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Abstract. In the paper we investigate the role of the Newton
polyhedron R, which generates a multianisotropic Sobolev space
Wp% and Gevrey space G®, and the role of the Newton polyhe-
dron R(P) of a polynomial P () (of a linear differential operator
P(D)) in the behavior of P(&) at infinity and in the smoothness
of solutions of the equation P(D)u = f. The paper is partly of
an overview nature. However, some of the results are new and
not published anywhere (see, for instance, theorems 2.4, 2.5 and
4.2). Some results are proved in a new way (see, for instance,
theorems 3.1, 4.3 and others).
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1 Introduction

We use the following standard notations: N is the set of all natural numbers,
Ny = NU{0}, Nj = Np x ... x Ny is the set of all n-dimensional multi-indices,
E™ and R™ are the n-dimensional Euclidean spaces of points (vectors) = =
(1, ...,x,) and & = (&, ...,&,) respectively, R™T = {& : £ € R™ & >
0(G=1,..,n)} R®O={: ¢ eR" &..& # 0}

For ¢ eR"z € E" and a € R™% we put [{| = /& + ...+ &2, |a| =
a4 o ay, £ = €760 and for @ € N§ we put DY = D'...Do,
where D; = %a%j (j=1,..,n).

Let A= {a/ = (a?,...,al)}¥ be a finite set of points in R™*. By the
Newton polyhedron of the set A we mean the minimal convex hull (which
is a polyhedron) = R(A) in R™ T containing all points of A.
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A polyhedron R with vertices in R™ ™ is said to be complete (see
[45], or [24]), if R has a vertex at the origin and one vertex (distinct from
the origin) on each coordinate axis of R™*. The k-dimensional faces of a
polyhedron ® are denoted by RF (i = 1,..., M,k =0,1,...,n — 1). The set
of 0O-dimensional faces (vertices) of R we denote by R°.

In the sequel, an outward (with respect to $) normal to a supporting
hyperplane of a complete polyhedron R containing some face R and not
containing any other face of dimension greater than &k will be called simply
an outward normal to the face . Thus, a given vector A can serve as an
outward normal to one and only one face of a convex complete polyhedron
R.

The face RF (1 < i < M,;, 0 <k <n-—1) of apolyhedron R is said to
be principal (see [45]) if among the outward normals of this face there is
one with at least one positive component. If among the outward normals
of the principal face R¥ there is one whose components are all nonnegative
(positive), then the face R¥ is said to be regular (completely regular). A
complete polyhedron R is said to be regular (completely regular), if all
its non-coordinate (n — 1)-dimensional faces are regular (completely regular)
(see [29], [3] or [11] and [51]).

Let R be a complete polyhedron with vertices in N7, R be the set of
its vertices, Q be a domain in E", and 1 < p < co. Denote by WX(Q)

(respectively Wgeo(Q)) the set of functions u with bounded norms (see [29]
r 3], paragraph 13)

lullwp@ = D 11D%ul|L,@) (1.1)
acR
respectively
lullygoigy = S 11D%ul 1. (1.2)
aeR?

For the collections A; = {(0,...,0) U [a : o € NI, |a| < m]} and Ay =
{(0,...,0) U [a : a € N, |a] = m]} the sets R°(A;) and R°(Ay) coincide,
where the sets W, (Q) (respectively Wy (Q)) are coinciding with the
Sobolev space W,"(€2) (respectively Wﬁ(@)) with the norm

lullwy = > 11Dl @) (Nl = D 1Dl @ + [lullz,@)-

lo|<m |o|=m

Therefore the sets Wg& (Q) with the suitable norms we will call multian-
isotropic Sobolev spaces.

Sobolev spaces play an outstanding role in the modern Analysis. In
particular, many fields of mathematics are interested in weighted Sobolev
spaces, and first of all they arise in various issues of the theory of partial
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differential equations. A lot of monographs and papers have already been
devoted to this concepts. We mention only some of such works which are
closely related to the present paper.

In [7] it is proved the density of finite functions in the Sobolev space
W(€) for any open set €. In [8] it is proved the density of the infinitely
differentiable functions in the same class of functions.

In [5] O.V. Besov proved the density of the infinitely differentiable finite
functions in a weighted Sobolev space. In book [38] A. Kufner deals with
properties of weighted Sobolev spaces, the weight function being dependent
on the distance of a point of the domain from the boundary of the domain or
from its part. In the book [44, section 17] V.Maz’ya discusses possibility of
approximation of functions from weighted Sobolev spaces by smooth func-
tions. The paper [17] discusses the density of polynomials in Sobolev-type
function spaces. The problems considered are motivated by consideration
of the spectral representation of certain Jacobi-type orthogonal polynomi-
als. In [56] V. Zhikov considered the case when smooth functions are not
dense in a weighted Sobolev space. In [37] duality and complex interpolation
are investigated for weighted Sobolev spaces. In [12] necessary and sufficient
conditions for approximation by test functions in a type of weighted Sobolev
spaces are given for a weight p which is a nontrivial positive Radon measure.

All of these works are devoted to isotropic or anisotropic (weighted)
Sobolev spaces, i.e. the spaces which are generated by a homogeneous or
nonhomogeneous vector m = (my,...,m;). Their Newton polyhedrons are
(n + 1)-simplices (geometrically, for example in the case n = 2, they are
right triangles with a vertex in origin, isosceles or not). Here we consider a
general case, when the Sobolev space generates a Newton polyhedron of any
kind.

It turned out that for arbitrary collections A (polyhedrons R) the char-
acter of multianisotropic Sobolev spaces can be essentially different from
usual (isotropic or anisotropic) Sobolev spaces. Therefore a natural problem
arose to find some conditions on a polyhedron R of a set A (and on a
domain ) under which

1) the norms (1.1) and (1.2) are equivalent, i.e. the spaces W}(Q2) and
W;RO(Q) coincide

2) the set of infinitely differentiable functions with compact supports in
Q is dense in the multianisotropic Sobolev space W ().

3) the set W¥(€2) is a semilocal space. Recall that a Banach space B(Q)
is called semilocal if u € B(Q2) and ¢ € C5°(Q) leads pu € B(Q2) (see, for
instance, [ 28, Definition 10.1.18]).

We will discuss these problems in 2 of the present paper. It turns out
that there is a very direct connection between the geometric (regularity)
properties of a Newton polyhedron R and the answers to these questions.
We note in this connection that for a Sobolev space W*(€2) with a large
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set of domains (2 all these questions have there answers (see, for instance,
[3] or [9]). In particular, the spaces W"(€2) and W"(§2) are isometrically
isomorphic.

Let P(D) = P(Dy,...,D,) = > v, D be a linear differential operator
with constant coefficients and let P(§) = P(&,...,&n) = Y. 7. &" be its

characteristic polynomial (the complete symbol). Here the sum is taken
over a finite set of multi-indices (P) = {a € Nj;7, # 0}.

The Newton polyhedron of the set (P) U {0} is called the Newton
or characteristic polyhedron of the operator P(D) (the polynomial
P(&)) (see [48 ], [ 45] or [24]) and is denoted by R(P).

Newton polyhedron generalizes the notion of the degree of a polyno-
mial in n variables and the notion of degree of partial differential equations.
There are great many applications of Newton polyhedron’s concept to dif-
ferent fields of mathematics (see, for instance, [35], [36] [54], [16], [46] [49]
and others) but in this work we will only deal with multianisotropic Sobolev
spaces generated by some Newton polyhedron, the behavior at infinity of
polynomials, and the regularity properties of solutions of linear partial dif-
ferential equation.

An operator P(D) (a polynomial P(&)) is called hypoelliptic (see [2§],
Definition 11.1.2 and Theorem 11.1.1) if the following equivalent conditions
are satisfied:

a) if u € D'(2) (Q is an open set in E™, D'(Q) is the set of distributions
defined in ) is a solution of the equation P(D)u = 0 then u € C*(£2),

b) all solutions u € D" = D'(E") of the equation P(D)u = f are infinitely
differentiable (belong to C*° = C*>°(E™)) for all f € C*°.

c) if | €] = oo, and 0 # «a € Ny then

P(&)/P(¢) = D*P(£)/P() — 0.

An operator P(D) is called partally hypoelliptic with respect to
the hyperplane z” := (x9,...,x,) = 0 (see [ 28, Definition 11.1.4 |) when
PO(E)/P(E) — 0 if 0 # a € NI and [€"] — oo while ¢ = & remain
bounded.

A polynomial P(¢) is called almost hypoelliptic (see [30]) if for a
constant C' > 0

[P/ +[P(E)]] < C Ve € R, Vo € N

In [19] the following statement was proved: let f and its derivatives be
square integrable on E™ with a certain exponential weight, then all solutions
of the equation P(D)u = f, which are square integrable with the same
weight, are also such that all their derivatives are square integrable with
this weight, if and only if the operator P(D) is almost hypoelliptic.
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It turnes out that there is a strong connection between the (almost)
hypoelliptisity of operator P(D) (with the simbol P(¢)) and the behavior
at infinity of the polynomial P. Denote by I,, the set of polynomials P(§) =
P(&,...,&,) such that |P(€)] — oo, as |{] — oo. It is easy to verify that
P €1, when P(D) is elliptic or hypoelliptic.

In 3 we present some necessary conditions and sufficient conditions on a
polyhedron R(P) of a polynomial P under which P € I,.

In 4 we present conditions on a polyhedron R(P) differential operator
P(D) with the symbol P € I, under which operator P(D) is hypoelliptic
or almost hypoelliptic.

Since partialy hypoelliptic and almost hypoelliptic differential equations
have solutions which are not infinitely differentiable, a natural problem arose
of finding additional assumptions on solutions of those equations ensuring
there infinitely differentiablity, or what is the same, a problem of selection
of infinitely differentiable solutions of those equations from the set of there
distributional solutions. In 4 we discuss this problem too.

We note that this is not first attempt to reveal the role of the Newton
polyhedron in the theory of partial differential equations. In addition to the
papers [35] - [36] of Khovanskii, which are devoted to applications of the
Newton polyhedron to algebraic and geometric problems, it is worth noting
the monograph [24] of Gindikin and Volevich. In this monograph the method
of the Newton polyhedron is applied to various problems of mathematical
physics. However, the issues that are discussed in this paper are not adressed
there.

As already noted in the annotation, work is partally of an overview na-
ture. However, a number of results, such as theorems 2.4, 2.5 and 4.2, are
new and nowhere published. At the same time, the proofs of several results,
such as theorems 3.1 and 4.3, are carried out here in a new way. We hope
that these proofs are more compact and easily perceived.

2 Some properties of multianisotropic
Sobolev and Gevrey spaces

2.1 Multianisotropic Sobolev spaces without weights

Definition 2.1. (See, for example, [43] or [3, section 11]) A measurable
function ®(&) is called L,-multiplicator (¢ € MP), if the transformation
Ty : L, — L, defined by the equality

__1 GO g = 1
Tof = G [ MO FUIQ) e = P U]
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is bounded for all functions f € C§°, i.e. there exists a constant C' > 0
such that ||Tof||, < C||f|], for all f e Cg°.

We mention two statements on which we shall rely in the sequel.

Theorem L (P.I. Lizorkin, see, for example, [43] or [3, section 11])

Let ® € C™(R™"). Then ¢ € MP if there exists a number M > 0 such
thet €51 .. & DFGE)] < M for all € € R™°, where k = (ky,..., k),
ki (j=1,...,n) takes only values 0 and 1.

Theorem M (V.P.Mikhailov, see [45]) For any set A of e*,...,eM0 €
R™Y with the Newton polyhedron R = R(A) there exists a constant C > 0
such thet for all & € R"

Z|&a\<0215€

aeR

Lemma 2.1 Let 1 <p < oo and R = R(A) be the Newton polyhe-
dron of a collection of multi - indices A = {e',...,eN0}. Then there exists a
constant C' > 0 such that for all u e C§°

> D"l < C Z D" u

veER

(2.1)

Proof. Perform the Fourier transformation for functions v € C§°. By
applying Theorem M and Parseval’s equality we obtain inequality (2.1) for
p = 2. To prove inequality (2.1) for p # 2 note that by properties of Fourier
transformation we have

F[D"u] = &F[u); F[Du] =¢“Flu] (j=1,..., No).

A simple computation gives

Z @(€) FIDu

where
v4el v4-el
¢]<€) = ]\i . = é(ﬁ) (] = 17 "'7N0)'
];5267

To prove inequality (2.1) for any p € (1,00) it is sufficient to show that
¢; € MP (j=1,...,Np). For this purpose we apply Theorem L.

The boundedness of {¢;} follows immediately from Theorem M. Let us
show the boundedness of (for example) {; %}.

Again, a simple computation gives for each j =1,..., Ny
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00; ; N
18_51 = QS](S) [(61 + Vl) -2 ;ellc Q(f)]

Since [€2¢°/Q(&)] < 1 (k = 1,..,Np) for all € € R™ this implies for
{& %}. In the same way one can prove the boundeness of the other deriva-

tives. Lemma 2.1 is proved. O
Remark 2.1 It follows from results of V.P. II'in (see | 29] or [3], Theorem
13.3.2).

Theorem (V.P. I'in) Let 1 < p < oo, the domain Q2 satisfy the rect-
angle condition (see [2, section 13.1 |) and let the Newton polyhedron R(A)
of a collection A = {e*,....eN} be completely reqular. Then there exists a
constant C' >0 such that for all u e W} (Q)

No
lullweey = Y 1D ullr,@ < C > [1D%ull1,@. (2.2)
VER(A) i—1

Since the reverse inequality is obvious, this implies that for completely
regular polyhedron and the domain €2 satisfying the rectangle condition, the
norms (1.1) and (1.2) are equivalent, i.e. the spaces W (Q) and W;RO(Q)
coincide.

V.P. II'in proved also that for a collection A with nonregular Newton
polyhedron R(.A) (even, for example, complete) the estimate (2.2) can not
be valid.

Lemma 2.2 Let the Newton polyhedron Rt = R(A) of a collection
of multiindices A = {el,...,eNo} be reqular. The set of infinitely differen-
tiable finite (in E™) functions is dense in W;R = WE(E") if and only if the
inequality (2.1) is valid for all functions u € W;R.

Proof. Sufficiency. Inequality (2.1) be valid and let w(t) € C§° be a
function of one variable such that w(t) = 0 outside of (0, 1), fol w(t)dt = 1.

Let a function u € Wge be fixed and put

w(@) = 5o [ TLwC) e +y)dy.

Then it is easily seen that (see, for example [ 3]) 1) u, € C*, 2)
|u — unllwr — 0 as h — 0. The set of infinitely differentiable functions
is dense in Wf and it remains to proof that every infinitely differentiable
function u € Wg& one can approximate in Wf by C§°—functions.

Let for any k € N xx(z) € C5°, 0 < xi(z) < 1 for all z € E",
xe(x) =1 for || <k, xp(x) =0 for |z] > k+ 1, |D*u(z)| < M,
where the constant M > 0 does not depend on o € Nj and k. Denote
vr(r) = xx(z)u(z). Since u € C* it is clear that ¢, € C§°. On the other
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hand it follows by the Leibnitz’ formula and the regularity of the polyhedron
R that ¢, € Wgt. Then we get for a number C' > 0

No ' , No _
> D% =Dl = D 1D [u~ @illlz, =
j=1

j=1
No ‘
> D u(1=xw)lll, (J2] > k) < sup |D*[1=xw(2)] D [1D"ullr, (] > k)
1 z,k,aeR veR
J €
< O S ID s, (2] > b
veR

Since u € W}, hence D"u € L, and, consequently |[D"ullr,(|z] >
No ) .
k) = 0 as k — oo, ie [[u—g@illwp = 2 [|DYu— D¢, — 0 as
j=1

k — oo. Sufficiency is proved.

Necessity. By Lemma 2.1 the inequality (2.1) is valid for functions from
Cge. If the set C° is dense in W% then the inequality (2.1) is valid for all
functions u € VV§R Lemma 2.2 is proved O

Combining Lemmas 2.1 and 2.2 we obtain

Theorem 2.1 Let the Newton polyhedron R of a set e',...,e™N0 be
reqular. Then the set C§° is dense in W;R. U

In this section we define the notion of Newton polyhedron for the set of
differential operators (polynomials) too. Let

= ) @D (j=1,..M)

ae(Qy)

be a set of linear differential operators with constant coefficients. The New-
ton polyhedron of the set (J(Q;) U {0} is called the Newton polyhedron of
the set of operators {Q;(D)} (the polynomials {Q;(£)}) and is denoted by
RHQ;})-
For given 2 C E™ and 1 < p < oo we denote by wy ({QJ})(Q) the set of
functions {u} with the bounded norm

[l zaamm g, Z 1Q5(D)ull, @) + [lullz, @

For differential operators with homogeneous principal parts of the same
degree K.T. Smith in [ 52] and J. Necas in [47] proved that under a certain
assumptions on the domain €2 the following estimate is fulfilled with some
constant C' > 0
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> 1D Ul < Cllull ey g Vi € wg N (9)

vew 9V ()
if homogeneous principal parts of polynomials (symbols) @;(§) have not
any common complex zero except of £ = (0, ..,0).

O.V.Besov in [ 4] obtained a similar result for operators with general-
ized homogeneous principal parts of the same degree and in | 34| a similar

inequality was proved for more general operators with a completely regular
Newton’s polyhedron [JR(Q;)- O

2.2 Multianisotropic Gevrey spaces

The Gevrey classes G*(2) (see [18], [28, Definition 11.4.1], or [51, Def.
1.4.1]) are intermediate spaces between the spaces C*(€2) and A(f2) and
play the important role in the theory of linear partial differential equations.

The question of finding the largest functional class in which the Cauchy
problem is well-posed is an important example of the role of Gevrey func-
tions as intermediate classes between the analytic and C'*° classes. In fact,
the Cauchy - Kowalevsky Theorem ensures the well posedness in the frame
of analytic functions for any operator with analytic coefficients. However,
the hypothesis of weak hyperbolicity is necessary whenever we require a com-
mon domain of existence of the solution not depending on the initial data.
On the other hand, whereas strict hyperbolicity implies well posedness in
C*°, the Cauchy problem is not well posed in general for weakly hyperbolic
operators, which can be seen immediately for the heat operator in R?. In
the case of weakly hyperbolic operators with constant coefficients, necessary
and sufficient conditions of well - posedness in C* were given by [41], [25],
[40], [53 ], in the case of s—hyperbolic operators in [39], [14 | and others.

Let 2 be an open subset of E™ and let s > 1 be a fixed real number.
Denote by G*(Q2) the set of functions f € C°°(2) such that for every compact
subset K C  there exists a constant C' > 0 such that for all multi - indices
a€ Nj andx € K

D f ()| < ClHH(al).

In particular G'(Q) is the space A(Q) of all analytic functions.

Let R be a completely regular polyhedron, R be the exterior boundary
of R, i.e the set of points x € R for which outward (with respect to R)
normal A\(x) has only positive components and (see, for example [11])

1
T seolt 1%j<n Ai(z)

D k(a,R) =inf{t>0:act 'R}
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Following Corli [15] and Zanghirati [55] we define a multianisotropic
Gevrey space G*%(Q) as the set of all f € C°°(Q) such that for every
compact K C ) there exists a constant C' > 0 such that for all o € Ny
and v € K

|Df(2)] < Ol (pk(a, R))* #EER),

These spaces include as particular cases the standard Gevrey classes (sf.
[18] and [51] for a comprehensive exposition) and the anisotropic Gevrey
classes (cf. [24], [ 50], [2], [55]).

The standard Gevrey classes (as well as the standard Sobolev classes)
can be seen as an example of the multianisotropic Gevrey (Sobolev) spaces
associated to the Newton polyhedron of an elliptic operator having vertices
(0,...,0), (m,0,...,0),...,(0,...,0,m).

Let us consider partial differential operators with constant coefficients in
E"*1 = E; x E" non characteristic with respect to the t—hyperplane, i.e.
operators that can be written in the form:

P(D):=P(D,,D,) =D+ > a,;D/Di.
[v[+i<m, j#m

We say that P(D) is s—hyperbolic (with respect to the variable ¢, 1 <
s < 00) if for some constant C' > 0 its symbol satisfies the condition:

b Y 4 &N £
[v[+i<m, j#m

for any (X, €) € Cy, x E*, Im A < —C (1 + |€]+).

In the case Im A < —C' we say that P(D) is hyperbolic (by Petrovskii -
Gording).

Following Daniela Calvo we say that operator P(D) is multiquasihyper-
bolic of order s (1 < s < 00) with respect to a completely regular polyhedron

1

R if P(X,€) # 0 for any (A, &) € Cy x E?, Im A < —C'[{|§, where || g is

weight associated to R as follows

€l = (Y %),

aeR0

In [11] it is proved the following result of well posedness of the Cauchy
problem stating the multianisotropic Gevrey regularity with respect to the
space variables (see [ 11, Theorem 8])

Theorem Let P(D) be a differential operator in By, x EI' multiquasi-
hyperbolic of order s (1 < s < oo) with respect to a completely reqular poly-
hedron R. Let 1 < r < s, and assume f, € Go ™ (E") = GmR(E) N CF(E")
fork=0,1,....m — 1. Then the Cauchy problem.:
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P(D)u = 0; Dfu(0,2) = fi(v) V2 € E", Yk=0,1,...m — 1

admits a unige solution u € C°([-T,T],G"%) for any T > 0.

This theorem generalizes analogous results for s—hyperbolic operators,
earlier obtained by Larsson, Cattabriga and others (see, for instans, [14],
[39])-

In monograph [24] S. Gindikin and L. Volevich introduced a notion of
dominantly correct operator, gave an algebraic description of dominantly
correct polynomials and proved the correctness of Cauchy’s problem for such
operators with variable coefficients. They presented sufficient conditions
for correctness of Cauchy’s problem for general differential operators with
variable coefficients of constant strength as well.

In connection with the study of Fourier L,— multiplicators V.I. Burenkov
and M.Sh. Tuyakbaev introduced in [10] a Gevrey type class J, ,(E") which
elements are defined by the norms of L,— multiplicators. O

2.3 Weighted multianisotropic Sobolev spaces

In this point we consider three kind of weighted multianisotropic Sobolev
spaces connected with the boundedness of a domain €2, i.e. when A) Q = E",
B) © # E™, but © is unbounded, C) €2 is bounded. In the cases A) - C) a
particular polyhedron and a weight correspond to each 2.

A) Let a € N be an arbitrary multi-index and g € C* := C*(E") be
any positive function such that a) for some positive constants x and &,

e 0l < gs(z) < kel | Ds(2)] < Ko 01 gs(z) Vo € R, (2.3)

where gs(x) = g(d x) for any § > 0.
b) Let T>0, Sr:={x € R":|z| <T} and G C Sr. Then there exist
positive numbers o; and o, such that for any 6 >0 and z € R”

sup gs( +y) < o1 9s(x), suplgs(z +y) —gs(x)| <o Tgs(x).  (2.4)
yeG yeaG

In [19] it is proved the existence of such a function. Note that the regular-
ization (averaging) of the function H(z) = e~#! for |z| > 1 and H(z) = e™*
for |z] <1 can be taken as a function g (see, for instance [3, section 5]).

Let 1 < p < oo and ¢ > 0. Denote by L, s := L, 4,(E") the set of
functions locally integrable in E™ with a bounded norm
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lulle, = lugoll, = ([ Juta)P i) o) (25)

and for any regular polyhedron R with vertices in N by VVS(e s the set of
functions u € L, 5 with a bounded norm

lullws, = S~ 11(D*wgsllz, = 3 1D%ulls, ,. (2.6)

ace R ae R

By the dimensional reasons one can proof (for a nonweighted Sobolev
spaces see [3, section 9.4] or [29, Theorem 2])

Lemma 2.3 Let R be a completely regular polyhedron, and v € N be
any interior point of R. Then, for any € > 0 there exists a number C(g) > 0
such that

1D"ullz, ; < ellullws, +Ce)llulle,, , Yu€ Wyis. (2.7)

O
Lemma 2.4 Let R be a completely reqular polyhedron. Then, one can
introduce in ng 5 @ norm

IUIIWm = 11D (ugs)lls, (2.6")

ac RN
which is equivalent to the norm (2.6).
Proof. By the Leibnitz’ formula

|al

> D(ugs) =Y [Dulgs+» Y CopD*PuDlgs.  (2.8)

aeR acR aeR |B|=1

Applying property (2.4) of function gs; we obtain then

gy, < Callullwn, Ve € W, (2.9)

with a positive constant C; = C}(J). To prove the reverse inequality write
Leibnitz’ formula (2.8) in the form

|al

Z[Dau]gg = Z D%(ugs) — Z Z Cos D PuD gs. (2.8

ach aeR acR |B|=1

Since |B] > 0 and polyhedron R is completely regular, all multiindices
a — [ in the right hand side of (2.8’) are interior points of . Then for any
e > 0 we can use the inequality (2.7) for the second sum in the right hand
side of (2.8%), i.e. independent on ¢ there exist some positive constants C

and Cj3, such that for all u € Wg’% 5
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la|

| %;1 CapD*PuD?gsl |1, , < eCollullyn, + C(e)Chl[ulls,, 5
aEe =

which together with (2.8") this implies the following inequality

lullw, < llellys, +<Col lulls, +CECsllulls, - (210)

Choose the number € > 0 such that 1 — eCs > 0, move the second term
from the right hand side of the relation (2.10) to the left hand side and
divide both parts of the received inequality by 1 — eCy > 0. We get with
some positive constants Cy and Cj

/
lullwg, < Callullyn, + Csllull, s Vu € Wyis.

Together with inequality (2.9) this proves the lemma. O

Remark 2.2 Let a polyhedron # be not completely regular. Then for
some multi-index o« € R and some 0 # § € N the multi-index a — (3 is
not an interior point of &. Then we can not apply Lemma 2.3 in the proof
of Lemma 2.4. In [19] an analogue of Lemma 2.4 is proved for the regular
polyhedron ® when p =2 . U

Theorem 2.2 Let R be any completely reqular polyhedron. The set
Cee = Cg°(E™) is dense in. W)

Proof. Let u € W, S := {z € E" : |z] < 1}, ¢ € Cg°(S51),
o(x) >0, [px)de=1, >0 and ¢.(x) = " p(x/e). Now we put

ue () =k e = /U(x —y)e=(y)dy = 6”/u(x —y)ely/e)dy.
It is well known (see, for instance, [3, section 5|) that u. € C§° and
||u — ue||z, = 0 as € = 0. To complete the proof of the theorem we shall

prove that

lu = uellyn — 0 as e = 0. (2.11)
P,

Since D*(u.) = (D%u). we have

lu = uellwn, = Y 11D (w = u)lr, ; = Y [I[Du = (D*u)c] gsllr,, <

aeR aceR

< D D) gs = (D) gs)elln, + Y [1((D*u) g5)e = (D*w)- gs|lr,,- (2.12)

aeR aceR
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Since (D%u) gs € L, for u € L,, and o € R, and a function in L, is mean
continuous (see, for instance, [ 3]), we get

> II(D%u) gs — (D*u) gs)ellr, = 0 as & = +0. (2.13)

aeR

The proof is completed by showing that

A= I((Du) g5)- — (D) gsl|1, — 0 as € — +0. (2.14)

aeR

Since . € C§°(S:) for any € > 0 hence

4= / (D*u)(z — ) lga(x — y) — g5(2))g=(v)dlyl |1,

a€eR

In view of the inequality (2.4) it follows when 7' = ¢

A <o) | /(D"‘U)(x —y) g5(x — y) pe(y)dyl|L,

acR

Applying here Young’s inequality, we get

A < 00 SN (D) gillz, Il el

aeR

Since u € W5 and || ¢.||1, = 1 for any > 0, it follows that A, — 0 as
e — 0, i.e the relation (2.14) is proved. Besides since (2.13) and (2.14), our
theorem is proved. U

B) In the present subsection even numbers m and ms (m > msg) are
fixed and we denote by R = R(m, my) C R™" the Newton polyhedron with
the vertices (0,...,0), (m,0,...,0),..., (0,...,0,m) and (m,ms,...,0). It is
easy to verify that R is a regular (but not completely regular) polyhedron.

Let us introduce some weight functions and weighted multianisotropic
Sobolev spaces connected with the polyhedron R = $(m,ms) and the do-
main Q, = {z = (z1,2") = (v1,72,...,7,) € E" |z;] < k} for a given
k> 0. Namely, as a weight function we consider a function g € C*(—1,1)
of one variable ¢t € E! such that

1) 0<g(t) <1, g(—t) = g(t) for t € B! and g(t) =0 for |t| > 1.

2) Let k >0 and g,(t) = g(t/k). Then

g (t) == D'g.(t)] = & (D'g)a(t)
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for t € (—k,k) and for all | = 0,1,.... It is easy to verify that such a
function is the following one (for any k € N) g(t) = 1/(2k)!(1 — t**) for
te(—1,1) and g(t) =0 for |t} >1.

Let R’ be the set of multi indices o € R such that (aq,a”) € R, (o +
1,a") ¢ R.

We introduce an integer valued function d(«) with the domain R NN,
which satisfies the following conditions:

1) d(oy £1) = d(a) £1 for any [ € N such that oy — [ € Ny,

2) d(a) <m for ¢ € R\ R and 3) d(a) =m for a € .

Such a function for the polyhedron R(m,ms) were constructed in [22].

Note that for a polyhedron R, which corresponds to an isotropic Sobolev
space W (for example, when my = 0 in the polyhedron $(m,my)) the
set N’ coincides with the set {a € R, |a] = m}, and d(a) = |a| for any
aeR.

Let 1 < p < 00, £ > 0, polyhedron R = R(m,my), domain 2, and
functions g and d be defined as just above. Denote by ng’gd(Qn) the set of
functions u locally integrable on €, with a finite norm

lullyz sy = S 1D |10, (2.15)
acd
Theorem 2.3 The set C°(2,) is dense in Wb ().
Proof. Let a function u € W%(Q,) be fixed. By the definition of the
improper Lebesgue integral, for each € > 0 there exist numbers 6 € (0, k)
and M > 1 such that

HuHWg?,gd(QN\QQJ_(;) <e, (2.16)

where QM . = {z € E",|r1| < k =4, |z;] < M,j =2,...,n}.

For the fixed k, 6 and M we construct nonnegative functions s €
Cs°(E') of one variable z; € E!', and ¢y € C5°(E"!) of variables 2" =
(73, ...,2,) € E"! such that

1) ps(z1) =1 for |z1| < k — ¢ and ps(x1) = 0 for |xy| > Kk — /2,

2) Y(2") = 1for |x;] < M and ¢(2") =0for |z;| > M+1 (j=2,...,n),

3) for a number b > 1 and for all x = (z1,2") € E"

P < b6 (j=0,1,....m); |D* (") <b (|| <m).

The existence of such function 1 is obvious. To construct the function s
we denote by y 4 the characteristic function of the set A = A(k,d) = {|z1] <
k—30}and putforw: 0 <w € C°(—1,1), [w(@)de =1, w.(z) = w(&)

@5(r1) = (xa * Wsya)(T1) = /XA(% — tws/a(t)dt =
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o0

= /XA(Z) ws/a(w1 — 2)dz. (2.17)

—0o0

It is obvious that ps € C§°(E!). Firstly we show that s satisfies the
condition 1). Let |z;| < k — 4. Since |t| < §/4 and |z; — t| < |zy1] + |¢]
<k—06+06/4=r—26hence xa(x; —t) =1, and from (2.17) we have for
21| <Kk =196

5/4 5/4
ps(71) = / ws/a(t)dt = / (5/4)_1w(ﬁ) dt = 1.
—3/4 —5/4

Let now |21 > £—04. Then |z —t| > |z1|—t > k—6/2—0/4 = k—Kk—3 6,
therefore x4(z1 —t) = 0 and it follows from (2.17) that ¢s(z1) = 0. Thus,
condition 1) is proved.

Let us prove the property 3) of function ¢;. From (2.17) and from the
definition of the function x4 we have

k=36 k=36
4 4
4 T —Z
eo) = [ wp@m—na=3 [ wBEe
—(r—36) —(r—3 )
Therefore
n—%cS
; o
Wa=3 [ Dheie-
—(H—%(S)
nfgé n7%6
G [ i@ he= Gy [ W
) 1 5/4 )
—(H—% d) —(n—% )
Then

. 4. 7 , ;
o5 (@) < (5 / WD)t = C;677 (j=0,1,....m).

Denoting by b the maximum of the numbers {C;}, we get the property
3) of the function ¢s. After the construction of functions ¢s and ¢ we put
v(x) = u(x)ps(x1)(2"). Then suppv C QNM_(S/Q.
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It is assumed henceforth that for all & € R the functions D*u are con-
tinued by zero outside of .. We denote by D%*u the continued functions
too.

Since v(z) = u(x) for v € QY ; , and D*u € L, for e € R, we obtain by
(2.16)

Z |(D% = D%u) gg(a)’|Lp(1E") = Z (D — D%u) QZ(Q)HLP(E"\QM ) =

Kk—6/2
acR acR

S ZH |D0‘v gg(a) | |LP(E"\Q£7 ) + ||Dau gg(a) | |Lp(]E”\Qf:I ) S

—5/2 —6/2

aceR
< S0 ule) @ (00) e 62 gy emanr ) Fe. (218)
aeR

Since g (1) < (26)/k for z € supp(ps ¥) N (2 \ QY ;) and gl@ <

gg(ﬁ ) for B < a, applying the Leibnitz’ formula and properties 1) - 3) of
the functions s and v, we obtain for the first part in the right - hand
side of (2.18) with a constant A; = A;(k) > 0

> IID°ulw) o (1) (")) 9Ol @y, ) <

aeR

< Z Z Co|DPu(D* =1 p5) (D32~ . Dy ~Frp) gz(a)HLp(E”\QQ/f ) <

—5/2
aeR f<a

oa— — (1 — 5 o1 — o
< chglﬂ 5|5 (1 —P1) (E> 1—B1 ||Dﬁugff( )||Lp(E"\QL” )S

—5/2
aeR f<a

< A Z || D%u Qg(a)||LP(En\Qg{6/2) < Ae.
aeR

From here and (2.18) we get

> (D% = Du) g, @ < (Ay + 1) (2.19)
acd
Let h > 0, S, = {z € R",|z| < h}, 8 € C5°(S), 0(x) >0, [O(x)dx =1,
On(z) = h=20(x/h) and vj, = v * 0),.
It is easy to see that v, € C*(E") for h > 0, where v,(z) = 0 for = #
supp v U S,. On the other hand since supp v U S, C Q, for h € (0,5/4) we
have v, € C§°(§2,) for h € (0,0/4).
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Since gx(z1) < 1 and v € Wh4(Q,), we obtain D*v € L,(E") for all
a € R, where (see, for instance, [3] 6.3. (2)) D%(vy) = (D*)p,. Then by
Yung’s inequality and by the continuity in the mean of functions from L,
we get

Z |D* (v, — v) gg(a)HLp(E") < Z D*(vp — ) ||, @) =

aeR aER

= > [(D*0)p = D0 ||, em <> sup |[D*(x — y) — Daw() ||, @ — 0

aeR aER lz|<h

as h — 0.
Since € > 0 is arbitrary, from (2.16) - (2.19) we complete the proof of
the theorem. 4

2.4 Semilocallity of weighted multianisotropic Sobolev spaces

It is easy to verify that classical Sobolev spaces (isotropic or anisotropic)
are semilocal. It turnes out that for the multianisotropic Sobolev space
me = WX(E") generated by a regular polyhedron R, weighted spaces
Whis = Wf s(E") and W4(Q,.) considered in the section 2 are also semilo-
cal. Indeed, by applying Leibnitz’ formula one can easily prove

Theorem 2.4 Let R be a reqular polyhedron forming spaces W;R and
W2Es, and let R = R(m, my) (see point 2.2.B) be the polyhedron forming the
space Wf’gd(QH). Then these spaces are semilocal, i.e. if u belongs to one
of those spaces and ¢ € CP(E") (p € C3°(Qy) in the last case) then pu
also belongs to the corresponding space. U

C) In this point we consider a two dimensional multianisotropic weighted
Sobolev space with bounded domain 2 C E2. We prove the semilocality in
a limited sense of such space.

At this point, the natural numbers [ and m (I < m) and, as a conse-
quence, the polyhedron ® = R(I,m) = {v € N2, v; < I, v; + v < m}
will be fixed. The polyhedron R is a regular quadrangle in R* * with ver-
tices (0,0), ({,0), (I,m — 1), and (0, m). Note that the polyhedron R is not
completely regular since the one dimensional side [(,0) — (I, m — )] of quad-
rangle R is perpendicular to semi axis (0, 1), or what is the same, the second
coordinate of outward normal of this side is zero.

Let a and b be positive numbers and [] = [](a,b) = {(z,y) € E?,
x € (—a,a),y € (—b,b)}. It is easy to see that a linear transformation of

119
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coordinates does not change the type of Newton polyhedron. Therefore by
linear transformation © = x, y = by, one can pass from the rectangle [[(a, b)
to the rectangle [[ = [[(a) :=[](a, 1).

Finally, as a weighted function we consider the function g(t) = 1 — ¢ for
t| < 1 and g(t) = 0 for [t| > 1 and for p € (1,00) denote by W2 ([]) :=
Wpﬁ(gl’m)(n(a)) the set of functions u € L,(]]) with a bounded norm

lellws,qp = Y ID*u g™ W)L, qp- (2.20)

aeR

By regularity of the polyhdron R and definition of the weight function g
it follows that ng , 1s a weighted Sobolev type Banach space.
By ng o(IT) we denote the supplement of the set Cg°(]]) by the norm

(2.20) and by ngg’ weIT) the set of functions u € Wlfg(l_[/) for any o’ €

(0,a), where [ =[[(¢) := {(z,y) € [[; =’ <z < d'} C]].

Remark 2.3 It is easy to see that u € W2  ([]) if and only if

, 9, loc
u(z,y)(x) € WE (I]) for any ¢ € C5°(—a, a). O
Below, in the proof of Theorem 2.4 we will use following simple assertions
(for proofs see [23]).
Lemma 2.5 Let§ € (0,1), m €N and k,n €Ny, k+n<m. Then
1) g"(t) < (20)" foranyt:1 -6 <|t| <1
2) g" 7R (t) < (20)"g™F(E) forany t 1= < |t <1
3) There exists a number o = o(m) > 0 such that

|ﬁ gm(t)| < ng_k(t) Vit € (_17 ]-)a (k =0,1, 7m)

Lemma 2.6 Let 6 > 0. There exists a function vs(t) such that

1) vy € C(—1+6/2,1—5/2); 2) 0 < vs(t) <1Vt eEY

3)vs(t) = 1; for|t| < 1—0; 4) for each k € Ey there is a number Cy, > 0,
independent of 0, such that |U§k) )| <CréokvteE!, (k=0,1,..). O

Theorem 2.5 Letu € W% | (T]) and 1 € C(—a,a). Then

D, g, loc

u(z,y)Y(x) g™ (y) € Wzieg (H) :

Proof. Let § € (0,1), and the function vs(y) be chosen by Lemma 2.6,
di =max {Cy; 1 <k <m} and [[; =[](a,1)\ [[(a,1 —6). Then, by the
property 3) of the function vy it follows

= [|u(z, y) () " ()1 — vs(W)]llwg,qp =

= [lu(z, y) ¥(x) g™ (y)[L — vs(W)lllws ,(q1,) =
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= D ulz,y) () g™ () (1 = 05 ()]l q1,)-

a€eR

Let us apply the properties 2) and 4) of the function vs and Leibnitz’
formula to estimate the expression I. We get (below || - || = || - |[z,(1,))

1<) (D ule, y) () g™ ()]l +

aeR

+d Y Y CREETRIDY = (0, 8)[ulz,y) $(x) g W),

a€R, ag>0 Ba=1

where {Cf } are binomial coefficients. By applying once more Leibnitz’ for-
mula we obtain

I <) 1D ulz,y) (=) g™ ()]l +

aeR

+ > > O D OBz, y) (@) [DP g™ (y)]| -+

aeR, az>0 fo=1

b Y3 OB DR OB () (a) g ()] -+

a€eR, ag>0 fa=1

g ag—fB2
+ Y Y sl DO u(z, y) (a) D™ (y)]]|}
aeR, a2>0 f2=1 yo=1

= Il + dl [2. (221)
By Lemma 2.5 we get for the term [,

L< Y |ID[u(z,y) () g™ ()]l|+

aeR

fo Y OB DO (e, y) () (Dm0

aeR, ag>0 Ba=1

Analogously, for the term [, we have with a constant o1 > 0

L 33 CE5 (20D OB (e, ) ()] ¢ )]+

a€eR, az>0 Ba=1
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az—[2
Z Z 5P Z 25)*52HDa*(O,ﬁzJﬂz)[u(x?y) 1/)(:6)]9m752772(y)]”-
a€eR, aa>0 fo2=1 Y2=1

Grouping corresponding terms in the estimates for I; and I, we get from
(2.21) with a constant ds > 0

1<dy S5 1D OB (e, ) v(@)] g 2. (222)

a€eR B2=0

Since m — By > | — (0,52)| for a € R : 0 < By < g and g(y) < 1 for
ly| <1 by the definition of function g we have

9" 2 (y) < gl OBl(y) Wy € (—1,1). (2.23)

On the other hand, since the polyhedron R is regular, the set {a—(0, 5) :
ae R, 0< By < a} C R Therefore it follows from (2.22), (2.23) with a
constant ds > 0

I<ds ) ||D[u(@,y) ¥ (@)] ¢ W)l (2.24)
acR
According to the Remark 2.3 D%[u(x,y) ¢ (z)] ¢'*(y) € L,([]) for all
a € R. Besides, mes[[; — 0 as § — +0. Therefore the right - hand side of
(2.24) tends to zero as § — 40 i.e.

1= [lu(z, y) (=) " ()1 = vsW)llwp,qr) = 0 as 6 = +0.  (2.25)

Now we show that for every € > 0 there is a function ¢. € C§° such that

u(z, y) () g™ (y)vs(y) — =(, y)llwp,qp <& (2.26)

For the fixed functions u and ¢ we denote by ) the extension by zero
of the function w1 in hole space E2. Then the function w1 ¢™ vs will be
extended by zero in E? too. Further we will suppose that all these functions
are extended by zero in E? and omit in the notation the tilde sign.

Let supp ¢ C [—a+ A,a— A]; A >0 and (see Lemma 2.6) supp vs C
[—1+9/4,1—6/4]. Then

supp

P (
Let S; := {(x,y) € E%|z|* + |y|* < 1} be an open circle in E? 0 <
w € C3°(S1), [w(x)dz =1, h>0 and wy(z) = h~2w(z/h). Then (see, for
example [6])

up g™ us) Cl[—a+Aja— Al x [-14+6/4,1—§/4].
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supp  [ut) g™ vs) * wa] Csupp [uy vs] +supp wy
and putting hy = min {A,d§/4} we get for any h € (0, hy)

supp [u) g™ vs)] * wp C supp [u vs] + supp wy, C H (2.27)

Since (see [3, section 2] or [6, section 3]) [u1) g™ vs)] * wp, C C*°, in view
of (2.27) we have

[y g™ )] xwy € C( - (2.28)

Let us apply Minkowski’s inequality and properties of w to estimate the
following expression

Z [[D*[up g™ vs * wy] — D*[up g™ vs)]||L,qp =

acER
S / {D® [ g™ vs)(w— 21, y—22)— D g™ w5}z, ) ywn(2) |1,

<> sup D*utp g™ vs](- — 21, — 22)|,qp - lwnl| L. qp =
aeR IS

= Z sup Dup g™ vs) (- — 21, - — 22) ||, qp- (2.29)

aeR |z|<h

Since a function in L, is mean continuous, this implies that

> D [up g™ vs % wy] — D*ut) g™ vs)llL,qp — 0 as h— 0. (2.30)

a€eR

Let h € (0, ho) and ¢y, = [u(z,y) ¥(z) " (y) vs(y)] * wi(z,y), then

lu g™ = énllwe, qp = llu g™ (1 — vs) + ub g™ vs — Gullwa, qp <

< uw g™ (1 = vs)llwz,qp + llu v g™ vs — dnllwz, qp- (2.31)

In view of (2.25) one can choose the number ¢y > 0 such that for § < ¢
" €

lutp g™ (1 — vs)|lws, qp < R (2.32)

On the other hand in view of (2.30) for the given number Jy one can
choose the number h € (0, hy) such that
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. (2.33)

N ™

[utp g™ vs — nllwz, qp) <

The relations (2.31) - (2.33) implies (2.26), which completes the proof of
Theorem 2.5. O
Remark 2.4 One can consider n— dimensional polyhedron

R=R({Im,...m)={veNv <, |v|=ve+ ... + v, <m},

n— dimensional right parallelepiped

TT = [T(a:b2 b)) = {(2.9) = (2,2, s ya) € R,

r € (—a,a), y; € (=bj,b;) (j=2,...,n)}

n— dimensional space W} (T]) = Worldmmesm) (T (@, by, ..., by)) and prove
an analogue of Theorem 2.5. But here we prefer 2 dimensional case by
technical reasons. U

We present two examples showing that for nonregular Newton polyhe-
dron # the multianisotropic Sobolev space W () in general is not semilocal.
The first example refers to a bounded domain, and the second one to an un-
bounded domain 2. In preparing these examples, the author consulted with
Professor V.N. Margaryan, for which he expresses his deep gratitude to him.

Example 1. Let n = 2 and R be the Newton polyhedron of multi -
indices (0,0), (1,0),(0,1),(2,1) € N2. Tt is easily seen that R is a nonregular
quadrangle (the projection (2,0) of the vertex (2,1) of R on the axis Oa; does
not belong to R).

Let u(z) = u(zy,2q) = 5511/3 + 29, and A} = {-1 <2z <1, -1<
7y < 1}. Then a simple computation shows that wu, D %y, DOy, D@y,
belong to La(A;), and D0y = %m;2/3 ¢ La(Ay).

Let ¢ € Cf°(A1), ¥(x) = Y(x1,22) = x9 for x € Ayp. Since
DO Yy(x) =1 for x € Ays, it follows that

D@”wu»mw>=gD““w@ym”3=§wf“¢LxAn,

ie. Yud¢ WR(AL), which means that WJ(A;) is not semilocal. O
Example 2. Let a polyhedron R be as in Example 1, and the function
f € C§°(—1,1) be chosen such that

1

A(f) = /[f(t) + 5tf(t) + 2t f"(t)]2dt # 0, (2.34)

-1

w(z,y) =23 f(23xs); Q= {(z1,72) € E? |21 <1, —00 < w3 < c0}. Then
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[ull2, 0 = / / P2 (2 0y dordey = / 2| / (2 22) das)da, =
Q

|z1]<1 —0o0
- / 2 | / P2 2)d(? )]s = / 2 | / (e 02) das)da: =
lz1]<1 —00 |z1|<1 |22 2| <1

_ /le [/1 F2(r)dr]dz, < oc.

For D' % we have D%y = 221 f(22 2) + 22 (22, 22) f (22 25), where

//|J:1f $1 T | )|“dxy dxy = / / zl T | d(:x1 To)]dxy < 00,

[z1]<1 |22 22|<1

//1:1|x1x2| |f $1$2 \ )|“dxy dxy = / / !f \ )|“dr]dz, < oo.

lz1|<1 |r|<1

Therefore D% € Ly(Q). It is obvious that DO Yy = x4 f'(z?z,y) €
Lo(9).
For D% % and D®Y we have respectively

D>y =2 f(23 2) + 10(2] 23) f (2] 22) + 4 (2] 22)? [ (2] 22);

DD = 42 12 f (a2 a) + 18 (e 22) £ (e21) + 4 (a2 0)? £ (a2 )]

Denoting by x; = xq, JC% Ty =1, h(r) = it f(k_l)( ) (k=123
have for each £=1,2,3

3) we

1

1
/ / 22 |2 2P |y (22 )Py diy = / 2 / () [2dr )y < oo,
Q —1

i.e DUy € Ly(Q).
As for D*%, we get by the condition (2.34) that

d
//|D2 Qul?dry dy = (f) x; = 00,
Ty
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ie. D*% ¢ Ly(Q).

Taking a function 1 € C§°(Q2), as in Example 1, where A1/, C Ay C €,
we get D> (Yu) = ¢, D*u+1p D*'u = D*>%u+1p D*>'u for z € Ayj. As
above one can see that ¢ D*'u € Ly(Q2) and since D*°u ¢ L,(Q) hence
D% (hu) ¢ Ly(Q), ie. WE(Q) is not semilocal. d

3 Behavior at infinity of polynomials of
many variables

Let ® = R(P) be the Newton polyhedron of the polynomial P(§) =
P&, ..,&), RE(i=1,..., M, k=0,...,n—1) be its principal faces, and

PR =) qat”

aG?Rf

be subpolynomials corresponding to the principal faces R (i = 1,..., My,
k=0,..,n—1). Aface R (1 <i< M, 0<k<n-—1) is called nonde-
generate if P“*(£) # 0 for all £ € R™?. If all principal faces of R(P) are
nondegenerate, P is called nondegenerate. In [ 45] it is proved

Theorem (V. P. Mikhailov) Let a polynomial P with the complete
Newton polyhedron R = R(P) be nondegenerate. Then a) P € 1,,, b) there
s a constant C' > 0 such that

ol <Cli+|PE)) Vé € R
aER

First we prove two elementary statements, which give necessary condi-
tions for P € 1,.

Lemma 3.1 If the Newton polyhedron ® = R(P) of a polynomial P
is not complete then P ¢ 1,,.

Proof. Since R is not complete, R has no vertex on one of coordi-
nate axes of R", for example on axis (0,&;). Then P(§°) = P(s,0,...,0) =
const (s = 1,2,...) while [{|® =s — 00, as s — 0. O

Mikhailov’s theorem together with this lemma solves a problem of P €
I, for nondegenerate polynomials P. Namely: a nondegenerate polynomial
is in L, if and only if the Newton polyhedron R(P) is complete. U

Let 0 # A € R". A polynomial R(£) is said to be A—homogeneous of
degree d()\) if for any € € R™ and t > 0, R(t*¢) := R(tM &y, ...t &)
=t R(£). For A—homogeneous polynomial R(£) we put N(R) = {n €
R™% |n| =1, R(n) = 0} and for n € X(R) denote A(n) = A(n,R) = {v €
Ng; D"R(n) # 0}, A(n) = Ay, R) = max (A,v).

(n)
In [ 45] it is also proved that a subpolynomial P%*(¢) of a polynomial

P(§) is A—homogeneous for any A € A(RF), where A(RY) (1 < i <
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My, 1 <k <n—1) is the set of outward normals of the face %f of Newton
polyhedron R(P).

It is obvious that for any principal face R¥ (1 < i < My, 1 < k <
n — 1) of the complete polyhedron R(P) of the polynomial P(£) and for
any A € A(R¥) the polynomial P can be represented in the form of sum of
A—homogeneous polynomials

N(N) N(X)
PO=Y_PO=> > & (3.1)
j=0 =0 (X, a)=di(\)

where P;(&) = Pj(&,N) (j = 0,1,.., N(N), Bo(§) = Poko(g), do(N) >
di(A) > .. > dy,—1(AN) > dyy(A) = 0 > dy, 1 (A) > .. > dy(N) and
Pi(§) =0 (j = Ny +1,...,N) when the face R is regular or completely
regular.

Remark 3.1 One can verify that a) for any polynomial P € I, with
real coefficients there is a number r > 0 such that either P(§) > 0 for all
€] > 7, or P(§) < 0 for all |{] > 7, b) polynomials P(£) and |P(£)|?
simultaneously belong or not to I,,. Therefore without loss of generality in
the sequel we assume that I,, consists of polynomials with real coefficients
such that P(§) > 0 for all £ € R™.

Let I' .= %fg (1 <ip < Mg, 1 <ky<n-—1) be a degenerate principal
face of the complete Newton polyhedron £ = R(P) of the polynomial P
and n € X(I'). Let for A € A(I') polynomial P be represented in the
form (3.1). Define the number J = J(I',n, A) as follows: 0 < J < N(A),
Py(n) = ...P;_1(n) = 0 and P,(n) # 0.

Lemma 3.2 Let ® = R(P) be the complete Newton polyhedron of a
polynomial P € T,, with principal faces RE (i =1, ..., My, k=0,1,...,n—1)
and I' := %ZE’ (1 <y < Mp,1 < kg <n—1) be a degenerate principal
face. Then a) P"F(&) > 0 (i = 1,..., My, k = 0,1,...,n — 1) V¢ € R",
b) let for each A € A(T") polynomial P be represented in the form (5.1),
then b.1) dywny > 0 (or, what is the same, J(I',n,\) < Ni()\)) and b.2)
PJ(F’n’A) >0 fO’f’ all ne Z(F)

Proof of point a). Suppose to the contrary that Pit*i(n) < 0 for
some pair (i1,k;) and some point 0 # n € R*. Let A\ € A(R" ) and
€ = s (s =1,2,...). Represent polynomial P in the form (3.1), then by
A—homogeneity of polynomials {F;} and conditions do(\) > di(A) > ... >
dy()\) we get P(&%) = Pvki(n) soM[1 + o(1)] - —oo0 as s — oo, which
contradicts the assumption P € I,,.

To prove the point b.1) suppose that dyr 00 < 0 for a pair (X°,7°)
(A € A(T), n° € ©(I)). Acting as above we obtain P(¢£%) = P(s* 1°) =
Pivk(p0) shra®50[1 4 o(1)] as s — oo, which means that the sequence
P(&°) is bounded, whereas |£°| — 0o as s — oo. In the same manner we
can prove the point b.2). O
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So, let P be a degenerate polynomial, i.e. the Newton polyhedron =
R(P) of P have degenerate principal faces. Without loss of generality one
can assume that all of the principal faces of $(P) are nondegenerate with
the exception of one principal face I' .= %fg

When a polynomial P is degenerate, the partial solution of problem
P €1, is given by the following statement

Theorem 3.1 Let ® = R(P) be the complete Newton polyhedron of
the polynomial P : P(§) > 0 VE € R™. Let all the principal faces RY (i =
L., My, k=0,1,...,n—1) of R except of the principal face I' := %fg (1<
ip < Mg, 1 < kg <n—1) be nondegenerate, and the face I be degenerate.
Let J(I'y,n,A\) =1 forall N € A(I') and n € X(I'). Then P €L, if and
only if di(T'yn,\) >0 and Pi(n) >0 for all A € A(T') and n € 3(T).

Proof. The necessity is contained in Lemma 3.2. To prove the sufficiency
we apply the method of V.P. Mikhailov, applied to the nondegenerate case,
and modified by us for degenerate case (see [45] and [ 33]). Suppose, on the
contrary, that there exist a sequence {£°} and a number C' > 0 such that
€] = 00 as s o0 and |P(&%)] < C (s=1,2,...).

It can be assumed without loss of generality that all of the coordinates
of the vectors {£*} are positive. Let

In &
In ps’

ps = exp Z(ln £ N = i=1,..,n, (3.2)
j=1

then & = pX (& = pa', i = 1,..,n), A° being the unit vector (s =
1,2,...). Clearly ps — oo if || — oo, or if a coordinate of £* tends to
Zero.

Sins the vectors A® lie on the unite sphere, then the sequence {\*} has
a limit point A*°. It can be assumed that A* — A\*>°. From the convexity of
R(P) it follows that A*° is an outword normal to one and only one face of
R(P).

We take in R" a basis (eb!,el? ...,eb™) in which e!'! = A\*°. Then
A =X k5 el and because of A — A = el! as s — oo, it follows
K] ;= o(ki;) = o(l) for i=2,3,... n.

If ¥} ykf ,eb* =0 for sufficiently large s then we denote by (e', ..., e")
the basis (eb!,eb?, ..., el™) . Otherwise it can be assumed that

n

s 1,2
E ki€ "' #0
=2

for all s € N and that, as s — oo,

[Z?:Q’{iiel’i]/m?:ﬂiiel’i — % |€2’2| =1
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We go over in the subspace spanned by (e?,...,e!™) to a new basis
(e*?,...,e*™). Then
n
s _ s 11 s 20
AP =kj e + g Ky €7,
=2
3 3 S _ S S P S N
where it is clear that k3 , = o(k7 1), K5 ,; = o0(K3 1), as s = 00,i=3,...,n.
Proceeding analogously in a subspace with basis (€23, ..., e*") etc..., we

n
obtain (after the corresponding re - notation) \* = > kfe’, where K —
i=1

1, kj,,=o(k]) (1=1,..,n—1),as s = o0.

We note in this connection that there exist natural numbers sy and m
such that for all s > sy we have x{ > 0 (i = 1,...,m) and w{ =0 (i =
m+1,...n) m<n.

Let §Rfll, §Rf22, s §Rfm denote the faces of R(P) satisfying the condition
that %fll lies in the hyperplane of support of R(P) with outward normal
el, 3%,’;2 lies in the hyperplane of support of %Zl (treating as an isolated
object) and either coincides with %fll, or is a subspace of §Rf11. If there is
more than one subface of 9%?11 with normal e?, we take as %f; the subface
containing the point « at which the value of (€2, ) is maximal, and so on.

From the construction of the faces R, R, ..., RI™ we see that their

71 12 7 °
dimensions are nonincreasing: ky > ko > ... > k,, and (see notation (3.2))

ﬁ:lnjej
£ =ps (s=1,2,...), (3.3)

where p; — 00, as s » o0, and fora r (1 <r<m)and b>1

p:? — OO (] = 17"'7T)7 p:fdrl - b7 (S = 1’27 )

For r=m=n weput s, =0 (s=1,2,...).

Let, as above, P%*i(¢) denote the part of the polynomial P whose
multi indices belong to 3?217,
to all of the %Z] (j=1,..,m), ie. € %f:j We will study the behavior of
the polynomial P, as p; — oo,, and {&*} which is defined by the formula
(3.3). The index s will be omitted for the sake of simplicity in notation.

Then from the e/homogeneity of the polynomials {P%*i(£)} and from
the convexity of R(P) and its faces, we get for certain positive oy, ..., 0,

and 1 <r <m<n (e""! is a unite vector)

and let o denote an arbitrary point belonging
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T . n+1 .
(a, > Kkj€) . S kel
w=p PR () o(pm ) (3-4)

n+1
Kkj el

Since p"+t — b > 1, it follows that ,ofgz+1 ot = n. Clearly,
0<m <oo(i=1,..,n) (in accordance with the definition of 7; (i =1 <
i <n)) as finite powers of a positive number).

We consider two cases: a) (e',a) > 0 and b) (e',a) = 0. The case
(e',a) < 0 is impossible, as the equation for the hyperplane of support
with outward unit normal A of a polyhedron R can be written in the
form (A, a) = d, where d > 0 is the distance from the origin to the given
hyperplane and « is a roving point of the hyperplane (see, for example, [1]).

Case a). Firstly, suppose P *(n) # 0. Since (e!,a) > 0 and k; =
o(ky) for i = 2,..,n as s — oo, we eventually have (a,¥fr;e’) > 0
beginning at some number sy. Therefore (3.4) implies

(, 32 kyel)
PE&)=p = [P"F(n)+0(1)],

which means that |P(£%)| — oo as s — 0o, and contradicts our assumption
on the boundedness of {|P(£°)|}.

Suppose now P *r(n) = 0. Since (e!,a) > 0, the face R}" is principal,
hence ﬂ?f: coincides with the degenerate face I' and n € 3(I"). In this case
we represent P in the form (see (3.1))

P(&) = Ro(&) + Pi(§) +r(8)- (3.5)

Since Fy(§) > 0 for all £ € R™ and Py(n) = P;(n) > 0 for all n € X(I)
it follows from (3.4) that for sufficiently large |¢|

n+tl n+1 n+1
> kel . DI DI
Po((p=r+t 7)) = Plr(p=rt ) >0, Pi((p= ")) >0. (3.6)

On the other hand since d;(I';\) < dy = di(I',\) (i = 2,3,...) and
dy > 0 hence 7
(&)l = o(p™) as [¢] = 0. (3.7)

From (3.4) - (3.7) we get |P(£%)| > C pd* |Py(n)| for sufficiently large |£°|
with a constant C' > 0, i.e. |P(£%)| — oo, as [£*| — oo which contradicts
our assumption on the boundedness of {|P(£%)|}.

Case b) (e!',a) = 0. In this case the face whose outward normal is e!
clearly passes through the origin and hence is not a principal face of R(P).
Consequently e} <0 (i =1,...,n). In this connection, if a nonprincipal face
with outward normal e! has the dimension [, then ! among the numbers

ei,...,el are equal to zero the remaining numbers being negative. It can
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clearly be assumed without loss of generality that ej = ... = ¢ =0, €, <
0,...,el <0. Since

n

ej = lim In &/ (In &> <0 (j=1+1,...n),

k=1

we have & < 1 (j = [+ 1,...,n) beginning at some point. On the other
hand, since |{| — oo, we have & — oo for a certain ¢ € [1,(]. But since
e} = 0 for those i, it follows (at least for a subsequence of sequence {£°})
that &; — 0 for at least one j € (I, n].

Suppose (after modifying the notations) & — oo,...,&, — o0 (lp < 1)
and &1 = 0,...,&,4, = 0 (lo+ 14 < n). Let ¢¥(§) = maxy<j<, &, then,
clearly,

n

Iy (€)/1) (I &)*% =0 (as [€°] = o). (3:8)

k=1

On the other hand, there exist positive constants M; and M; such that

My <3 n &) lin (e < M (3.9)

It follows from (3.8) and (3.9) that

n

> (n&)? /()] — oo (as [§°] = o).

k=lp+1

From this, by going over to a subsequence if necessary, we get that for
some j € [lop+ 1,n]

| &;l/nep(€) = oo (as [€°] = o0),

ie. |Ing| — oo "faster” than Iny(§) — oco. Hence for a ¢ > 0 & =
o([¥(8)]77) (as |€°] = o0), or, equivalently,

&I = 0 (as [€°] = o0) (3.10)

for any o >0 and as > 0.

Let € = (£,,...,&,), where fvj =0 if j satisfy the condition (3. 10) and
£; = & otherwise. As a result, the polynomial P(¢) = P(&,...,&,) turns to
a polynomial P(f) of less than n variables, the dimension of §E(P) is less
than the dimension of $(P), and the (generate or nongenerate) principal

faces of R(P) are those and only those of J(P) that are principal faces of
R(P).
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Thus, in the course of the proof of the theorem, the assumption of bound-
edness of the polynomial P leades either to a contradiction, or to a poly-
nomial P(€) and polyhedron R(P) in a space of the dimension less than
n. Repeating the arguments presented above in the proof of this theorem
with respect to the polynomial P (é ) and polyhedron ﬂv%(P), and so on, we
clearly arrive after a finite number of steps at either a contradiction, or the
assumption of boundedness of a polynomial of one variable with nonzero
main coefficient (for a one dimensional polyhedron R(P)). In this case the
contradiction is obvious. U

Remark 3.2 In the case J(I',n,A\) > 1 for a (n,A), the necessary
and sufficient conditions for P € I, (for polynomials of two variables) are
obtained in [20].

Remark 3.3 In the general case (n > 2) when J(I',n,A) > 1 for
a (n,A), by repeating the arguments presented above in the proof of this
theorem one can prove the following

Theorem 3.1 Let (as in Theorem 3.1) T be a (unique) degenerate face
of the complete Newton polyhedron of a polynomial P : P(§) > 0 V¢ € R™.
Let J(I';n,\) > 1, and for any n € 3(Fy) there exists a neighborhood U(n)
of n such that P;(§) >0 (j = 1,...,J(I',n,A\) — 1) for all X € A(T') and
e Un).

Then P € I, if and only if d;(TU;n,A) > 0 and Pj(n) > 0 for all
Ae A(T) and ne X(I).

Remark 3.4 Let the polynomial P satisfies the hypotheses of Theorem
3.1 and let Y(I') = {pu:pe R, \p) < JIT,nA) VA € A(T)}. By
applying the same method one can prove that there exists a constant C' > 0
such that

S &< C+ [P VE € R

vex(I)

4 Properties of the smoothness of solutions
of general partial differential equations de-
pending on the Newton Polyhedrons.

Let P(D) = P(Dy,...,D,) =Y v, D“ be a nondegenerate linear differential
operator with constant coefficients and let P(§) = P(&1,..,&0) = D Ya &*

be its characteristic polynomial (the complete symbol). Let & = R(P) be
the complete Newton polyhedron of P.
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Theorem 4.1 Let ® = R(P) be the Newton polyhedron of a nondegen-
erate operator P(D) (polynomial P(§)). Then 1) P is hypoelliptic if and
only if R is completely reqular, 2) P is almost hypoelliptic if and only if R
15 reqular.

Proof of the point 1. Let ® = R(P) be the comletely regular Newton
polyhedron of a nondegenerate operator P(D) (polynomial P(§)). Prove
that P is hypoelliptic. According Hérmander’s theorem (see point C)) it is
sufficient to prove that for any 0 # v € N}

|D"PE)I/IPE)] =0, as [§] — oo (4.1)

Since the polyhedron R is comletely regular for obvious geometric rea-
sons, it follows that for any 0 # v € N§' the points (multi indices) « €
(D" P) are nonprincipal points of the polyhedron R. It is proved in [45] that
for any nonprincipal point g € R

[€°1/ ) 1671 =0, as [¢] = oo.
aER
This, together with Mikhailov’s Theorem implies (4.1).

Let us prove that a polynomial with the noncompletely regular Newton’s
polyhedron (regardless of nondegenerateness) can not be hypoelliptic.

Note that noncompletely regularity of the polyhedron ® means geomet-
rically that the projection of some principal vertex of & on some coordinate
hyperplane either a) falls outside the limits of R (if & is nonregular), or b)
coincides with some principal vertex of ® (if R is regular).

Case a). Let e = (e!,...,e") be a vertex of R such that its projection
e = (0,...,0,e*1 ... e") on the coordinate hyperplane a; = ... = q; =
0(1 <k < n—1) falls outside the limits of R. Let us construct the
(n — 1)dimensional hyperplane which passes through the point ¢, does not
passes through the origin, and does not have any common point with ®. Let
A be the outward normal, and (A, «) = d be the equation of this hyperplane.
Then d >0, (\¢)=d, and (\,a) <d for all a € R.

Let v = (el,...,e* 0,...,0), for the vector )\, the polynomials P and
DY P is represented in the form (3.1) of sum of A—homogeneous polynomials,
a point 7 € R™ be chosen such that D'P(n) # 0, and & = s*'n (s =
1,2,...). Then

DYP(£°) = D"P(n) s% P(&°) = o(s?), as s — oo, (4.2)

i.e. the polynomial is nonhypoelliptic.

Case b). Let ¢ = (0,...,0,e*1 .. e") coincide with some principal
vertex of the polyhedron $. Then, constructing the (n — 1)dimensional
hyperplane supporting to & which passes through the point €', does not
passes through the origin, and does not have a common point with the
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polyhedron R, and repeating the previos arguments, we obtain the following
estimate

[DYP(E°)] = Cis%; [P(€7)] < Cos” (s =1,2,...),

we obtain that hypoelliptic of the polynomial P is not hypoelliptic.
Proof of the point 2) is completely analogous to the proof of the
point 1) so we omit the details. O

The following proposition shows that, in contrast to hypoelliptic poly-
nomials, which Newton polyhedron can have degenerate faces of any kind,
a Newton polyhedron of an almost hypoelliptic polynomial can have only
completely regular degenerate faces.

Theorem 4.2 Let R = R(P) be a reqular Newton polyhedron of a poly-
nomial P(€). Let all completely reqular faces of R be nondegenerate. Then
the polynomial P s almost hypoelliptic if and only if P s nondegenerate,
i.e. all noncompletly reqular principal faces of R are also nondegenerate.

Proof. We prove that under the conditions of the theorem, all principal
faces of R are nondegenerate. Since 0 dimensional faces (vertices) of R are
nondegenerate, we begin our proof with one dimensional faces. Let I' be
an one dimensional principal (but not completly regular) degenerate face of
R(P). We prove that P can not be almost hypoelliptic.

Let A € A(T"), and (A, ) = dy be an equation of the (n—1) dimensional
support hyperplane of the polyhedron R, containing I', and not containing
the points of 3\ I'. Since the face I' is not completely regular, A has at
least one nonpositive coordinate. Let A; < 0.

Put m; = max{ay; a €T}, Ty ={a €T; @ = my} and show that the
set I'y consists of a unique point, and hence is a 0 dimensional subface of
', i.e. a vertex of R. Really, if ' contains two different points o! and a?
with a7 = o, hence o' =m; for all a € T’ (since an 1—dimensional face
is uniquely determined by its two points). Then T' is perpendicular to the
Oay axis, i.e. Ay > 0, which contradicts our assumption.

Thus, I'; coincides with a principal vertex e = (my,es, ...,€,) of R.

With the help of a vector A, represent the polynomials P and Di"P
in the form (3.1) of sums of A—homogeneous polynomials and consider be-
haviors of these polynomials on the sequence £ = s*n = (sM1,...,s™) (s =
1,2,...), where n € ¥(I'). We obtain

P(E) = Rum)s® + Y- Bn)s" = 3~ Pn)s™, (4.3

DIPE) = DPBul€) + D 7€)+ Y DIA(E) -

acla;<my
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M
= e (mal) 2| 0707 £ 3 DY Py )t
j=1
Since A\; < 0, hence dy — \ymy > dy — A\ym; and as s — oo, these
relations lead to

[P(€)] = o(s™), |DT" P(€)] = e () [1g”.omy | 7M™ (1 + o(1)).

Since n5°...n5" # 0, the last relations show that P is not almost hypoel-
liptic.

Let now I' be a 2—dimensional principal (but not completely regular)
degenerate face of R(P), A € A(I') and let, for definiteness, \; < 0.
Introduce notation m; and I'y as above and prove that in this case either
[y consists of a unique point (i.e. is a vertex), or is a 1—dimensional subcase
of R(P).

Let us show that in the case when I'y contains more than one point, all
of them lie on one straight line. Suppose. to the contrary that there are
three points o/ € T', of = my (j = 1,2,3), not lying on a straight line.
Since these three points uniquely determine a 2—dimensional face I', that
means the plane passing through I' is perpendicular to the axis Oaq, i.e.
A1 > 0, which contradicts our assumption.

Since all subfaces of a principal face are principal, I'y is either 0— di-
mensional or 1—dimensional principal face of ® and in both cases the sub-
polynomial Py has a form

Po(§) = | Z + Z J7ag® =

acl,ai1=m; acl' a1 <my

=&, &)+ Y Tl (4.4)

a€cl, a1 <my

were in the 0—dimensional case q(n2,...,n,) # 0. If T'; is one-dimensional
completely regular face then ¢(ns,...,7,) # 0 by the assumption of our
theorem. If T'y is one-dimensional principal but not completely regular
face, then q(19,...,1,) # 0 since the part of the theorem already proved.

Considering behaviors of polynomials P and D7" P on the sequence
£ =sn=(sM,..,s") (s=1,2,..), where n € X(I'), for the polynomial
P we obtain the representation (4.3). For the polynomial D" P, according
to (4.4) we get

M
D P(E") = (m)q(na, ..o ma)s®™ +> " DI Py(n)s ™ (4.5)

J=1
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Since q(n2,...,m,) # 0, arguing as above one can show that (4.3) and
(4.5) leads that the polynomial P is not almost hypoelliptic.
If n > 4, arguing as above we prove that the polynomial P is nonde-

generate.
Almost hypoellipticity of a nondegenerate polynomial with regular New-
ton’s polyhedron follows from Theorem 4.1. Il

Corollary 4.1 Let the Newton polyhedron R(P) of a polynomial P be
an n—dimensional rectangular parallelepiped with the vertex in the origin.
Then P s almost hypoelliptic if and only if P s nondegenerate.

The proof is a corollary of a geometrical obvious fact: completely regular
faces of an n—dimensional rectangular parallelepiped with the vertex in the
origin can be only his vertices. U

Let now I' = R* be some degenerate face of the Newton’s polyhedron
R(P) of a polynomial P. For a A € A(I') and an n € X(I') represent
the polynomial P in the form (3.1) and introduce the notations J(I', A\, ),
A(P;, A\, n) and A(P;,A\,n) (j=0,1,....,J =J(I,\,n)) as in the point 3.

As a supplement of Lemma 3.1 let us prove

Lemma 4.1 Let I' = R¥ be some principal degenerate face of the
reqular Newton’s polyhedron R(P) of an almost hypoelliptic polynomial P.
Then for all A € A(I") and n € ¥(I)

dj(N) = AP, A\, n) < dyrpg (5 =0,1,...,J = 1). (4.6)

Proof.  We argue by contradiction. Suppose that for some values

of \,n,J = J(,\,n), and j € [0,J — 1] the inequality (4.6) is violated.

Assuming the pair (\,n) is fixed, omit (\,7) in the notation and denote
by jo the least of such j. Thus, let

Choose a multiindex 4 € N7 in such a way that D°P; (n) # 0 and
(A, B) = A(P;,). Consider polynomials P and D?P on the sequence ¢* =
s*n(s=1,2,..).

Since d; > dj, (j =0,1,...,50 — 1), it follows from (4.7) that A(P;,) <
A(P;) (j=0,1,...,50—1). Then P;(n) = D°P;i(n) =0 (j =0,1,...,jo — 1),
DPP;,(n) # 0 and according to the representation (3.1) and the inequality
(4.7) we obtain

P(€%) = Py(n) s + o(s%), as s — oo. (4.8)
For the polynomial D?P we get for all s € N

M
D6P<§S) — gLio—APy) DﬂpJO (77) + Z 54i—APrg) DBPJ(U).

Jj=jo+1
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Since d; < dj, (j = jo+1,..., M), it follows from here that
[DPP(E%)| = |DPPyy ()| s~ 20) (1 4 0(1)), as s — oo. (4.9)

Since DPPj,(n) # 0, the relations (4.8) - (4.9) together with (4.7) con-
tradict the almost hypoellipticity of P. O

Below, we get necessary and sufficient condition for almost hypoellipticity
of degenerate polynomials with regular Newton’s polyhedron. To simplify
our presentation we will consider only two-dimensional polynomials with
real coefficients. Firstly we present a simple statement needed below.

Lemma 4.2 Let A = (A, \2) € R?, Q&) = Q(&1,&) € I be a A\—
homogenous polynomial and n € X(Q). Then, there exist a neighborhood
U(n) of n, a natural number m = m(n), a pair of A— homogeneous smooth

functions r(&) and q(§) such that q(n) =0, Dy1q(n) Daq(n) # 0, r(n) #0
and

Q&) = (&) [a(©)]™ V& € Uln). (4.10)

Proof. Since 3(Q) consists of bounded number of (isolated) points
{n',...,nNe}, one can represent the polynomial @ in the form

Ng

Q) =r(&) [ —r; &) = qu (4.11)

J=1

where m; are natural numbers, x; # 0 are pairwise distinct real numbers,
() =0 (j=1,..,Ng), re C®(R?), r(§) #0 for £ € R™. O

We present an elementary statement which we will use in the proof of
Theorem 4.3.

Lemma 4.3 Let a,b,c,d,e be some positive numbers such that a < c,
e <c and (a—e)/(c—e) < b/d. Then for all > 1 and y € [0,1]
(x%°) [ (xy? + 2°) < 1.

Proof. It is sufficient to prove this inequality for such a,b,c,d,e for
which b < d and (a—e)/(c—e) = b/d. Dividing both parts of this inequality
by ¢ and replacing z°~¢ by = and y¢ by y we get an equivalent inequality
(zy)¥¢ < 2y + 1, which is obvious since b < d. Lemma 4.3 is proved.

Theorem 4.3 Let all principal faces of the regular Newton’s polygon
R(P) of polynomial P € Iy be nondegenerate, except of a (unique) com-
pletely reqular one - dimensional face T' = R} which is degenerate. Let A
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(which is defined uniquely) be the outward normal of T, and J = J(T,\,n’) =

1 (j=1,..,Np).
Then P 1is almost hypoellitic if and only if
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Proof. The necessity is contained in Lemma 4.1. To prove the suffi-
ciency, we assume that for some multiindex v € Ng and a sequence {£°} :
|€°] — oo and |DYP(&%)|/|P(£%)] — oo, as s — oo. In this connection it
is sufficiently to assume that |v| = 1 (see [20]). For definiteness one can
assume that v = (1,0). Thus, let

| Dy P(E)|/|P(E)| — 00 as s — 0. (4.13)
Proceedlng as in the proof of Theorem 3.1, we get &° = pnle et

KA H28

ps' ps**, where k8 — 1, k§=o(k$) and ps’ et —1n as s — o0.

In the case a) when PFr(n) # 0 we come to the contradiction as in
the proof of Theorem 3.1. If P (n) = 0 we get the one-dimensional
degenerate face I' with outward normal e! = X\ and with the point n €
().

By the vector A and point n € 3(I") represent polynomials P and D P
in the form (3.1) of sum of A—homogeneous polynomials (see also Lemma
4.2 and representation (4.10))

P(§) = Py(§) + Pi(§) +p(§) = (&) [¢(E)]™ + Pi(§) + p(§), 4.14)
DiP(§) = DiPo(§) + D1Pi(§) + Dip(§) =

= Dy[r(&) [a()]™] + D1 Pi(§) + Dip(E). (4.15)

First we prove that there are positive numbers Cy and C4 such that for
all se N

[D1Po(&°)] < Gol[ (€7 + [PL(E)]s [D1Pu(E)] < il AA(€)]. (4.16)

Let the number sy be chosen in such a way that 7° = p§§e2 € U(n) for
all s > sg. Then

Py(€7) = pii® Ry(r%) = pii®r(r%) [a(7)]™s Pi(€7) = pSi Pi(r). (4.17)

For the polynomials D F, and D, P, respectively

Dy Py(€°) = pSt @ {mlg(7)]" " Dag(7%) r(7°) + [q(7°)] " Dur(7°)}, (4.18)

Dy Py (&%) = pii ) Dy Py (7°). (4.19)
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Since q(7°) — q(n) as s — oo and 7(n) Pi(n) # 0, it follows from (4.16)
- (4.19) that with some positive numbers Cy and Cj

[Po(€7)] = Ca pi |g(r)|™s [P1(E)] = Co p1 ™, (4.20)

[D1IPy ()] < Gy pi0™ [g(79)[" Y [DLPL(E0)] < Gy pl1 A (4.21)

If m =1, then A(n, By) = min{\;, A2} and the condition (4.12) assumes
the form dy — min{\;, Ao} < d;. Therefore dy — A\; < d; and since k] — 1
as s — 0o, the estimates (4.16) lead immediately from (4.20) - (4.21). Thus,
in the sequel we assume that m > 1.

Reasoning as above, in this case we get A(n, Py) = m min{\;, A3} <
m A; and the condition (4.12) assumes the form

do —m A < m min{A;, A} < d;.
By the definition of the polynomial p(§) it follows that
(€)= o(pE™); [Dip(€%)] = o(piT ) as s — oo, (4.22)

It follows from (4.20) - (4.22) that to prove the inequality (4.16) it is
sufficient to show that there is a constant C; > 0 such that for sufficiently
large s

@D g (%) < Culpfi®g(r*)[™ + piiN]. (4.23)

Applying Lemma 4.3 for z, = p'ﬁ? ys = lq(m°)], a=(do—N), b=m—1,
c=dy, d=m, e=d; we get estimate (4.23) for sufficiently large s.

Note that the conditions of Lemma 4.3 are fulfilled since § — 1 p, — o0,
lg(7%)] — 0, as s — o0, i.e. zz — 00, ys = 0 as s — oo and

a—e_do—dl—)\1<m—1 b

c—e  do—d;, T m d
Since P € I, P;(§*) > 0 (j = 0,1) for sufficiently larges s, and the
relation (4.16) lead to contradiction with (4.13). O

Let the multianisotropic weighted Sobolev space W;% = Wpﬂi;(R”) be
defined as in subsection 2.2.A, k € N, R, ={kR=a € N} : o/k € NyNnR}

and

s =Wk, N(P.6)={ueW): (u,P(—D)p)) =0 Vp € C}.

k=1

Note that the set W5 is a Frechet space where W5 C C™.
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Applying Theorem 2.2 from [21] it is proved

Theorem 4.4 Let P €1, be a differential operator with constant coeffi-
cients and with the reqular Newton polyhedron R. Operator P is almost hy-
poelliptic if and only if there exists a number § > 0 such that N(P,d) C Wy5.

Let P(D) be a nondegenerate operator with regular Newton polyhedron
R = R(m, my), defined in subsection 2.2.B. It is easy to verify that P(D)
is almost hypoelliptic and simultaneously partially hypoelliptic with respect
to the hyperplane z” = 0. Let us introduce the multianisotropic weighted
space W 5(Q,) as in subsection 2.2.B, the set R, = R;(m,m,) for any
[ € N as above and denote by

N(P, k) = {u; DOy € Ly(Q,), |a"] < m, P(D)u=0on Q,}.

The following theorem is proved in [22] by applying Theorem 2.3.

Theorem 4.5 Let R = R(m,ms) be the reqular Newton polyhedron
of a nondegenerate operator P(D). Then there exists a number ko > 0
such that for any k > k, a) N(P,k) C WQS?%(QH) (Il =0,1,...) and b)
N(P,k) C C™(Qy).

Let P(D) = P(Dy, Dy) be a nondegenerate operator with regular New-
ton polyhedron ® = R(l,m) = {v € NZ,v; <1, vy + vy < m}, considered
in subsection 2.4.C. Let the rectangle [ = [[(a) = [](a,1) and the multi-
anisotropic weighted space WI (I]) = ngg’m)(n(a)) be defined also as in
the subsection 2.4.C.

For j = —1,0,1,2, ... we denote ®; = {v € NZ, vy <1, |[v| < m+ j}.
It is obvious that R; is a regular quadrangle (j = —1,0,1,2,...), where
Ro={ve N, vi <l, v1+vs <m—1}.

Applying Theorem 2.5 the following theorem have been proved in [23]

Theorem 4.6 Let P(D) be a nondegenerate operator with the reqular
Newton quadrangle R and the function [ satisfies the following conditions

Dif g™ € Ly(] [(d), Vj €Ny, Vd' € (0,a).

Then, any generalized solution u = u(x,y) € Wf;loc(n(a)) of the equa-
tion P(D)u = f is an infinitely differentiable function in [[(a) with respect

to the wariable y € (0,1).

Acknowledgements This work was supported by the State Committee
of Science (Ministry of Education and Science of the Republic of Armenia)
project SCS N: 15T-1A197 and Thematic funding of Russian - Armenian
University (Ministry of Education and Science of the Russian Federation).



THE NEWTON POLYHEDRON, SPACES OF DIFFERENTIABLE FUNCTIONS

References

1]

2]

A.D. Aleksandrov, Intrinsic geometry of convex surfaces. OGIZ,
Moscow, 1948; German transl., Akademie - Verlag, Berlin, 1955

G.C. Barozzi, Sui polinomi propriamente quasi - ellittici in due variabli.
Boll. Un. Mat. It., v.3, no. 20, 185 - 190, 1965.

0.V. Besov, V.P. II'in, S.M. Nikolskii, Integral representations of func-
tions and embedding theorems. Nauka, Moscow, 1975 (in Russian). En-
glish transl. John Wiley and sons, New York, v. 1, 1978, v.2, 1979.

O.V. Besov, On coerciveness in the inhomogeneous spaces of
S.L.Sobolev.Math USSR Sb.v.73, no.4, 585 - 599, 1967

0.V. Besov, On the denseness of the compactly supported functions in
a weighted Sobolev space. Proc. Steklov Inst. Mat., v.161, 33 -52, 1984.

H. Bremermann, Distributions, Complex Variables and Fourier Trans-
forms. University of California, Berkley, Massachusetts, 1965.

V.I. Burenkov, On approximation of functions from the Sobolev spaces
by finite functions for arbitrary open sets. Dokl. AN SSSR, v.202, no.2.
- C, p.p- 259 - 262, 1972.

V.I. Burenkov, On density of infinite differentiable functions in the
Sobolev spaces for arbitrary open sets. Proc. Steklov Inst. Mat., v.131,
39 -50, 1974.

V.1I. Burenkov, Sobolev Spaces on Domains. B.G.Teubner, Stuttgart -
Leippzig, 1998.

V.I. Burenkov, M.Sh. Tuyakbaev, On multiplicators Fourier in weighted
L,— spaces with the exponential weights, Proc. Steklov Inst. Math., v.
204, 81 - 112, 1993.

Daniela Calvo, Multianisotropic Gevrey Classes and Cauchy Problem,
Ph.D.Thesis in Mathematics,Universita degli Studi di Pisa,2004.

A. Carlson and V. Maz’'ya, On approximation in weighted Sobolev
spaces and self - adjointness. Math. Scand. v.74, 111 - 124, 1994.

L. Cattabriga, Alcuni problemi per equazioni differenziali lineari con
coefficienti costanti. Quad. Un. Mat. It., 24, Pitagora 1983, Bologna.

L. Cattabriga - E. De Giorgi, Soluzioni di equazioni differenziali a coef-
ficienticonstanti appartenenti in un semispazio a certe classi di Gevrey.
Boll. Un. Mat. It., v.4, no. 12, 324 - 348, 1975.

141



142

[15]

[16]

[17]

[18]

[19]

[20]

[21]

[22]

23]

[24]

[25]

[26]

[27]

H.G. GHAZARYAN

A. Corli, Un teorema di rapppresentazione per certe classi generalizzate
di Gevrey . Boll. Un. Mat. It., serie 6, 4 C, no.1, 245 - 257, 1985.

A L. Esterov, Determinantal singularities and Newton polyhedra. Arciv:
0906.5097, v.2,[math. AG| 31 July 2010.

W.N. Everitt, L.L. Littlcjohn and S.C. Williams, Orthogonal polyno-
mials and approximation in Sobolev spaces. Journal of Computational
and Applied Mthematics, v.48, 69 - 90,1993.

M. Gevrey, Sur la nature analytique des solutions des équations aux
dérivées partielles, Ann. Ec. Norm. Sup. Paris, v.35, 129 - 190, 1918.

H.G. Ghazaryan, V.N. Margaryan, On infinite differentiability of solu-
tions of nonhomogenous almost hypoelliptic equations. Eurasian Math.
Journal, v.1, no. 1 (2010) 54 - 72.

H.G. Ghazaryan, V.N. Margaryan, On the behavior of nonelliptic poly-
nomials at infinity. Journal of Contemporary Mathematical Analysis
(Armenian Academy of Science), v. 39, no.3, 1 - 18, 2004.

H.G. Ghazaryan, V.N. Margaryan, On a class of almost hypoelliptic
operators. Contemporary Mathematical Analysis (Armenian Academy
of Science), v. 41, no.6, 39 - 56, 2006.

H.G. Ghazaryan, On selection of infinitely differentiable solutions of a

class of partially hypoelliptic equations, Eurasian Mathematical Jour-
nal, v.3, no. 1, 41 - 62, 2012.

H.G. Ghazaryan, V.N. Margaryan, Extraction of smooth solutions of
a class of regular equations in a rectangle. Journal of Contemporary
Math. Analysis (Armenian Academy of Science), v.46, 200 - 217, 2011.

S.G. Gindikin, L.R. Volevich, The method of Newton’s polihedron in
the theory of PDE. Mathematics and its applications, Soviet Series,
Kluwer Academic Publishers. 1992.

L. Gording, Linear hyperbolic partial differential equations with con-
stant coefficients. Acta Math. 85, 1 - 62, 1951.

G.H. Hakobyan, V.N. Markaryan. On Gevrey type solutions of hypoel-
liptic equations. J. Contemporary Math. Anal.; v.31, no.2,33 - 47, 1996.

G.H. Hakobyan, V.N. Markaryan. On solutions of the Gevrey class of
hypoelliptic equations. J. Contemporary Math.Anal., v.33, no.1, 35 -
47, 1998.



28]

[29]

[30]

[31]

[32]

[33]

[34]

[35]

[36]

37]

[38]

THE NEWTON POLYHEDRON, SPACES OF DIFFERENTIABLE FUNCTIONS

L. Hérmander, The Analysis of linear Partial Differential Operators.v.1,
v. 2. Springer - Verlag.1983.

V.P. I'in, On inequalities between the L,—norms of partial derivatives
of functions in many variables. Proc. Steklov Inst. Math., v. 96, 205 -
242, 1968.

G.G. Kazaryan, On almost hypoelliptic polynomials. Doklady
Ross.Acad. Nauk Matematika, 398, no. 6 (2004), 701 - 703 (in Rus-
sian).

G.G. Kazaryan, Estimates for differential operators, and hypoelliptc
operators. Proc. Steklov Inst. Math. v. 140. 1976.

G.G. Kazaryan, On the comparison of differential operators and on
differential operators of constant strength.Proc. Steklov Inst. Math., v.
31. p.p. 99 - 123, 1974.

G.G. Kazaryan, On estimates of derivatives by the differential opera-
tors. Sibirian Math. Journal, v.11, no.2, 343 - 357,1970.

G.G. Kazaryan, On estimates of derivatives of polynomials in several
variables.Journal of Contemporary Math Analysis (Armenian Academy
of Science), v. 34, no. 3, 46 - 65, 1999.

A.G. Khovanskii, Newton Polyhedra and toroidal varietis. Funkcional
Analysis and its applcations, v11,no.4, 56 - 64, 1977.

A.G. Khovanskii, Newton Polyhedra (algebra and geometry). Amer.
Math. Soc. Transl. (2),v.153,1-15,1992.

N.V. Krilov, Some properties of weighted Sobolev spaces and in Ri.
Analli della Suola Normale Superiore di Pisa, tome 28, no.4, 675 - 693,
1999.

A. Kufner, Weighted Sobolev Spaces. John Willey and Sons, New York,
1985.

E. Larson, Generalized hyperbolicity. Ark. Mat.7, 11 - 32, 1967.

P.D. Lax, Asymptotic solutions of oscillatory initial value problems,
Duke Math. J. 24, 627 - 646, 1957.

E.E. Levi, Caratterische multiple e probleme di Kauchy. Ann. Mat.
Pura Appl., (3) 16, 161 - 201, 1909.

143



144

[42]

[43]

[54]

[55]

[56]

H.G. GHAZARYAN

O. Liss, L.Rodino, Inhomogeneous Gevrey classes and related pseudo -
differential operators. Anal.Funz.Appl., Suppl.Boll. Un. Mat. It., v.3C,
no.1, 233 - 323, 1984.

P.I. Lizorkin, The Fourier integral’s multiplikators and estimates of
comvolutions in the spaces with the mixed norms.Izv. AN SSSR,
Math.,v.34,n0.1, 218 - 247, 1970.

V. Maz’ya, Sobolev Spaces.Springer - Verlag, Berlin - Heidenberg, 2011.

V.P. Mikhailov, The behavior at infinity of a class of polynomials . Proc.
Steklov Inst. Math., 91, (1967), 65 - 86.

M. Miyake, Y. Hashimoto, Newton Polygons and Gevrey indices for
linear Partial differential equations. Nagoya Math. Journal, v.128, 15 -
47, 1992.

J. Necas, Sur les norms equivalentes dans Wp(k)(Q) et sur la coercitivite
des formes formalement positives. Seminaire de Math. suprieures, Ete,
1965.

S.M. Nikolskii, Proof of uniquness of the classical solution of first bound-
ary value problem. Izv. AN SSSR, Mat., v. 27 (1963) 1113 - 1134 (in
Russian).

D.H. Phong, E.M. Stein, The Newton Polyhedron and oscillatory inte-
gral operators. Acta Math., v. 179, 105 - 152, 1997.

B. Pini, Sulla classe di Gevrey della soluzioni di certe equazioni ipoel-
littiche, Boll. Un. Mat. It., (3), 18, 260 - 269, 1963.

L. Rodino, Linear partial differential operators in Gevrey spases. Word
Scientific, Singapore, 1993.

K.T. Smith, Inequalities for formally positive integro - differential forms.
Bull. Amer. Math. Soc., 67,368 - 370, 1961.

S.L. Svensson,Necessary and sufficient conditions for the hyperbolicity
of polynomials with hyperbolic principal part. Ark. Mat. 8, 145 - 162,
1969.

H. Yamazawa, Newton Polyhedrons and a Formal Gevrey spaces. Fun-
cialaj Ekvacioj, v,41,334 - 345, 1998.

L. Zanghirati, Itereti di una casse di operatori ipoellittici e cassi gen-
wralizzate di Gevrey. Suppl. Boll. Un. Mat. It., v.1, 77 - 195, 1980.

V.V. Zhikov, Weighted Sobolev Spaces. Sibirian Math. J. 1998.



THE NEWTON POLYHEDRON, SPACES OF DIFFERENTIABLE FUNCTIONS 145

Haik G. Ghazaryan
Russian - Armenian University,

Department of mathematics and mathematical modelling,
Institute of mathematics of NAS of Armenia, Yerevan, Armenia
Department of differential and integral equations
haikghazaryan@mail.ru

Please, cite to this paper as published in
Armen. J. Math., V.9, N. 2(2017), pp.


haikghazaryan@mail.ru

