ >——@{R<aj,u u, )},

=

=

§ ) {R<uvaj7uvai)_ (&-,u,u,ﬁj)},
)_ p{R<ai7u’uaaj)}7

'11

(
(
(07, 0f ~)=—{R(3t,3g,u i)},
(
(3,

where R denotes the Riemannian curvature tensor on M.

Proof. First, we compute F(97, 8JT, a7, as a zero coefficient. Taking into

account the definition [2] we get
F(],07,0) = G(VBT(SJ, or) + G(VaTa 0. (8)
Using Koszul formula we obtain
G(Vgrd;, 0f) = —{G([ 030, 00) + G([9],971,6;) (9)
- G([%ﬁf],af) +6;G(0F, 07}
= 5l=ajai"0:(ai)agrm — ajai" a317,agpm — aja3ds(a;") (agmy)

— CL a; amF” mA9pr + a;fés(a;"at agrm)}v

49
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and also,
o 1 o - e
G(Vrd, o) = §{G([3§F,<9]-T],5t) +G([01, 971, 9]) (10)
—G((0],8,],07) = &GO, 97 )}
1
= glai"ajon(af)agrs + ajaja" Iy, agps + ajai"om(aj)algs)

r.s_m m TS
+ a;a;a, I8 agp, — a0y (a; ajagrs>}~

Substituting @ and into , we have

|
F(o], 8?, of) = {ajai"ds(ai)agrm + ajai"aiTh agym + ajajos(a;”)(agmr)

- 5 jrrs
T .S, mymp s T m s . m s

+ a;aiai" T, agy + aja;0,(a)")agrm + ajay"04(a;)agrm
s r_m m S T r. S mmp

+ a;a; a, 0s(agrm) + a; a’jém(a’i)agrs +a;a;a, L agps

+ ajai" 0 (a3)a(ger) + ajaial" T, agy, — ai*0p(a;alagrs)}
1 s . m T T, m_S T, .S m
= é{ajat 0s(ai)agem + ajaa;T? agpm + aja;ds(ai") (agmr)
+ ajaiai" Y, agy. — aja;ds(a")agym — ajay"d(a;)agmm
_ aja?a?’és(ag,qm) + a?ajém(az)agrs + ajaiai" Tt agps
+ ajai" 0 (a3)a(gsr) + ajaial" T8, agy, — ai"aiaom(agrs)

- a?@a;jém(aj)agrs - a;najém(a:)agrs}

1
_ S f,T,m, STP r_s_myp s, r.m
— 2{%% a;I? agpm + a;ajai" 1%, ag,r — ajaja; ds(agrm)
S

r_S_myp T myp m, T _s
+ ajajay" Ty agys + aja;ay" Ty agy — o) ajaidn (agrs)

1
= 5{_vsg7‘m - Vmgrs} = 0.

Now we compute F' (5T o ¢). Taking into account the definition [2[ and

z)])

using Koszul formula we have
F(9],0],€) = G(V€,05)
= J(C(AT,5) + G(B,, 80, - Gl 4,1.80)
= S (o )ages + alpud} (a3)age,

1
r_s o, 1 k o r_s o, 1 k
— Gaipu’u Ry "agiry = 5{—a;a;pu’u Ryg" agir }-

So we have F(9F,07,¢) = —%2{R(9;,u,u,d;)}. Similarly, it can be shown

1 7 ] )
that our assertion is valid for other essential coefficients of the structure
tensor F'.
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Lemma 2 The associated 1-forms with respect to structure tensor F on
(T1 M, p,&,n,G) are of the following forms

0(5;) = —Ric(d;,u),  0(d]) =0, 0(€) = —Ric(u, u),
6*(8;) = 0, 6*(9]) = —Ric(d;,u),  67(€) =0,
w(d;) = 0, w(dl) =0, w(§) =0,

where Ric denotes the Ricci curvature tensor on M.

Proof. Using Proposition [2] the Bianchi identity and (7)) we have

0(5,) = G Fley, 0, 81) = —g"F (5, 8.,6,) + ~gF (3T, 7.5,
a a
1 _
= — {5 RO, 00, 0,) + SR, 00w, )

1
+ agbc{%R(ab, u, aca at)}

_ %gbc{gR(ac, w, Oy, 3y) — gR(ab, Oe 11, 3)) + gR(@b,u, Do, )}

- %gbc{QR(am u, aba 815)} - gbcR(am Uu, ab7 at) - _gbcR(aba ata u, ac)

= —RiC(gt, U),

and also,

~ 1 - ~ 1 ~ ~
9*(5) = Gch(eba Pec, f) = _agch((sba 90507 5) + agch(agv @8217 E)

1 < - 1 U
— —agch(&,, or &) — agbCF(abT, 00,6) =0.

Similarly, we can prove the other equations. [

3 Classification of the unit tangent sphere
bundle

A classification of the almost contact B-metric manifold with respect to the
structure tensor F' is given in [I5]. This classification includes eleven basic
classes Fi,...,F11. Their intersection is the special class JFy determined
by the condition F'(z,y,z) = 0. Hence, Fy is the class of almost contact B-
metric manifolds with V-parallel structures, i.e., Vo = V& = Vn = VG = 0.



52 F. Firuzi, Y. Alipour Fakhri and E. Peyghan

This classification is determined by the following relations.

Fy: Fla,,2) = 5 A0l e)f(0) + Glor, o0)6(2)

+ Gz, 02)0(py) + Gz, 02)0(*y) };
FoiF6y.2) = Fr.6,2) =0, & Flay,pz) =0, 6=0
$,y,z

Fs:F(&y,2)=F(z,,2) =0, 6 F(x,y,z) =0;
x,Y,z

Fit Fle.y.2) = -5 Glor. oyn(z) + Ol oo

Fy: F(z,y,2) = (’*( P Gt oom(e) + Ot o))
f { F(:E Y,z )_ (:E7yv€> ( )+F($azv§>n(y)>

ST\ F(o,y,6) = £F(y,2,€) = —F(px, 0y,€), 0= 0* = 0;
P { F(z,y,2) = F(x,y,6)n(z) + Fz, 2, §n(y),

90 F(a,y,€) = £F(y,2,£) = +F(px, ¢y, );

Fro: Fx,y,2) = F(E, ey, p2)n(x);
Fiu: F(z,y, 2) = n(x){n(y)w(z) +n(z)wy)};
where & is a notation for the cyclic sum by three arguments.

Now we characterize the five essential coefficients of the structure tensor
F on T\ M as follows.

Proposition 3 The essential coefficients of F on (T1M,p,&,n, é) men-
tioned in the Proposition[d, satisfy the following relations.

i) F(Sz',g' d;) € Fs;

i) F( - J,5t) € Fo;
iii) F( €) (3f73f7§)€f6§
’é?)) (5 5“5 ) € Fio-

Proof. We only prove the first item. Using Proposition land some direct
calculations we have GtF ((51, (5 (5t) = 0, therefore, F’ (5“ (53, ;) belongs to Fj.
Z?]?

O

Remark 1 ([15]) Let (M, ¢,n,&, g) be an almost contact manifold with B-
metric. Using the decomposition of the space F, we define the corresponding
subclasses of the class of almost contact manifolds with B-metric with respect
to the covariant derivative of the structure tensor field . An almost contact
manifold with B-metric is said to be in the class F; (i = 1,...,11), if the
structure tensor F' belongs to the class F;. In a similar way we define the
classes F; ® F;, etc. It is clear that 2'' classes of almost contact manifolds
with B-metric are possible.
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Here, according to Proposition [3| and Remark [1| we express main theorem of
the present paper.

Theorem 1 (Characterization of (T\M, p,£,1,G)) Let M be an (n+1)-
dimensional Riemannian manifold and we denote by (T1 M, v, &, n, é) its unit
tangent sphere bundle equipped with pseudo-Riemannian g-natural almost
contact B-metric structure. Then Ty M with mentioned structure belongs to
the class Fo ® F5 ® Fo B Fro-

Proof. According to Proposition |3, the essential coefficients (and obviously
the zero coefficients) of the structure tensor F' belong to the class Fo @ F3 @

FsDFio. Therefore, (11 M, v, &, 1, G) belongs to the class Fo ® F3® Fg D Fio-
[

Now, we focus on the essential coefficients of the structure tensor F', in order
to find some curvature conditions such that the essential coefficient satisfy
some basic classes.

Proposition 4 The essential coefficients of the structure tensor F' on the
unit tangent sphere bundle (T1 M, p, &, n, é) mentioned in the Propositz’on@
satisfy the following relations.

Z) F(Si,gj,gt) € ]:1 <

1 ) .
R(aw 8157 u, 8]) - R(aja ah u, 815) = %{ginlc(ua at) - gitRlc<u> aj)};

’LZ) F(Si,gj,gt) € Fy<— R(@i,u,u,ﬁj) =0, R((?j,@-,u,at) =0;

ii) F(OT,07,6,) € Fy <=

iV

—1
R(ata 8]'7 u, 81) = %{—QURJC(U, at) + gitRiC(“? 8]>}7

) F(OF,07,8,) € Fy <= R(0;,9j,u, ;) + R(0, 0;,u,0;) = 0;

v) F(Si,gj,f) € Fy <= R(0j,u,u,0;) = %ginic(u,u);

vi) F(OT,07,€) € Fy <= R(;,u,u,d;) = L g Ric(u, u).

’l’j’

Proof. Direct computation yields the truthfulness of our assertion. [
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3.1 Characterization of the unit tangent sphere bun-
dle (T1'M,¢,¢,m,G) under some curvature condi-
tions

In this part, we focus on each of the eleven basic classes separately, in order
to find some conditions such that structure tensors F' satisfy each of classes
under those curvature conditions.

Theorem 2 Let M be an (n + 1)-dimensional Riemannian manifold and
we denote by (T1 M, ¢,&,n,G) its unit tangent sphere bundle equipped with
pseudo-Riemannian g-natural almost contact B-metric structure. Then,

Z) (TlMﬂOag:nvé) € -Fl <
R(@z, 8t, u, 83) — R(aj, 81-, u, c%) = %{QWRIC@L, @) — gz-tRic(u, (93-)},

R(D, 0y, 0, 0) — %{ginic(u, 9 — guRic(u, d,)}, R(Ds,u, 1, d;) = 0

i) (T'M,,6,n,G) € Fy <= R(d;,u,u ,0;) =0, R(0;,0;,u,0;) =0
iii) (TiM,,&,n,G) € F3 <

R(@t, 8j, u, (91) + R(@t, 61', u, aj) = O, R(@Z, u,u, (9]) =

) (T\M,,&,m,G) € Fu, Fs <= R(y,d;,u,0;) = 0, R(0;,u,u,d;) =
v) (T\M, ¢, €,n,G) € Fs, Fr <= R(0,,0;,u,0;) =0, R(d;,u,u,d;) =
vi) (TyM, ,&,m,G) € Fy, Fo <= R(0;,0;,u,0;) = 0, R(9;,u,u,0;) =
vii) (TyM,,€,1,G) € Fro, Fi1 <=

R(ab aj? u, al) = 07 R‘(ajv u, u, al) =0

Proof. We use Proposition |3| and Proposition {4]in the proof as follows.

i) It is obvious that all zero coefficients of the structure tensor F' sat-
isfy Fi, hence, we concentrate on the five essential coefficients. Using
Proposmon it is clear that the structure tensors F(éz,d 6;) and

F(9F,07,4,), belong to the class F; if and only if R(9;, 0y, u,d;) —

R(9;,0;,u, 0;) = ={gi;Ric(u, 8;) — gRic(u, d;)} and R(9y, 0;,u, ;) =
—L{—g;;Ric(u, 8,) + guRic(u, d;)}. Also, direct calculations show that
F(6;,0;,€), and F(9F,07,¢), and F(&,;,0;) belong to J if and only
if R(0;, u,u, 0;) vanishes. Therefore, our assertion is valid.



ii)

iii)

iv)
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First, we consider the essential coefficients of the structure tensors
F. A glimpse into Proposition |3| shows that one of the five essen-
tial coefficients of the structure tensor F' belongs to F,. Moreover,
using Proposition 4 we have F(Si,gj,gt) belongs to F, if and only
if R(0;,u,u,0;) = R(9;,0;,u,0;) = 0. Also, the structure tensors
F(6;,05,€), and F(9],0],£), and F(&,0;,0;) belong to F; if and only
if R(0;,u,u,0;) = 0. Now we focus on zero coefficients. We con-
sider F' (52, Sj, (iT ) as a zero coefficient and a computation shows that
G F(;,0;,p0T) vanishes if and only if R(d;, d;, u, ;) = 0. All the other
coefficients of the structure tensor F' belong to JF» without any con-
ditions. Therefore, 71 M belongs to F; if and only if R(0;, u,u,0;) =
R(9;,0;,u,0;) = 0.

Using Propositionwe know that one of the five essential coefficients of
F belongs to F3. Thus, we concentrate on other essential coefficients.
Taking advantage of Proposition , it can be shown that F(d7, 5]T, o)
belongs to F3 if and only if R(0;, 0;,u, d;) + R(0}, 0;,u, 0;) = 0. Also,
the structure tensors F(;,0;,€), and F(O7, 5;,5), and F(€,0;,9;) be-

long to F3 if and only if R(0;, u,u,0;) vanishes. Obviously, all zero
coefficients of the structure tensor F' belong to F3, so the result holds.

It is clear that all zero coefficients of the structure tensors F' belong
to F4, hence, we concentrate on essential coefficients. Direct computa-
tions show that F(d;,0;,0,) and F(97, 5JT, 6;) belong to Fy if and only if
both equations R(0;, 0;, u, 9;) —R(9;, 0, u, 9;) = 0 and R(0;, 9;, u, 0;) =
0 hold. Also, using Proposition , the structure tensors F' (51, 9;,€) and
F(IT, 97, €) belong to Fy if and only if R(9;, u, u, 0;) = L g;;Ric(u, u).
Moreover, the structure tensor F'(¢, Si,gj) belongs to F, if and only
if R(0;,u,u,0;) = 0. Notice that these equations are equivalent to
R(0,0j,u,0;) = 0 and R(9;,u,u,0;) = 0 which prove our claim for
the class Fj.

For the class Fs, the fact that 0*(£) = 0 implies that essential coeffi-
cients of the structure tensors F' belong to F5 if and only if they vanish
ie. R((‘?@, (9t, u, (93) — R(aj, &-, u, 8t) = 0, and R(@t, (9j, u, 82) = 0, and
R(9;,u,u,0;) = 0. These equations are equivalent to R(9;, 9;,u, 0;) =0
and R(0;, u,u,d;) = 0. So the result holds.

Proposition [3{ shows that F(d;,0;,€) and F(9F,07,€) belong to Fg

i 1Y
and also, it can be checked that F(Si,gj,gt), and F(éf,éf,gt), and
F(£,0;, SJ) belong to Fg if and only if R(0;, 0y, u, 9;) —R(0;, 05, u, 0) =
0, and R(0;, 05, u, 0;) = 0, and R(9;, u, u,0;) = 0. These equations are
equivalent to R(0;, 0, u,0;) = 0 and R(9;,u,u,d;) = 0. By repeating
this procedure, we obtain same results for the class F7. Therefore, our
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claim holds.
vi) The proof of this item is completely similar to the previous one.

vii) Taking into account Proposition , one of the five essential coefficients
of F' belongs to Fip. Using Proposition [2| and some standard calcu-
lations, it is easy to see that the structure tensors F(Si,gj,é), and
F(éf,éf,g), and F(d;,0;,0,), and F(@T,E}JT,&) belong to Fig if and
only if R(0;, 0, u, 0;) —R(0;, 0;,u, 0;) = 0, and R(0}, 0;,u, 0;) = 0, and
R(0;, u, u, 0;) = 0. These equations are equivalent to R(9;, 0;,u, 9;) =0
and R(0;,u,u,0;) = 0. So the result holds. For the class Fi; we can
use the same method.

O

Remark 2 According to Theorem 3.10 in [15], the decomposition F1@®. ..
Fi11 s orthogonal and hence, all mutual intersections of these classes are
reduced to the class Fy, i.e., F;NF; =Fy (i=1,...,11).

Corollary 1 Theorem shows that (T1 M, p, &, n, é) belongs to nine of the
eleven basic classes under one condition. More precisely, if R(0;,u,u,0;) =
R(9;,0;,u,0,) = 0 then ('M,¢,&,n,G) € Fo N F0...0 Fy. Tak-
ing into account Remark [3 if R(8;,u,u,8;) = R(D;,8;,u,0;) = 0 then
(T'M,p,&,1n,G) € Fy.

Corollary 2 Items five and siz of _/E’m]gosition imply that if R(0;, u, u, 0;) =
ﬁginic(u,u), then F(8;,6;,), F(0F, 07, &) € Fy. Also, using Theorem |5 it
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is obvious that F(Si,gj,f),F(éT oT.€) € Fs. Therefore, if R(0;,u,u,0;) =

(AR I
%ginic(u,u), then Remark@ implies that F(S,-,Sj,f), F(@T,éf,f) e Fu N
Fo = Fo. In other words, if R(0;,u,u,0;) = #ginic(u, u), then essen-
tial coefficients F(d;,0;,€), F(ézT,éjT,ﬁ) must be zero and then Proposition
[3 implies that three other essential coefficients of F' must be zero too. So,
if we have R(0;,u,u,0;) = #ginic(u,u), then all five essential coefficients
of the structure tensor F' must be zero and consequently if R(0;,u,u,0;) =

£ g;;Ric(u, u), then (TyM, ¢,&, 1, G) e F.

Corollary 3 Let M be a flat (n+1)-dimensional Riemannian manifold and
Ty M its unit tangent sphere bundle. Using Proposition[3, all essential coef-
ficients of F' are zero and hence, (T1 M, p,&,n, é’) belongs to the intersection
of eleven basic classes, i.e., (T1 M, @,f,n,é) e Fo.
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