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Abstract

We investigate the convergence of the quasi-periodic interpolation on the entire interval
[—1,1] in the Ly-norm and at the endpoints of the interval by the limit function behavior.
In both cases we derive exact constants for the main terms of the asymptotic errors. The
results of numerical experiments confirm theoretical estimates and show the behavior of the

quasi-periodic interpolation for specific functions.
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Introduction

We consider the problem of function reconstruction by its values on equidistant grid. It
is well known (see [2]) that for a rather smooth on the real line 2-periodic function f the

classical trigonometric interpolation

N
]N<f7x) _ Z fneiﬂnx7
n=—N

N
. 1 2k _ 2imnk
o= 3N T k:Z_Nf (2N+ 1) ¢
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Asymptotic estimates for the quasi-periodic interpolation

effectively solves the problem. Otherwise, if 2-periodic extension of f on the real line is
discontinuous (f(1) # f(—1)) then the quality of interpolation near the endpoints is degraded
by the Gibbs phenomenon (see [3]). Another approach which does not eliminate the Gibbs
phenomenon but mitigates its effect was introduced and discussed in [4] called quasi-periodic
interpolation. In [5]-[7] was investigated the convergence of quasi-periodic interpolation.
Here we continue investigations started there and study the convergence of quasi-periodic
interpolation in the Ls-norm and explore its behavior at the endpoints of the interval by
means of the limit function.

Quasi-periodic interpolation is exact for ”quasi-periodic” functions

2N

imer = —N,...,N, a =~
¢ > T preeadt O 2N +m+1

(2)

with the period 2/a. Therefore, when N — oo then o — 1. Interesting feature of such

interpolations is the possibility to interpolate functions on the grid

k=-N,... N (3)

T =

which includes also the endpoints x = +1 of the interval. Such interpolations are known as
the ”full-interpolations” (see [4]).

First we derive an explicit formula for its realization repeating for completeness the
scheme presented in paper [7], then we investigate its Ly-convergence and explore its behavior

at the endpoints by the limit function technique.

1 Analysis of the case m =0

In this section we analyze the case m = 0 when quasi-periodic interpolation is exact for

functions
. 2N
™+ = —N,...,N. (4)

Derivation of this case essentially differs from general case m > 0 and can be performed
without much efforts.
Denote by f,, the Fourier coefficient of f

o= %/_11 f(x)e ™ dy.

Let f € C—1,1]. Taking into account that in the classical interpolation Iy (f,z) (see (1))

only the points from interval [—2]2\,111, %] are used, we consider a new function f* by the
following formula
fe(@), v€ -1, —5%57)
F)y=93rEe), @€ =55 aval (5)
fr(2), T < (QJ%IJYH’ ]
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36 A. POGHOSYAN AND L. POGHOSYAN

where

1. fO)(— J
) =3 A (B )

and

Pl
As a result we have f* € C—1,1].

Then, we apply the classical interpolation to f* with further change of variable

2N
IN+1°

deriving the quasi-periodic interpolation Iy o(f, )

N
[N,0<f7 .T) = Z v;eiﬂ-n%xa
n=—N
N (6)

Fk 1 k —imn 2k

with the error
Rno(f,z) = f(x) — Ino(f, 7). (7)

It is easy to verify that Ino(f,x) is exact for system and interpolates f on grid . The
next theorem just shows that.

Theorem 1 Let f € C[—1,1]. Then Iyo(f,x) is an interpolation of f on grid and is
exact for system .

Proof. Both statements can be proved straightforwardly. For the first statement we have

(1) s 5 5 (3) 0
——Nt=—N

N
1 t i 20:=0)
= — N1 |
ON + 1 tZ_Nf (N) >

n=—N

This proves the first part as

N

1 . o(k—t)
2 : TN :(515]{:

For the proof of the second statement we put f(x) = ™21 and note that

N
2(L—n)
ANFL = (), .

it
em
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Asymptotic estimates for the quasi-periodic interpolation

Then
N

; 2N ; 2N : 2N
]NO <€”‘—42N+1x’x> — § : 5ng€ngN+1x _ 6“T62N+1z

n=—N

which completes the proof. [

Now we investigate the Lo(—1,1) convergence of Ino(f,x). First we need some lemmas.
We denote

Ags(f) = fP(1) = (=) f(=1), s =0,...,q. (8)
Lemma 1 Let f9 € AC[-1,1] for some ¢ > 0 and
fO>(=1) =Py =0, k=0,...,¢— 1 (9)

Then the following estimate holds as N — oo and |n| > N

* (_1)n+1 2n —q—1
where
q Ay
)= . 3 2 &

Proof. Taking into account the smoothness of f and definition of f* (see (5])) , we write

f:; _ ( ) + Z f ( ) fé (_1) 1 / f*(q+1)(x)€fz7rmcdx

— (irn)F+1 2(imn)atl 2
1 _% (g+1) —iwnzd
iy J, e
1 L e
q+ —iTnT
T 2wy / o I @er
2N+1
Then, we have
n k k
oo DS AT = 0D
" 2 (1mrm)k+1
(12)
2N+1 +1 — TN
< 2N ) 2(imn q+1/ 1 Ada.
In view of
2N +1 1
(k) k £(5)
1 J j

and
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Substituting these into (12)), in view of the generalized Riemann-Lebesgue theorem ([1]), we
get

L E)TI 1 2N H 1R A
=3 Z@m)kﬂ( ON ) ;U—k;(zzv)j—fro(” )

k=0

Taking into account @, we obtain

(D 1§ Akq(f) g1
fn = —Z : k+1+0(nq ). (13)
2N +1 N4 = (q — k)120F i)+ (#11)
This completes the proof. [J
Lemma 2 Let f@ ¢ AC[-1,1] for some ¢ > 1 and
fB(=1)=f®1)=0, k=0,...,q¢— 1. (14)

Then the following estimate holds as |n| < N and N — oo

T ) < 2n ) Fo (N (15)
no T QN+ 1)Ne P\ 2N +1 ’

where

q
Akq

1 x:E E 16

i) f 21- ’“(’W’“Hq— k)! 25+xk+1 (16)

N
. 2k
§ : < )e—zﬂn2N+l
N o)
2k
2 : z7rn2N+1 2 : f* z7rs2N+1
s

— §=—00

Proof. We have

= Z f;+s(2N+1) .

Then

]E; — fa= Z f:+s(2N+1)' (17)
s#£0
Application of Lemma [1| concludes the proof. [J

The case ¢ = 0 needs special attention.

Lemma 3 Let f' € Ly[—1,1]. Then the following estimate holds as [n| < N and N — oo

. (—1)n*t 2n ol
W N1 18
fo=Tn oIN +1 20\ oN 11 o ) (18)

where vy 15 defined by .
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Asymptotic estimates for the quasi-periodic interpolation 39

Proof. According to Lemma

fr = (cpyrri i) |1 (19)

. . Cn,N
2imn 2imn ’
where

1
Can = / [ (@)e ™.
-1

According to Parseval’s identity and definition of f* (see (j5))) we have

> et = [ @[ ar= 20 [ a 20

n=—oo

This completes the proof in view of and . [l

The next theorem describes the behavior of the quasi-periodic interpolation in the Ly(—1,1)

norm.
Theorem 2 Let 9 ¢ AC[—1,1] for some ¢ > 1 and
fO(=1) = f®1)=0, k=0,..,q— 1.

Then the following estimate holds

where

2

. 1
]\}520 Nq+2||RN,0(f>$)||L2(—1,1) = coq(f), (21)
1 1 1 ) '
coq(f) = —g/ / Vq,o(h)ez”hmdh—/ tg0(R)e™2dn| dx
-11J-1 [R|>1
1 [ ) 1 .\ ?
43 [ bo@lfder s [ lre@Pds)
2J4 2 J a1

and functions fiqo and veo are defined in Lemmas (1] and [

(22)

Proof. We divide Ry(f,z) (see (7)) into three parts

2

ON +1 [zne1
dx

1
||RN,O(fa :L‘)H%Q(—l,l) — /1 |RN7()(f, ZL’)|2 dx = ON

2N +1
RN,O (fv IN l’)

2N
2N+1

2

2N +1 [! 2N +1
— d
N, Rnpo (f7 ON 95) xr
2N +1 ON +1 \/|?
— }ﬂmo(f,—————x> dx
2N 2]%111 2N
_ _2N 2
ON +1 [~ zn+T ON +1
- R d
oN ), ’ N”<f’ IN x) v
— -[1 - ]2 - 137
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where ) )
2N +1 2N +1
I = _ d
1 IN . RN,O (f7 IN .T> xz,
1 /! OIN+1 2z \/|?
L =— R _— d
2T ON /0 N0 (f 'TON 2N> “
and

N

1 [t r 2N +1
L=— [ IR S dr.
3 2N/0 .0 (f’ ON 2N ) v

First we estimate I;. We have

N
RN,O(f, g) — Z (f — f ””2N+1 + Z f* ””2N+1$‘
n=—N [n|>N
Therefore N
2N +1 2N +1 .12
n=—N |n|>N

In view of Lemmas [1 and 2] we obtain

N

2n
Yoo \ ON +1

2n
Hao \ SN+ 1

Tending N to infinity and replacing the sums by the corresponding integrals we get

1
I, =
1 (2N + 1)N2a+1 Z

n—=——

1

TN T DN

n|>N

+o(N271), N = .

1 ! 1
lim N2tl], — 5/ Vg0 (2) da + —/l |tg0 (2)]? da.
—~1 z|>1

Now we estimate I. From (23) we get

N

N . imne
Ro (5255 ) = X 0" (- f et
+ Z f e 2N+1

[n|>N

According Lemmas [I] and 2] we derive

N
2N +1 x 1 2n Cirmn
R [ — 2N 1
(f’ 2N) (2N + 1)N« n_ZN Va0 (2N n 1) ©

1 ZN,O 2n eiiﬂ'm#ﬂ
(2N+1)N<1| " T\2N +1

+o(N7%), N — oc.
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Tending N to infinity and replacing the sums by the corresponding integrals, we derive

1
/ I/q70(h)€fi7rxh/2dh

-1

/ qu(h)e_iﬂxh/zdh.
|h|>1

2N +1 x
lim N -
i, Vi (f "T2N QN)

N = o =

Hence
2

dzx.

N—oo

1
/ I/q70(h)€_iﬂ—xh/2dh . / quo(h)e—zﬁrzhﬂdh

1 |h|>1

1 1
lim N>t [, == /
8 Jo

Similarly
2

dzx,

1
/ V,L()(h)eiﬂ-xh/th . / uq,o(h)ei”hﬂdh

-1 |h|>1

1
lim N*H [y = !
N—o0 8 0

which completes the proof. [
The next theorem is analog of the previous one for ¢ = 0.
Theorem 3 Let ' € Ly[—1,1]. Then the following estimate holds
lim N2|| Ry o(f, %)l 1o(-11) = coo(f), (24)

N—o0

coo,(f) = <—é/1

1 1 >
+5 / voo (2)]” do + —/ oo ()2 dz )
2/ 2 ) a1

and functions poo(x) and voo(x) are defined in Lemmas [1] and 4

where
2

dx

1
/ VO’O(h)eiﬂ'mh/th . / M070(h)6i7rmh/2dh

1 |h|>1

(25)

Proof. The proof is similar to the one of Theorem 2] O

Now we investigate the behavior of the quasi-periodic interpolation at the endpoints of

the interval by means of the limit function.

Theorem 4 Let 9 € AC[—1,1] for some ¢ > 1 and
fO(=1)=f®1)=0, k=0,..,q— 1.

Then the following estimate holds

]\}1_I>I(1>o NqRN’[) (f, 1- N) = Eq,0<h)> (26)
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where

I :
éq,()(h) — _/ Vq70($)€”r(_1_2h)x/2dl’

-1
1 ,

__/ ,uq,g(x)e”(_l_%)w/zdx
2 Jjz>1

and functions fiqo and veo are defined in Lemmas[1] and [3

Proof. From definition of Ry o(f,z) we have

Ryo(f,1—h/N) = Z (-U"f;e%(_l_%)

In|>N
N , (27)
+ D (F1)( = f)en T,
n=—N
Taking into account Lemmas [I] and
1 al n -
NIR 1—h/N)= —— ST (—1-2h)
N,O(f? / ) (2N+1) n;NVq,O (2]\7—}—1)6 +
]_ 2n it (_1__ (28)
I S (~1-2h)
2N +1) 2 Hag <2N+1> o

n|>N

+o0(l), N — oc.

Tending N to infinity and replacing the sums by corresponding integrals we get the statement

of the theorem. [
For ¢ = 0 we have the following result.

Theorem 5 Let f' € Lo[—1,1]. Then the following estimate holds

. h
]\}Lﬂéo Ry <f7 11— N) = loo(h),

where

1 [t 1o
go’o(h) = 5/' V070(13)6”r( 1-2h) /de
-1

1 )
= / 10,0 (x)em(flth)m/de
2 |z|>1

and functions poo and vy are defined in Lemmas (1] and @

Proof. The proof is similar to the previous one. [
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Asymptotic estimates for the quasi-periodic interpolation

2 Analysis of the case m > 1

In this section we investigate the quasi-periodic interpolation Iy, (f,z) in general case m >
0, which is exact for the system and interpolates a function on grid . For completeness
we show derivation of the interpolation and repeat the procedure described in [7].

Consider the following formula

Inm(f,2) = Zf( ) (), = €[-1,1] (29)

with unknowns ay(z).
As is exact for the system we get the following system of equations for determi-
nation of the unknowns

N
Ry, _ 3 e tns1qy(z), 0] < N. (30)
k=—N

For formally solution of we add some new unknowns and equations getting the new

system
2imtd Nz Ntm 2inlk
e2AN+miT = eNtmitay (x) +e4(x), £ =—N,....,N 4+ m, (31)
k=—N
where
ap(x) = ax(z), [k| <N,
ap(x) =0, k=N+1,...,N+m, (32)
e(x) =0, | < N.

We multiply the both sides of equation by e~ 2t and sum over /£

N+m N+m N+m N+m
2iml(Nz—s) 2iml(k—s) __ 2imls
E € 2N+m+1 E E € ZN+m+1 ak ) + E e ZN+m+1 gz(‘r)_
{=—N —N k=— (=N+1
Then
N+m N+m
*( ) 1 2iml(Naz—s) _ 2imbs ( ) (33)
alx) = —— e 2N+m+1 — e 2N+m+1 el .
s 2N +m +1
- - {=—N {=N+1

Applying conditions , we derive the following system with the Vandermonde matrix for

determination of &,(z)

N+m N
__ 2imds 2imé Nz 2imt(Nxz—s)
E e NHmiT (gy(x) — e2NmiT ) = g e2Ntmit  s=N+1,.... N +m. (34)
(=N+1 t=—N

After some transformations, we obtain

m N
- 2intNx 2imt(s—N—m)
g Vst1.060(x) = E eN+tmile 2Ntmil - s =0, ...,m— 1,

(=1 t=—N

43
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where
_ 2im(£+N)(N+m) 2in(6+N)Nz

gﬁ(a':) —e IN+tm+1 <5Z+N(l') — @ 2N+m+l ) ,

and
1 2im(L+N)
Usp = Oy ~, Qp = e2N+m+l,

Following [§](see also [9], [10]) where the explicit form of the inverse of the Vandermonde

matrix was constructed, we derive

1
-1 _ i _
v, = — vl lis=1,...,m
s,0 ogf; H;’;L#S(as — ai) ]go J ) y ooy 1T
where «y; are the coefficients of the polynomial

m m

H(:z: — ;) = Z'yixz.

i=1 i=0

Hence the solution of can be written explicitly

N

eo(x) = ez%frgf—l + 62%%17) Z v, Ns+1 @2%?2&1 62”2551"751’”), {=N+1,...,N+m.
t=—N
Substituting e,(z) into (33)), we get
N N+m
(SC) 1 eQ%ieNil e~ zz\ﬁﬂkﬂ 62;7\?9717) e~ zz\ﬁﬂkﬂ
a = —-——-- m m —_ m m
¥ ON +m+ 1
—N (=N+1 (35)
N 2imt(s—N—m)
2ittNax imt(s—N—m
XZUE Nos+1 e2N+m+1e  2N+m+1 )7 k:—N’7N
t=—N
Substituting this into , we derive
2imtnNzx
Inm(f, ) Z Fy 2N m1 (36)
where
m
m — fn,m - Z Qn,eff-‘rN,mv (37>
=1
N
~ 1 k 2itnk
= — | e 2ZN+tm+1 38
b= gy st 2 4 (%) @
k=—N
and
27,7r 2im(L4+N)(N+m) 2imn(s—N-—m)
Qn’e — SNFmt1 va 5116 NFmFl (39)
with the error
RN,m(fwT) - f(l‘) _]N,m(ﬁx)' (4())
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Note that in the sum vanishes in case of m = 0, and Iy,,(f,z) coincides with

Ino(f,z), defined by (6.
Let us check that Iy, (f, ) interpolates f.

Theorem 6 Let f € C[—1,1]. Then In,(f,x) is interpolation of f on grid (3).

Proof. We will proof straightforwardly. Let z = k/N

N m
k < > 2imtnk
]N,m (f7 N) - E fn,m - E Qn,@ff-‘y—N,m €2N+m+l1
/=1

n=—N
N m
« 2iw(L+N)(N+m) 2itn(s—N—m) « 2imnk
— E fnm — E e 2Nfm+l E Uz s+16 INFTm+1 fé—i—Nm e2N+m+1
n=—N
N m N
o 2itnk 2im(L+N)(N+m) v 2imn(s—N—m+k)
= § fn,m€2N+m+l - e 2Ntml Z+Nm E UE s+1 2 : € ANm :
n=—N /=1 —N

Taking into account that

m—1 N m—1
2imn(s—N—m+k) 2im(t+N)(s—N—m-+k)
2N 1 = — 2N 1
U€,5+1 E : € et - Uﬁ,s—‘rli : e
s=0 n=—N s=0
-1 m
_1 im(2t+2N)(k+s+N+1)
— — 2N 1
= 1)£75+1 E e +m+
s=0 t=1
m

2im(t+N)(k+N+1) 2imw(t+N)s

= — N E N

ot [ 2N+m+1 Uf +1€2 +m+1
t=1

2im(1+-N) (k+N+1)
= —¢ 2N+m+1

we obtain

k _2imnk 2im(L+N)k
IN,m (f; =~ T E fn m€2NFmHT 4 E f€+N m€ 2N+m+l

N
1 N t N imneen O 2imeeN) et
- - = o INFmiT o INTMET
sz(> PIELAEDY

1 N £\ L sienten)
- - f (_> Z € aINFmTl
2N +m+1 = N =

al t
= tz_:Nf (N) 5k,t

1(3)
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First we investigate Lo-convergence. As in case m = 0 we introduce the function f*. Let

f e CrP[—1,1]. We put

folw), v e [-1 —spm)
o) =9 f(355+e), ze |:_2N—2&—]:[n+1’ zNi]sz} ’ (41)
fi(z), v € (sximrr 1
where .
a+p o j
= SI(=1) (2N +m+1
fz(ﬂf)—jz:; ! 5N x+1) ,
and .
q-+p
f91) (2N +m+1 I
= -1

Obviously f* € CtP[—1,1].
We need some preliminary lemmas. Lemmas 4] and [5| were introduced in [7] without

proofs. Here we present them.
Lemma 4 Let f9%?) ¢ AC[—1,1] for some ¢,p > 0 and
fE=1) = f®)y=0, k=0,...,q— 1. (42)

Then the following estimate holds as N — oo and |n| > N

oo (1)t &R 1 2n
"_2N+m+1 NJ““” ON +m+1

) +o(n~ 7P, (43)
where

& Ag(Hm 1k
tjm () = Z 2i—k(j — k)! (an)kJrl (44)

Proof. We proceed as in the proof of Lemma [I| and write

n q+p k __2N
f* _ (_1> ! fr (1) — fé <_1) + 1 ANFm f*(q+p+1)(x)e—i7rnxdx
" 2 (1rm)F+1 2(imn)atrtl 2N
k=0 *2N+m+1
1 2N+m+l querl) —iTnx
2(imn)rtr+l / (z)e e
1 ! (+pt1)
+p+ —imnT
zﬂn)Q+p+1 / U (q:)e e
N+m+1
Then
il 4P ok k
o EUER A) — f0)
2 (imn)k+1 (45)
ON +m+ 1\ 1 ! Y
(g+p+1) TSN +mAL Y (]
+ ( N ) ST /_1f (2)e x,
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where
W, o (2N+m+ 1\ K (m+1)*
and
N +m k q+p j—k
o = (B > £ T

Substituting this into we get

] n+1 4P 1 IN 1 k q¢+p A, 1 j—k
=52 e () L Rt )
2~ (1rm)F+1 2N = (j — k)Y (2N)i—F
Now in view of conditions we derive
L R eV m+ 1\ A () (m 1) I
=22 " G N et o)

j=q k=0

which completes the proof. [J

Let
> (_1)r(m+1)

Bi(e) = F000 30

r=—00

Lemma 5 Let f+™ ¢ AC[—1,1] for some ¢ >0, m > 1 and
FO1) = fB(1) =0, k=0,...q— 1

Then the following estimate holds as |[n| < N and N — oo

i = e () o),

(2N +m+ 1)Ne "™\ 2N + m + 1
where
q -
Agg(f)(m + 1)7*
Vom () = i
9 kz; 207k (4 )k+1 (g — k)!
(_1)r(m+1) 1:]cm 1 1 (7—) mm 7—
(#0 (2r+x) — 7!

Proof. First, let us show that

- Z Sotr@ntmer) — ZOM Z IN+erroNtminy, —N <n < N+m.

r=—00 r=—00

We have

N
2itnk 2im(N+L)k
Fom = E e 2N+m+1 — E 0,06~ 2N+m+1 )
’ 2N+m—|— e ( ) < ! )

47



48 A. POGHOSYAN AND L. POGHOSYAN

Then
k . 2k - _2imkt
d (N) =1 (m) = 2 fiem

Hence
F Z Z f 2im(t—n)k 9 2im(t—N—-£)k
e2N+m+1 — E 26 2N +m+1
nm = IN+m+1 +m+1
—N t=—00

First, we take into account that

N+m
1 2im(t—N—0)k
————— Y e wEm =Gy, —N<t<N+m
2N +m+1 eyt BN+ - =

and write

N+m N+4+m oo

Z Z Z f R 9 S
F = e2NFtm+l — E € 2NTmAT
n,m 2N +m 4+ 1 t+’r’ 2N+m+1)

k=—N t=—N r=—o00

N+m [e's)
2im(t—n)k 2in(t—N—-0O)k
E E f e2N+tm+1 — E 9 1€ INFm+1
2N +m+1
k=N+1t=—00 (51>
00
_ *
- E fn+r(2N+m+1 E ,enf E fNJr@Jrr (2N+m+1)
r=—00 r=—00
N+4+m oo

1 2im(t—n)k 2im(t—N—£)k
- E E fi | eavemit — E 0, € ZNFmFT
2N +m +1

k=N+1t=—0c0

Second, we show that the last term in the right-hand side of vanishes

N+m m m m
2in(t—N—-0)k 20 (L+N)(N+m) 2imn(s—N—m) 2im(t—N—£)(p+N)
Z Z Qn Ve INTm+1 — Z e~ 2N+tm+1 Z UZ s+1€ INTm+1 Z e INFTm+1
k=N+1 /=1 (=1
m

2imt(p+N) 2vmn(s—N—m) 21w (4+N)(m—p)
:E SN+tmi1 E e 2NF+m+1 E Ufs+16 SNfmt1

p:

3

2int(p+N) _ 2uwn(p+N)
— e 2N+m+1 ¢ 2N+m+1

p=1

2im(t—n)(p+N)
e 2N+tm+1

[
NE

p=1
N+m
2iw(t—n)k
g e 2N+m+1
k=N+1

which proves equation (50)).
Equation (50)) shows that

me o f;: - Z f;+r(2N+m+1 Z ‘9n€ Z fN+£+r(2N+m+1)' (52)

r#0
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According to Lemma [4]

> 1 e TS A 1y
ntr@N+m+1) T 9N L 1] e N e 20k (im)kt+1(j — k)!

r#0
D>

20 (21 + oy
+o (N9 1) N— oo, |n|<N.

(_1)r(m+1)

)kJrl

Then, similarly

(_1)N+€+1 g+m 1

o ) 15 Ay(m + 1
z NHrN+m+1) = 5] - Ni — 2k (im)HH1(j — k)
>

r=—00 (27” + AN )k—H

r(m+1)

2N+m+1

+o(N"™1) N o oo,

Taking into account that 6,,, = O (N™!) we obtain

q+m j .
1 Ay (f)(m +1)77*
Z Iy T_Z:Oo fN+€+7“(2N+m+1 ]Z_; OGN Tm+ N 2 Z 2j—k(m)k+1(j I
o > (_1)r(m+1)
X Z( N Z Svin
= e <2T + 2N+m+l>
+o0(N797?).
According to
n +m ] i
zy Zf .Jiﬁ;&:leMMmHVk
ner_foo NAbtrEN+m+l) = 9N 4 1] Ni p— 2k (i) +1(j — k)]

—1
_im(m=1)n 2im (N+4L) w 1 s
X e 2N+m+1 E (I)km <€2N+m+1> E Ué_s+162N+m+1
/=1 s=0
—q—2
+0(N79?), [n] <N, N — .

According to the Taylor expansion

m—1
27 (N +£) 1 (r 2im(N+E) T
D <€2N+m“> =) :;q’k,m(—l) (€2N+m“ + 1)
=0 '

+O(N™), [n] <N, N = oo
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50
we write
+m .
( n+1 ? 1 Ak] 1)‘7_k _Z‘7\'(7YL71)71,
Z O, Z SNt tir@Ntma1) = ON +m + 1 Z N Z 25—k k+1 k)!e INFm+
1 1
-« - LS T — 1Tns 57
« ZO %(I)(T) ; <63N5r]::f1 + 1) ZOW +1621\27+m+1 ( )

Finally, taking into account the relations

m m—
2im (N+4L) T 1 21mns 2imn T
E 62N+7n+1 + 1 E UZ,S+1€2N+7”+1 e 62N+7n+1 + 1 , T = 07 . ’m — 1

=1
we get
DTN A (Dm 1) D
n,m n - k k+1 - ' ON Lo e
(2N +m + 1)N‘1 Pt 207k (im)* (g — k) 7"750 27" + 2N tm +1)
n+1 9 i
= Aig(£)(m+ 1)1 e (59)
(2N +m + 1) N &= 20K (im)F+1(q — k).
m—1
1 2imn T
<D () () o (V)
=0 '

which completes the proof. [
Theorem 7 [7] Let fl4*™ € AC[-1,1] for some ¢ >0 and m > 1 and
fP(=1) = fP1)=0, k=0,...,¢— L

Then the following estimate holds

. 1
Jim NO2|| Ry (£, )] 2310 = emg(F), (59)
where
ma1 [ 1 ' ' 2
Cm,q(f) — _T / / qum(h)ezw(m+1)xh/2dh . / qu’m(h)em(m+1)xh/2dh dr
-11J-1 |h|>1 (60)

1! 2 1 2 2
+ 3 |Vq,m (z)]" do + |Mq,m (z)]" dx
2/ 2 Jiz>1

and functions g, and vy, are defined in Lemmas |4 and @
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Proof. We divide Ry, (f, ) into three parts

R () = [ (R0 o
2N+ mA1 W%R PEARIUED 2d
DY : N \ TN )4
2N+m+1
ON+m+1 [ ON+m+1 \|?
T ARy (T
ON /_1 N (f ON x) v
OIN+m+1 [! IN+m+1 \|
ottt i d
IN /2N RN,m(fv IN fL’) L
2N+m+1
_ 2N 2
IN +m+1 INFmFL 2N +m+1
S S N N Rym | f,——""2)| 4
ON /_1 af (f ON x) v
:II_IQ_I37
where . )
2N +m+1 2N +m+1
[ _ T s R m ) d’
! ON /_1 N <f ON x) v
m4+1 [ OIN+m+1 m=+1 \/|
I = —— Rym | [, - du,
2T N )y T (f ON ON 3“") ’
and . )
m—+1 m+1 2N +m+1
=272 | ARy ( f, - d.
TN, N’<f2Nx ON )x
First we estimate /;. We have
N 2N
Rym(f,x) = Z (ff = Fyp) €™ avemst® 4 Z fre ™Mt mE®, (61)
n=—N [n|>N

Therefore

N
2N +m+1 . 2N +m+1 .
L= Y i~ Faml + = D I
n=—N

[n|>N

2n
TAIN +m+1

2n
Ha,m 2N +m+1

In view of Lemmas [4] and Bl we obtain

N 2

1
(2N +m + 1) N2+

I =

2

1
TN Tmr )NE %:N
+o0 (N_Qq_l) )

Tending N to infinity and replacing the sums by the corresponding integrals we get

1 [t 1
lim N2 = L / Vg ()] dar + & / g ()] dz.
2)_ 2 |z[>1

N—oo 1

o1
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Now we estimate I. From (61)) we get

N
2N + m + 1 m + 1 n % —inx (m+1)n
RN,m (fa ON — oN :L‘) = Z (—1) (fn —me)e SNFmt1
n=—N
+ 37 () e
[n|>N

According to Lemmas [] and [5| we derive

N
2N+m+1 m+1 1 2n o (m4D)n
R m , _ — m | —— L SN Tm+1
N (f x) ( )N D v (2N+m+1)e

2N 2N 2N +m+ 1)Ne £
L 2n —inT 2(1:/n++1)+n1
J— m B — — e m
@N+m+UNﬂpM% 2N +m+1

Tending N to infinity and replacing the sums by the corresponding integrals, we derive

2N+m+1 m+1 1 [t :
1; NIR _ _ = " h fzfr(m+1)zh/2dh
e (f’ N ON x) 2 /_1 Vam(h)e
1 —im(m T
5 [ i,
|h|>1
Hence
1 /1 1 ‘ . 2
lim ]\72q—HI2 _ E U m(h)e—m(m+1)xh/2dh . m m(h)e—m(m—i-l)mh/Zdh dr.
N 8 q7 q:
=0 0 -1 |h|>1
Similarly
1 [t 1 ' ' 2
lim N2q+1[3 _ E / / Vg m(h)ezw(m+1)zh/2dh . / 1 m(h)em(m+1)xh/2dh dl’,
N—o00 8 ’ ’
0 -1 |h|>1

which completes the proof. [

Now we investigate the behavior of the quasi-periodic interpolation at the endpoints of
the interval in terms of the limit function.
Theorem 8 Let [t ¢ AC[—1,1] for some ¢ > 0, m > land

fEED)=fP(1) =0, k=0,...,¢— 1.

Then the following estimate holds

lim Ny < £l %) — (o), (62)

N—oo
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where
1 1
it(—m—1-—2h)x/2
an(5.0) =5 [ vl
—1
; (63)
o 5 / fqm (x)ezw(—m—1—2h)x/2dx
lz|>1

and functions figm and Vg, are defined in Lemmas [§] and [9]

Proof. From definition of Ry, (f,z) we have

RN?m (ﬁ b %) - Z (_l)nfze_ﬂiﬁﬂ(m+l+2h)

[n|>N

N
+ Z (=1)"(f — Fpp)e 2emes (mH1T20)
n=-N

Taking into account Lemmas [4 and [5, we get
N

h 1 2n iTN

NYRN m l-=)=—— o | = | eamEmTT (Tm1=2h)

N’ <f’ N) (2N+m+1)nz_: Y (2N+m+1>e :

N

_ ; L 2_71 eﬂiﬁﬂ(*mflf%)
(2N +m + 1) bt TN2N +m+1

+ o(1).

Tending N to infinity and replacing the sums by corresponding integrals we get the statement
of the theorem. [J

3 Numerical results
In this section we present some numerical results for the following specific functions
f(z) = (z* — 1)%sin(z — 1), ¢ > 0.

First we show some results concerning the behavior of the quasi-periodic interpolation
at the endpoints of the interval. Table (1| shows the values of max [limq(f,h)| (see Theorem
and the points h,,,, where the maximums are achieved.

Figure 1| shows the graphs of the absolute errors |Rsia.,(f, z)| for different values of ¢
and m at the point = 1. Similar pictures we have at the point x = —1. It is interesting to

compare the results of Figure [I] and Table [I] For that, we need to calculate the values

ze[—1,

N1 n[1ax] |R512,m(.f7 IE)|

23
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m=0 012835 0.08443 0.04146 0.11949
honaz — 0.4178 04432 0.4039  0.4749

m=1 0.02991 0.04488 0.01873 0.10713
hmaz  0.3746  0.3932  0.4092  0.3923

m =2 0.00947 0.0228 0.03081 0.03828
Pomaz  0.3512 0.353 0.3712  0.3553

m =3 0.00341 0.01141 0.0263 0.01019
hmaz  0.3312  0.3398  0.3412  0.3912

m=4 0.00132 0.00568 0.01857 0.03018
[ —— 0.3212  0.3212  0.3212  0.3112

m=>5 0.00054 0.00282 0.01198 0.03314
hmaz 0.3112  0.3012  0.3012  0.3106

Table 1: Numerical values of max [m,q(f,h)| and the points hy,q, where the maximums are achieved.

from Figure[lJand then compare them with the corresponding values in Table[I} For example,

when ¢ = 3 and m =5 we get

T

max |Rsiz.m(f, )| = 2.5 x 1071°.
el-1,1]
As g =3 and N = 512 we calculate that

N4 xé?—al),(l] |Rs12.m(f, z)| = 0.033554.
The asymptotic value corresponding to ¢ = 3 and m = 5 in Table (1] is 0.03314 which is
close to the calculated one. Similarly can be verified that for other values of m and ¢ the
asymptotic value is rather close to the values derived from the figure.

Now let us show some results concerning the Lo-convergence. Numerical values of ¢, 4(f)
are presented in Table [2| (see the last column). We see that as smaller is the value of ¢ as
bigger are the differences in accuracies while increasing m. Note that ¢, ,(f) is an asymptotic
estimate so it is interesting to investigate the accuracies also for moderate values of N. We

denote

cNmg(f) = N2 Ry ()| La-1,0)

and in Table [2] present also the values of ¢y, (f) for different N. We see that in all cases

the values cia8m4(f) coincide with ¢, ,( f) rather precisely.
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Figure 1: The graphs of the absolute errors |Rs12.,(f,2)| at the point z =1 for ¢ = 0,1,2,3 (from left to
right) and m = 0,1,2,3,4,5 (from top to bottom).
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=0 N=16 N=32 N=64 N=128 cpny(f)
m=0 0174552 0.1729474 0.172117 0.171695 0.171268
m=1 0034082 0.03315  0.03275 0.032568 0.032399
m=2 001044 0.010017 0.009836 0.009754 0.009678
m=3 0003763 0.003545 0.003455 0.003415 0.003379
m=4 000148 0.001364 0.001318 0.001298  0.00128
m=>5 0.000617 0.000554 0.000529 0.000519  0.00051
m=6 0000268 0.000233  0.00022 0.000215 0.000211
m=7 000012 0.000101 0.000094 0.000091 0.000089
g=1 N=16 N=32 N=64 N=128 cpnq(f)
m=0 017819 0.177975 0.177851 0.177784 0.177713
m 0.069808  0.06798  0.067213  0.06687  0.066555
m=2 0032281 0.030764 0.03012 0.029828 0.029557
m 0.015675  0.014553  0.014087 0.013879  0.013689
m=4 0007805 0.007031  0.00672 0.006584 0.006462
m=5 0003955 0.003443 0.003243 0.003159 0.003085
m=6 0002032 0.001702 0.001578 0.001527 0.001483
m=7 0001057 0.000848 0.000772 0.000742 0.000717
=2 N=16 N=32 N=64 N=128 cpnqy(f)
m=0 01042 0105212 0.105878 0.106252 0.106652
m 0.101363  0.101854  0.102198  0.1024  0.102626
m=2 0076590 0.07468  0.073913 0.073583 0.073291
m 0.052277  0.049209  0.047945 0.047388  0.046884
m 0.033884  0.03067  0.029373 0.028808  0.028304
m=5 0021311 0.018477 0.017368 0.016895 0.016481
m 0.013158  0.010885  0.010026 0.009668  0.009362
m=7 0008032 0.006314 0.005689 0.005435 0.00522
g=3 N=16 N=32 N=64 N=128 cpnq(f)
m=0 0237194 023589  0.23477 0.234085 0.233313
m 0.117628  0.110218  0.107563  0.1065  0.105611
m=2 0119307 0.120875 0.122202 0.12299  0.123861
m=3 0121601 0.120925 0.120863 0.120929 0.121074
m=4 0108691 0.103324 0.101138 0.100217 0.099435
m="5 0088543 0.079819  0.076301 0.074803 0.073504
m=6 0067792 0.0576963 0.053769 0.052124 0.050715
m=7 0049741 0.0398189 0.03612  0.034606 0.033362

Table 2: Numerical values of ¢y m q(f) and ¢y, 4(f).
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