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Abstract. The purpose of this study is to obtain a decomposi-
tion of the solution to a backward stochastic differential equation
used in the dual problem of mathematical finance. Some explic-
itly solvable equations considered. We convert the equation into
a system of recurrent relations. By solving this system and prov-
ing convergence of the series the solution to the equation can be
determined. In this study, Adomian’s method was applied to
solve the backward stochastic differential equation. An explicit
solution was obtained for some examples.
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Introduction

In a number of works [I} 2], Adomian develops a numerical technique us-
ing special kinds of polynomials for solving non-linear functional equations.
However, Adomian and his collaborators did not develop widely the problem
of convergence.

In this article, we will study by Adomian technique some kind of quadratic
backward martingale equation and prove the convergence of the series. For
example, we consider an equation of the form

Er(m)€x(m*) = cexp{n} (1)

w.r.t. stochastic integrals m = [ fdWs, m* = [ gsdW;- and real number
¢, where (W, W) is two-dimensional Brownian motion and 7 is a random
variable.

Equations of such type are arising in mathematical finance, and they are
used to characterize optimal martingale measures (see, for example, Biagini
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et al. [3], Mania and Tevzadze [11, 12} [13]). Note that equation (1)) can be
applied also to financial market models with infinitely many assets (see M.
De Donno et al. [5]). Biagini et al. [3] considered an exponential equation of
the form

Er(m) ST a2d
= sas 2
Er(mt) ces (2)
(which corresponds to the case o = —1).

Our goal is to show the solvability of the equation (/1) using the Adomian
method proving the convergence of series. On the one hand, a simpler proof
of solvability than in [11l 9] is obtained. On the other hand, it allows ob-
taining the approximation of the solution by the partial sums of series. The
proof of the convergence is greatly simplified if we represent equation as
a backward stochastic differential equation (BSDE)

T T T T T
/ ¢des+/ zpdeS:ch/ <p§ds+a/ ¢§ds+/ Mds
0 0 0 0 0

in the space of BMO-martingales (see Kazamaki [§]) and use the estimations
of the BMO-norm. The result is resumed in Theorem 1. This result allows
us to find a solution in the form of series with known terms.

Finally, we provide some examples, exactly solvable by Adomian method.

1 The main result

Let (2, F, P) be a probability space with filtration F = (F}, ¢ € [0,7]). We
assume that all local martingales with respect to F are continuous. Here T
is a fixed time horizon and F = Fr.

Let M be a stable subspace of the space of square integrable martingales
H?. Then its ordinary orthogonal M is a stable subspace and any element
of M is strongly orthogonal to any element of M*. Thus, we have the
decomposition H? = M@ M* (see, e.g., [6, 7]).

We consider the following exponential equation

Er(m)Ef(m) = cexp{n}, (3)

where 7 is a given Fp-measurable random variable and « is a given real
number. A solution to equation (3)) is a triple (¢, m, m*), where c is strictly
positive constant, m € M and m* € M=*. Here £(X) := exp(X — (X)/2)
denotes the Doleans-Dade exponential of X.

It is evident that if @ = 1, then equation (3) admits an “explicit” solution.
E.g., if @« = 1 and 7 is bounded, then using the unique decomposition of the
martingale E(exp{n}/F}),

E(exp{n}/F) = Eexp{n} + my(n) + m;"(n), m(n) € M, m*(n) € M,
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it is easy to verify that the triple ¢ = 1/Eexp{n},

t 1 L t 1 mJ_
= [ e = [ e

satisfies equation (3)).
Our aim is to prove the existence of a series convergent to the unique
solution to equation for n satisfying the following boundedness condition:
B) n is an Fp-measurable random variable of the form

77:77+7AT7

where 77 € L™, v is a constant and A = (A4;,t € [0,7]) is a continuous
F-adapted process of finite variation such that

E(vary(A)/F) < C

for all stopping times 7 for a constant C' > 0.
One can show that equation (3) is equivalent to the following semimartin-
gale backward equation with the square generator:

1
Yt:Yo—%At—<L>t—a<LL>t+Lt+Lf, Yy = -1, (4)

1
2

We use also the equivalent equation of the form

1 1
Lr+ L =¢+{(L)r + E(LﬂT + 57

w.r.t. (¢, L, L1).
We use notations

Mgy = nf{C : E2((M)r—(M)-| Fr) < C} = ess sup B2 ((M)r—(M)-| F;)

for BMO-norms of martingales, |A|, = inf{C : E(var! (A)|F;) < C} for
norms of finite variation processes, and A - M for stochastic integrals.
Let us consider the system of semimartingale backward equations

1
R R A L

Y?;(nJrl) _ YE)(TLJrl) B <L(k),L(n_k)>t

Yj{n+1)



4 R. Tevzadze

The sequence Yo(n) =cM™ L0 4 1) pn=0,1,2,..., can be defined conse-
quently by the equations

E(nlF:) + 3 B(Ar|FR) = ¢ + L + L),

1 n

E E((L(k)’ L(n_k)>T\Ft) + = } :E((L(’“)L, L(n—k)J_>T‘Ft)
o

k=0 —

= o) 4 Ll(tnﬂ) I LtL(n-H)'

Remark 1 If (W, B) is two-dimensional brownian motion and A; = fo a(s, Wy, Bs)ds,
77 = 0, then the solution to will be of the form Y; = v(t, W,, B;), where
v(t, z,y) is decomposed as series | v"(t, x,y) satisfying the system of PDEs

1
<8t + §A)U0(t, z, y) + a:(t7 Z, y) =0, UO(T7 Z, y) =0,

1
(8t+§A) (t,x,y) + = Z (t, z, ) Lt 2, y)

+avy(t, 2, y)oy T (t 2, y)) =0,
V(T z,y) =0, n>1.

Equations for v™ were obtained by equating Ito’s formulas for v" (¢, W;, By)
and equations for Y;".

Lemma 1 Let
Y, =Yy + A +my, Yr =mn,

where m is a martingale, n € Ly and |Al, < co. Then m € BMO and
M0 < [0loo + Al (5)

In particular, if |Al, < oo, then the martingale E(Ar|F,) belongs to the
BMO space and

(A7 F) o < AL

’BMO

Proof. By the Ito formula,
t t
Y2 =Yy + 2/ Yidm, + 2/ Y. dA, + (m),.
0 0
Taking the difference V> — Y7 and conditional expectations, we have that

Y2+ E(m)r — (m)-| ;)

T
BOPIF) - 28( | YidAJF)
< I+ 20|l (6)
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Here, E(fTT Yidms|Fy) = 0as Y, < E(n+|Ar— A¢||F;) is bounded and m is a
martingale. Since the right-hand side of @ does not depend on 7, from @
we obtain

Y% + Imlao < Il + Y15 + AL

Therefore,
Iml[Bar0 < Inls + 1AL

which implies inequality . Il

Lemma 2 For the BMO-norms of martingales L™ + L™ defined above,
the following estimates are true:

|L(n) + LL(n)|BMO < an(l + |ﬂ|)n|L(0) + LL(O) n+1 (7)

BMO’

where f =1/« and coefficients a,, are calculating recurrently from
n
ap =1, Api1 = E Ayt -
k=0

Proof. Using Lemmal[I] it is easy to show that

L0+ L0 < a1+ |8)ILO + LHO2

BMO’

L® + L0 < aa(1+ [P [LY + LHO)

BMO '’

Assume that inequality is valid for any £ < n and let us show that
L0 4 LED |y S @ (L4 (B L 4 LHO 2
Applying Lemma |1| for Y;("H) and the Kunita-Watanabe inequality, we have

|L(n+1) + LL(n-H)|BMO <
<esssup, > op_o E(var? (3(LW) L=y 4 (LW LE0=R)Y) | F,)
<Y h_pesssup; Ez (var? (L®)Y| FEz (varl (LE=R)| F.)
18] gy ess sup, B} (varT (L0)| F, JE (varT (LH0-9) | F,)
onio

< EZ |L(k)|BMO|L(n_k)‘BMO + |ﬁ||Ll(k)|131\/10’LL(R_IC

< (L+181) koo IL® + LB o [L07H + LA,
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Therefore, using inequalities for any k < n, we obtain
LD 4 LD o < (L4 18]):

S s ar(L+ [B)FILO 4 LEO 4L g (14 |B])n k| LOR) 4 Lok ek

BMO

< (L4 |B)"HLO 4 LAO2 S g,

BMO

= apy1 (1 + 8"+ LO) 4 [HO)n+2

BMO’

and the validity of inequality follows by induction. []

Theorem 1 The series Y oL ™ and 3 w0 L L) are convergent in BMO-
space if v and |7| are small enough and the triple of series

(Zgn), AR ZLL(n))

n>0 n>0 n>0
determine a solution to the equation .
Proof. From Lemma 1| applied to Y(©), we obtain
LO + LHO0 < co,
1,_ v )
where ¢g 1= §||77Hoo + §]A|w. Using Lemma [2| we get
L0 4 L] < an(1+ [B)"EY + LHORED < an (14 18]) et

By Lemma [3] of appendix, since

1 2n+2
on+1 "

(2n)! 2n n
= hmnﬁoo ' | My oo
nn:

the series is convergent, when ¢y < ————

lim,, 00 V@, = limy, 00 {

A(1 IBD

Since

maX(|L|BMO7 |LL|BMO) S |L —"_ LL|BB40 S |L|BMO + ‘LL|BMO7

(n)

the convergence ZnZO(L(") + L*+™) implies convergence of > o L™ and

> >0 L™ and vice versa. [J
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The existence of the solution for arbitrary bounded 7 is proven in [I1].
We can prove a slightly more general result.

Proposition 1 There exists a solution to for n = ~vAr + 0, with suffi-
ciently small v and arbitrary bounded 7).

Proof. Let (¢,m,m*) be a solution to (3), m € BMO(P) N M(P),m*+ €
BMO(P)NM(P) for yAr and sufficiently small ~y. Tt is well-known (see [8])
that each BMO-martingale N determines a new probability measure P =
Er(N)-P. Let M(P) and M*(P) be images of the Girsanov transformation
n — (n, N) —n for M(P) and M=*(P), respectively. From the result of [11],
there exists a solution to

Er(m)Ef () = cexp{7},

w.r.t P = Ep(m+mt)- P, m € BMO(
It is easy to verify that m + (m,m)
and the triple

m
<5
=2
=5
Sz}'/
}—Sz

(c,m,m™) = (¢&,m + m + (m,m), m- +m* + (m*,m))
is a solution to forn=n+~Ar. O
The uniqueness of the solution was proved in [11].

Proposition 2 Let n be an Fr -measurable random variable. If there ex-
ists a triple (c,m,m*) with c € R,,m € BMON M,m+* € BMO N M+
satisfying equation , then such solution is unique.

Now we show that without finiteness of |A|, either the solution does not
exists or the convergence of series is valid in a week sense.

1
Example 1 Let a = -1, v =2, 7 =0, A; = éfOt(Wf + Withds, F =

(}"tW’WL), where W, W+ is 2-dimensional Brownian motion. Then be-
comes

1 T
—/ (W2 + W)ds.

LT+L%:C—|—<L>T—<LJ—>T—|—2
0

We have

T T
J RS J S c0+/0 (T—s)Wdeer/O (T = s)W;-dWy,

Ln+1) +L(n+1) - ¢, +Z k) L(n k: Z<L(k)L,L(nfk)J_>T, n > 0.
k=0
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Let us assume
T
= / (T — 5)>"* a, Wy dW,
0
T
ngzu _ / (T — s)> 18, WitdWw2t.
0

Then ag = 1, 5y = 1 and

n 7
Lgpnﬂ) = d, + Z/ (T — 5)"Pagoy, 1 Wids
k=00
n 7
Lyt — o Z/ (T — 8)*" "2 BBk W2ds, n > 0.
k=00

Now we will use the formula
T

T
h:Eh+/ E(Dth\Ft)th+/ E(D}h|F)dW}, he H?
0 0

to get integrands of the stochastic integral representation. Taking stochastic
derivatives D;, Di+ and conditional expectations on both sides, we obtain

n T
(T — 5)2"+3Oant — QZ&kankWt/ (T - 8)2n+2d5
k=0 t

2 n
= ot BWt(T — t)2n+3 Z Ay,
k=0
2 n
(T N S)Qn—&—SﬁnWtL _ _Qn — SWtL(T _ t)2n+3 Z Bk‘ﬁn—k‘a
k=0

which means that

p— R
n—ky Mn = - n—k» ZO
+3k2:_()04k04 k 5+1 2n+3;5k5 k, T

Introducing a(s) = > 07 st and S(s) = >_o7, B,s*" 11, one obtains

Qpt1 = m

a'(s) = ap+ Z(Qn + 3) 187

n=0

= 142 Z Z(akan_k)s2"+2 =1+ 2a*(s),

n=0 k=0

B'(s) = Bot Y (2n+3)Bnsrs™"
n=0

23S A = 1 28(s),

n=0 k=0
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ie.,

o/(s) = 1+ 2a%(s), a(0) =0,
B(s)=1-28%s),  pB(0)=0.

Thus,

1 1
a(s) = Etan(x/ﬁs), B(s) = 7 tanh(v/2s).

If 7T < L, series are convergent (not in BMO-space) and (c, L, L1) is

2v2
1 . . .
defined as ¢ = 5 In cos(v/2T)cosh(y/2T) (by calculations in the appendix),

1 t
L; = % / tan(v/2s)W,dW,, L = tanh(\/_ 25)WHW2E.
0

\/_

1
When T > —— a local martingale L satisfying Ly — (L)r = 3 fOT W2dt

22’

does not exist (despite the fact that fOT W2dt is p-integrable for each p > 1),
since from Er(2L) = elo Wi it follows that Eelo Widt = E€n(2L) < 1,
which contradicts to Eelo Wédt = oo (see Appendix).

In the next example, exact solution to also exists, however, it does
not belong to the extreme cases considered in [12} 13].

Example 2 Let a = -1,y =2, 71=0, A, = fo W,Wids, F = (J:tW’WL)?
where W, W+ is a two-dimensional Brownian motion. Then . ) becomes

T
Ly+ Ly =c+ (Lyr — (L)r + / W, Wds. (8)
0
We have

T T
LY = / (T — s)Wiaw, ng:/ (T — s)W,dW,
0 0

LoD g oy > (LW LR = Y (LW LR 0> 0.
k=0 k=0
We assert that
T
Lg?) = / (T — 3)2n+1 (anWs + BNWSL)dWS’
0

T
L = [T =B -
0
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where ag = 0, By = 1 and

2 4
Indeed,
L(n+1) + L(n-i—l)J. =c,
+Z/ 8) 22 (W + BWE) (W + B WH)ds
B Z/ )22 (B W, — W) (B W — W) ds
_ Z/ 8) 2" 2 (potn—i — Brbni) W2 — (w0n_i — Brfui) W2

+2(a Bk + Bran_ 1) WWEds + ¢, n > 0.
Using representation of integrands by stochastic derivatives, we get

(T _ t)2”+3(an+1Wt + 5n+1th)

n n

=E[D,(Y (LW, L0y, - ST (LB LRy R

k=0 k=0

- T
=92 Z[(Oékanfk - ﬁkﬁnfk)Wt + (akﬁnik + ﬁk@nfk)WtL] / (T . 8)2n+2d5
k=0 0

2T — t)2t3 &

- W ;[(akan—k - Bkﬁn—k)m + (akﬁn—k + ﬁkan—k)VVtL],

(T - t)2n+3 (Bn+1 Wi — anya th)

n n

=E[DF(Y (LW, LOP)p = ST (L®L Ly R

k=0 o
- T
=2 Z[_(Oékanfk — BiBn—ie) Wi + (0 Bn—k + Bron—i) Wi / (T — 5)2™+2ds
k=0 o

2(T _ t)2"+3 n

T oni3 ;[—(%%_k — BB ) Wit + (B + Bron_1r)Wil.
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Equating the coefficients at W, W+, we obtain the desired formula. One can
also check that (see Appendix)

2¢/2
limsup v/ |a,| = i, limsup /|6n| =
s

n—oo n—o0

Thus,

ZEz 1L 4 L2 = i (4(a3 +72) /T(T — 8)4”+2sds) ’
0

n=0
i /0 + B T+
V(n+1)(4n + 3) ’
which means that series -
Z(L(n) + L(ﬂ)i)
n=0

is convergent as quadratic integrable martingales, when 7' < d;—Q.
Introducing a(s) = > oo a, and s*"T1 B(s) = 37 B,s*" 11, one ob-
tains
t
L= / (a(T = )W, + B(T — s)W,;")dW,,
0
‘ (9)
L = / (B(T — 8)Wy — a(T — s)W)dW7.
0

On the other hand, we can derive ODE for the pair («, /3):

Oé(S) = 20&2(8) - 2B2(5>7 04(0) = 07 (10)
B(s) = 1+ da(s)8(s), B(0) =0.
Indeed,

a(s) = ag + 2(271 + 3) 187
n=0

=2 i (akan—k - 6k6n—k)$2n+2 = QQZ(S) - 262(3)7

ﬁ(s) = Bo + Z(Zn + 3)Bpp1s”

n=0

=1+ 42 Z P52 = 1+ 4a(s)(s).

n=0 k=0

11
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Equation is easy to solve, if we pass to the equation for complex-variable
function z(s) = a(s) + if(s):

2(s) =i+ 22%(s), z(0) = 0.

1
It is obvious that z(s) = T3 tan((1 +)s) is a solution. We have

—1

ds) = tagqimllrisicos(d i)

2 | cos((1+17)s)|?
1 ; sin(2s) + i sinh(2s)
= )T s )2

1sin(2s) — sinh(2s) + i(sin(2s) + sinh(2s))
4 cos?(s) cosh®(s) + sin’(s) sinh?(s)

Hence, we can write the explicit solution

sin(2s) — sinh(2s)
cos?(s) cosh?(s) + sin?(s) sinh?(s)’
sin(2s) + sinh(2s)

cos?(s) cosh?(s) + sin?(s) sinh?(s)

a(s) =

N

of and conclude that it exists on whole [0, 00), since the denominator

T
does not vanish. Despite of convergence of series only for 7" < ——=, the

2V/2
pair @ is a solution to for each T

Finally, we consider exponential equation of the form with \; =
V2(W, — W) defining the variance-optimal martingale measure

ST(—/ AdW, +m*)
0

for the price process X; = Xy + fot Asds + W, Inserting L = m/2 and
L+ = —m™ /2, one obtains

T
Lp+ Ly =c+ (Lyp — (L) + / (W, — Wi)2ds.
0
As in previous example, the solution can be found in the form
t
L= / (T — )W + B(T — s)W,;")dWs,
0

= BT = )W, = a(T = yWHW™E,
0
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where pair («a, 8) satisfy ODE

a = 2(®-p*+1), «a0)=0,
B = 4aB -2, 3(0) = 0.

For z = a+if3, we get ODE
£ =22 422 =22 423700

with solution L 5
z(t) = 2i¢'F tan(%e‘lgt).

Therefore,
a(t) = Re(2ie7% tan(2ie7'5¢)),  B(t) = Im(2ie'% tan(2ie '¥¢)),

and
er (V2 [ =W+ [ (51 - 9w, - a(r - e )

is the variance-optimal martingale measure.

A Appendix

The formula Ee=7"Jo W2t = 1/, /cosh(v/2T) is derived in [I0]. Similarly, we
can prove

Proposition 3 One has

m
T <
sz | VesveD) B
e’o t —
T
00, if T > ——.
\ / 2v/2

Proof. Let e,(t) be orthonormal basis in L?[0,1]. Then

EeJo Wedt _ T2 Jo Wedt _ T2 oy (fy en(tWedt)?
Since
1 1 T T
E(/ en(t)Wtdt)(/ em(t)Wydt) :/ en(t)/ (t A s)enm(s)dsdt,
0 0 0 0

it is convenient to use the orthonormal basis of eigenvectors of the operator
fOT(t A 8)f(s)ds in L?[0,1]. From Af(t) = fOT(t A s)f(s)ds follows that
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Af'(t) = —f(t), f(0) =0, f'(1) = 0. Function sin unt satisfies these
conditions iff 4 = 1/X and p = —1/2 + n. Thus,

1

A = ————5>
(n—1/2)%r2

en(t) = V2sin((n — 1/2)at), n>1,
and

E(/O en(t)Wtdt)(/O em(t)Widt) = )\n/o en(t)en(t)dt =0, n # m.

Since random variables ( fol en(t)Widt) are orthogonal and normal, they are
also independent. Hence, taking into account the Parseval identity and
infinite product decomposition of cos(v/2t), one gets

o0 [e.9]

1 1 1
EeTZ)\an — H - RT2 = )
n=14/1— % noi 1= (2n—1)%72 \/cos(\/ﬁT)

if V2T < /2.
One can easily check that

575 T
1
0 e 0 T2v8 [ cos(V2T)

™

22

If 7T > , then Eeo Wdt - Eelo™? Wedt — o [

Lemma 3 Let (a,)n>0 be a solution to the system of recurrent equations

ag =1, Apy1 = Zakan_k. (11)
k=0

1 2n+2
An, + 2 (n+1)'

Then a, =

Proof. For the series u(\) = > a,A" from (1)), we get equation u(\) =
1
1 + Au?(\) with the roots u()\) = ﬁ(l + /1 —4X). The equality u(\) =

1
o3 (1++/1 — 4)) is impossible since the decomposition of the right hand side

1
is starting from the term —. Therefore, equality a, =

(2n+2
A 4dn + 2

AN ) follows
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from the Taylor expansion of 1 — /1 — 4], since

w0 = LoV Ly HE D

n>1

I~ (2-1D--(2n—2-1) . 1e=(@n-3)0_
= - AP )\" — AT T gnan
2 Z 2nn) 2 Z n!

n>1 ’ n>1

1 1 2n
I )\n—l'
Q;Qn—1<n>

O

Lemma 4 Let (o, Bn)n>0 be a solution of the system

Qy = 07 BOZL

2
Opt1 on + 3 kz:%(akan—k‘ - ﬁkﬁn—k))
s L ey
» apfBp_i,n > 0.
1 2n+3 — Wk
Then
22n _
Qo1 = 25— =((2n) cos (n),
o ™ 2 (12)
n _ 3 m
o1 = 2 —on ¢(2n) sm(§n), n>1,

where ((s) is the zeta function.

Proof. The tangent function admits the Taylor series expansion:

o0 . . 1,277,—1
tana = 2°"H(2°" — 1)((2n) e
n=1
It is clear that
- EEER U S R 1 s

k=1
For the series

2n—1/2€i%(2n—1)x2n—1
(271')2”

tan((1+ i)a) = Y 27" (27 — 1)¢(2n)
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0

radius of convergence is ——= since

2v2

on—1/2 2\/§
2n 22n+1(92n _ ] 9 s )
\/ ( )¢(2n) (2m)2n T
From
1 » L in o o2nt yo2n on—1/2¢13 (2n—1) g2n—1
T tan((1 +1)s) = Vol ;:1 22122 — 1)¢(2n) o)

=3 22— 1)¢(2n) = 521
n=1

o n+1
— (22n+2 o 1)

n=0

242 ¢(2n + 2)6i%(”+1)52n+17
T

equations follows. [
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