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Perturbations of Operator Banach frames in
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Abstract. Casazza and Christensen [3] studied perturbation
of operators in the context of frames.  Also, Chistensen
and Heil [6] studied perturbation of frames and atomic
decompositions. In the present paper, we study perturbation of
operator Banach frames (OBFs) for Banach spaces and obtained
perturbation results for operator Banach frames and operator
Bessel sequences. Also, we give a condition under which the
sum of finite number of sequences of operators is an OBF by
comparing each of the sequences with another system of OBFs.
Finally, we define similar OBF's and prove that if a sequence of
operators is similar to an OBF, then it has to be an OBF.
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Introduction

Frames for Hilbert spaces were introduced by Duffin and Schaeffer [9] to
study some deep problems in non-harmonic Fourier series. For a nice
introduction to frames, one may refer to [7]. Frames were extended
to Banach spaces by Feichtinger and Grochenig [I1] and introduced the
notion of atomic decompositions for Banach spaces. Later, Grochenig [12]
introduced a more general concept called Banach frame for Banach Spaces.
He gave the following definition of a Banach frame.

Let E be a Banach space and Ej; be an associated Banach space of scalar
valued sequences indexed by N. Let {f,} C E* and S : E; — FE be given.
The pair ({f,},S) is called a Banach frame for E with respect to E, if

1. {fu(x)} € B4, x€E.
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2. there exist constants A and B with 0 < A < B < oo such that
Allzlle < {fa(@)}H e, < Bllzls, =€ E.

3. S is a bounded linear operator such that
S{fa(x)}) ==, z€FE.

Banach frames were further studied in [I5] 16}, 17, 18, 19].
The concept of fusion Banach frame for Banach spaces was introduced and
studied by Jain and Kaushik [I4] as a generalisation of Banach frame. They
gave the following definition of a fusion Banach frame.

Definition 1 Let E be a Banach space, {E;} be a sequence of closed
subspaces of E and let {T;} be non trivial linear projections of E onto E;.
Let A be an associated Banach space and S : A — E be an operator. Then
({E;, T;}, S) is called a fusion Banach frame for E with respect to A if

1.{T;f} € A, feE.
2. there exist constants A and B with 0 < A < B < oo such that
Alfle < IRTif}Hla < Bllflle, feE
3. S is a bounded linear operator such that
SATifY) =1, feE.

The notions of (p, Y)-Bessel operator sequences, operator frames and (p, Y)-
Reisz bases for Banach spaces were introduced and studied by Cao et al. [2]
as a generalization of usual concepts in Hilbert spaces and of the g-frames
introduced by W. Sun [20].

Later, Chun-Yan-Li [§] introduced and studied operator Bessel sequences,
operator frames, Banach operator frames and observed that frames, g-frames
for Hilbert spaces, E4-frames and (p,Y)-operator frames for Banach spaces
can be regarded as special cases of operator frames.

The concept of operator Banach frame for a Banach space is introduced
and studied in [4] as an amalgamation of the notions of operator frame and
Banach operator frame. It is observed that Banach frames, p-frames, Fy-
frames, fusion Banach frames for Banach spaces and frames, g-frames for
Hilbert spaces can be regarded as special cases of Operator Banach frames.

In this paper, we study perturbations of operator Banach frames (OBFs)
for Banach spaces and obtain perturbation results for operator Banach
frames and operator Bessel sequences. Also, we give a condition under
which the sum of finite number of sequences of operators is an OBF by
comparing each of the sequences with another system of OBFs. Finally, we
define similar OBF's and prove that if a sequence of operators is similar to
an OBF, then it has to be an OBF.
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106 CHANDER SHEKHAR AND SHIV KUMAR KAUSHIK

1 Preliminaries

Throughout this paper, £ and E;, ¢« € N will denote Banach spaces and E*
denotes the dual space of the Banach space E, for each i € N, T; € B(E, E;)
denotes a bounded linear operator from E into E; and ran(P) denotes the
range of bounded linear operator P.

We begin this section with the following definition of an operator Banach
frame given in [4].

Definition 2 Let E be a Banach space, {E;} be a sequence of Banach
spaces and T; € B(E,E;),i € N. Let A be an associated Banach space
and S : A — E be an operator. Then ({T;}, S) is called an Operator
Banach frame (OBF) for E with respect to A if

1. {Tif}t e A, fe E.

2. there exist constants A and B with 0 < A < B < 0o such that

Allflle < {TifHla < Bllflle, f € E. (1)

3. S is a bounded linear operator such that
SUTifh) =1, fek.

The positive constants A and B respectively, are called lower and upper
frame bounds for the OBF ({7;}, S). The inequality (|1]) is called the frame
inequality for the OBF. The operator S : A — F is called the reconstruction
operator. If condition (1) in Definition [2{and the upper inequality in are
satisfied, then we call {T;} to be an operator Bessel sequence for £ with
respect to A. Let us denote by Bess(E) the set of all operator Bessel
sequences for E with respect to A. For a sequence T = {T;} € Bess(FE)
define Ry : E — Aby Rrf ={T;f}, forall f € E. Then, R+ € B(E,A).
We call Ry the analysis operator for the operator Bessel sequence {7;}.

If condition (1),(3) and only upper inequality in are satisfied, then
({T;},S) is called Banach operator frames (which was introduced by Chun-
Yan-Li []]).

Observation 1

1. One may observe that an operator Banach frame is a Banach operator
frame. The converse need not be true.

2. In case E; =K, for each i € N, the notion of operator Banach frame
coincide with the notion of Banach frame.
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3. If E; is closed subspace of E and {T;} is a sequence of non trivial
projection of E onto E; in Definition[d, then ({E;, T;}, S) is a fusion
Banach frame for E with respect to A.

Definition 3 An OBF ({T;}, S) for E with respect to A with frame bounds
A and B is called

1. tight if it is possible to choose A = B satisfying .
2. normalized tight, if it is possible to choose A = B =1 satisfying .

3. exact, if for each iy there exists no reconstruction operator Sy such

that ({T;}izi,, So) s an OBF for E.

Definition 4 Let E be a Banach space, {E;} be a sequence of Banach
spaces and T; € B(E, E;), i1 € N. Then {T;} is called total on E if
{feE:T,f =0,Vi e N} ={0}.

The following lemma proved in [4] will be used in subsequent results.

Lemma 1 Let E be a Banach space, {E;} be a sequence of Banach spaces
andT; € B(E, E;), i € N. If{T;} is total over E, then A = {{T;f} : f € E}
is a Banach space with norm given by |{T;fH|la=||fllg, f€E.

For 1 < p < 00, define
1

@pEi:{{fi}:fieEi (i € N), ||{]g}||p:(zgi1 ||fi||P>§<oo}
D Fi={{/}: i€ B ((€N), [{/i}lo =supllfill < o0}

Example 1 Let E = (*(N), E; = (*(N) and A= @_ E;. DefineT; : E —
E; by T;f = {0,0, ..., \5;-/ ,0,...}, f=1{&} € E. ThenT; € B(E, E;) such
ithplace

that {T;} is an operator Bessel sequence for E with respect to A. Also {T;}
15 total over E. Hence, by Lemma (1|, there is an associated Banach space
Ao C A with norm given by |{T;fH|a = || fllg, f € E. DefineS: Ay — E
by SUTif}) = f, f € E. Then S is a bounded linear operator such that
({T;}, S) is an OBF for E with respect to Ay.

Definition 5 A sequence {a,} C R is said to be positively confined if
0 < inficpcoo@n < SUPjcpeno @ < 00. For v = {z,},y = {yn} in B
and a € K, we define x £y = {x, T yn}, x.y={zyn} and ax = {az,}.
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108 CHANDER SHEKHAR AND SHIV KUMAR KAUSHIK

2 Perturbations of Operator Banach frames

Perturbation theory is an important tool in various areas of applied
mathematics. The fundamental results of Paley and Weiner states that
a system that is sufficiently close to a Reisz basis for Hilbert spaces in
some sense, is also a Reisz basis. Since then a number of results similar
to that of Paley and Weiner in various contexts have been appeared in
[T, B, B 6 10, 13, 16]. In this section, we discuss the perturbation of OBF
and obtain various results in this direction.

We begin this section with the following result.

Theorem 2 Let ({I;}, S) be an OBF for E with respect to A. Let
R, € B(E, E;), i € N such that {R;f} € A, fe€ E. LetUd : A — A be
a bounded linear operator such that U{R;f} = {T;f}, for all f € E. Then
there exists a bounded linear operator P : A — E such that ({R;}, P) is
an OBF for E with respect to A if and only if there ezists a constant K > 1
such that

I{Tif = RifHla < Kmin{|[Tif|la, [|Rifla}, feE.

Proof. Let Qy: E — Abedefined by Qof ={T;f}, fe FandQ: F — A
be defined by Qf = {R;f}, f € E. Let Ar, Br; Agr, Bgr be the frame
bounds for OBFs ({1}, S) and ({R;}, P). Then

Arlflle < {Tif}Hla < Brllflle, feE. (2)

and

Apllfle < HRifHla < Brlfle, fe€E. (3)
Therefore, we get
B
1Quf = Qflla < (1435 ) TS Hla feE.

Also, using (3.2) and (3.3), we have

B
1Qof — Qflla < (1+ A—Z) {Rf}a f€E.

Choose K = max { (1 + i—:), (1 + i—;) } Then

I{Tf = Rif}lla < Kmin{||T5f|la; [[Riflla}, [ € E.

Conversely, suppose that there exists K > 1 such that

I{Tif = Rif }lla < Kmin{|[Tif[la, [|Riflla}, f€E.
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Then, for each f € F, we have

Ar|[flle < 1Qoflla < [|Qof — QFlla+ 1Qf]la

1+ K)[|Qf[.

1+ K)(|Qof — Qfla+ Qo f.4)
(1+ K)*[Qofll.a

( )’

<
<
<
< (1+K)Br| fle.

Write P = SU. Then P : A — F is a bounded linear operator such that
P{Rif})=f, fe€FE. Thus ({R;}, P) is an OBF for E with respect to A.
O

Next, we give a condition under which the perturbation of a given OBF
by uniformly scaled version of a given operator Bessel sequence (by an
appropriately chosen scalar number) is still an OBF.

Theorem 3 Let ({T;}, S) be an OBF for E with respect to A. Let
R, € B(E, E;), i € N such that {R;f} € A and for some constant K > 0,

H{E:fHla < Klflle, feE.
S|~

Then, for any non-zero constant A with |\ < 7 there exists a

reconstruction operator P : A — E such that ({T; + AR;}, P) is an OBF
for E with respect to A with frame bounds ||S]|™' — [N K and [|Qo| + [N K,
where Qo : E — A is defined by Qof = {T;f}, f€E.

Proof. Let Q : E — A be defined by Qf = {R;f}, f € E. Clearly
{(T; + AR;)f} € A, forall f e E. Also, we have

1Qof +AQf 4 < Qoflla+ MK Sz
< (1Qoll + N[ flly [ e E

and

USI7H = Kl < 1Qoflla— IR La
< 1Qof +AQfllas f€E.

Then
SI7H =M flle < N1Qof +2Qf[la < (1Qoll + INE)| £ -

Define L : E — Aby Lf ={(T;+ AR;)f}, f € E. Then, L is a bounded
linear operator such that

1Qof — Lflla < |MNK|fllz, f€E.
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110 CHANDER SHEKHAR AND SHIV KUMAR KAUSHIK

This gives ||Qo — L|| < |A\K. Now, since SQy = I, I denote the identity
operator on E, we have ||[I—=SL|| < ||S]|||Qo—L|| < 1. Thus, SL is invertible.
Write P = (SL)'S. Then P : A — F is a bounded linear operator such
that P({(T; + AR))f}) = f, f € E. Hence ({T; + AR;}, P) is an OBF for
E with respect to A with desired frame bounds. [J

The following result gives a sufficient condition for the perturbation of
OBF by a sequence of type {o;R;} (where R; € B(E,E;) and {o;} is a
positively confined sequence in R) to be an OBF.

Theorem 4 Let ({1}, S) be an OBF for E with respect to A C @, Ei(1 <
p<o0). Let R; € B(E, E;), i € N and {7;} C R be any positively confined
sequence such that {(v;R;)f} € A, f € E. IfQ : E — A defined by

-1
Qf = (Rif}, f e E such that Q] < I
SUP1<jcoo Vi

reconstruction operator P : A — E such that ({T; + v R;}, P) is an OBF
for E with respect to A with frame bounds (||S||’1 — Q]| (Sup1§i<oo 'yz>>

and (HQOH - ||Q||<Sup1§i<00%>>, where Qo : E — A is defined by
Qf ={Lif}, fekE.

Proof. Clearly, {T; +v;R;f} € A, for all f € E. Now, for each f € E, we
have

, then there exists a

(T4 2R P < KT Y+ R
< T+ (s 7e) IR L

< (lQoll +1QN( sup %)) 7]
Also, we have

T+ R} lla > KT = 1R
> (T Hla — ( sup ) IR f]La

> <||S||—1 — ||Q||<12?fm7i>>||f||E, feE.

Define L : E — Aby Lf = {(T; + vR;)f},f € E. Then, L is a bounded
linear operator such that

< (sw w)lQlfl. feE.

<i<oco
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This gives |[Qo — L] < (SUP1§¢<OO %> 1Q]|. Since SQy = I, I denoting the
identity mapping on E,

11— SL|| < HSHHQH< sup %) <1
1<i<o0

Therefore, SL is invertible. Write P = (SL)™'S. Then P : A — FE is a
bounded linear operator such that P({(7; + v;R;)f}) = f, f € E. Hence
({T; + v:R:}, P)is an OBF for E with respect to A with frame bounds

(1517 = 1Q1H(suP1<ine ) ) and (IQoll = QU (5P 1<ic ) ) O

Next, we give a perturbation result for operator Bessel sequences.

Theorem 5 Let {T;} be an operator Bessel sequence for E with respect to
A. Let R; € B(E, E;), i € N such that {R;f} € A, f € E. Then {R;} is an
operator Bessel sequence for E with respect to A, if there exist non-negative
constants o, 5 (B < 1) and ~y such that

I{(T; = B) fHla < al{TifHla+ BILRi S Hla + Al flle, fe k.
Proof. Let K be the Bessel bound for the operator Bessel sequence {T;}.
Then |{7;f}| < K|\ fll, f € E. Thus, we have

I{R:ifHla = I{Tif} = {(Ti = Ri) f}H]a
<+ ) H{THa+ BB A+ F e, fe k.
This gives
(1+a)K +7v
1=p

Hence, {R;} is a operator Bessel sequence for F with respect to A. [

I{Rif}Ha < 1/l -

In the following result, we show that OBFs are stable under perturbation
of frame elements by positively confined sequence of scalars.

Theorem 6 Let ({T;}, S) be an OBF for E with respect to A, where
A C @pEi(l < p < ). Let Ry € B(E, E;), i € N such that
{R;f} € A, feE. LetU: A— A be a bounded linear operator such that
U{Rif}) =A{T:f}, f € E. Let {a;} and {B;} be two positively confined
sequences. If there exists constants N\, p (0 < p < 1) and ~ such that
v < (1= NS (infic o) and [{(@Tof — B FHla < Al{aiTifHla +
WBiRifHla+ I flle, f € E, then there exists a bounded linear operator
P: A — FE such that ({R;}, P) is an OBF for E with respect to A with
(L= MISI (i) —7 (1 D) Qoll(stpie ) +1

(1 + p1) sup;en B; (1 — p) infien Bi 7
where Qo : E — A is a bounded linear operator defined by Qo f = {T;f}, f €
E.

frame bounds
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112 CHANDER SHEKHAR AND SHIV KUMAR KAUSHIK

Proof. Since the operator SQy : £ — FE is an identity operator, we have
Iflle = 15Q(Nlle < [ISIIKTif 4, f € E. Note that

{(BiR:) [ Ha < [{ (i) fHla -+ [H(euTif = Bilti) fH|a
< {(eT)fHla + AHeTif Hla+ pl{BiRif}Ha
+9lflle, fe k.

This gives
(1= WI{GRI < (1 + N Qull(sup ) +9) 1 flls. f € B
Since A C P, Ei, we get

(1= ) (inf ) IHR S HLa < (1= I (BiR) .
< (A4 VIQollsup o) +9) I, f € B
Also, we have
(1) (500 80 1B 2 0+ BB
> (= NIISII™ (it i) = 7 ) 1]

Thus, we obtain

(1 = N)|[S]| " (infien i) —
Ar s g ISl < IR
- (L4 VI|Qoll(supiex ) + 7
- (1 — ) infien B
Write P = SU. Then P : A — F is a bounded linear operator such that
P({R;f})=f, f € E. Hence ({R;}, P) is an OBF for E with respect to
A and with desired frame bounds. [

1/l -

Remark 1 Positive confinedness of sequences {a;} and {5;} in R is
necessary. Indeed, if {«;} is not positively confined, then either
infi<icoo @y < 0 07 sSUP o v 15 infinite. So we get either negative lower
frame bounds or an infinite upper frame bounds for the OBF ({T;}, S). In
this case, the frame inequality is lost. Similar argument is valid for the case
when the sequence {B;} is not positively confined.

In the following result, we give sufficient conditions for the stability of an
OBF.
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Theorem 7 Let ({T;}, S) be an OBF for E with respect to A. Let R; €
B(E,E;), i € N be such that {R;f} € A, f € E. If there exists constants

S
a,B(> 0) and p such that max{” HKOHiB_H;)OH) +'u],ﬁ} < 1, where
Qo : E — A is a bounded linear operator defined by Qof = {Tif},f € E
and [{(Ti = Ri) f}[a < al{Tif Ha+BIRRifHa+pllfI], | € E, then there
ezists a bounded linear operator P : A — E such that ({R;}, P) is an OBF
for E with respect to A with frame bounds ||.S||~* (1— o+ B)lIQoll + M]HSH)

1-p

[(r + 1) Qoll + 4]
1-p
Proof. Let Q : E — A be define by Qf = {R;f}, f€ E. As|S]|7! and

|Qo|| are frame bounds for the OBF ({T;},S), we have ||Qof — Qf|la <
al|Qoflla+BIQfla+ I fllz, fe€E. So

[(1+ )| Qoll + 4]
1-5

Thus @ is a bounded linear operator such that

[+ B)|Qoll + 4]

and

[Qfla <

Iflle, fekE.

1Qof — Qfla < -5 | flle, [f€E.
Therefore
11 = SQI < [IS]l|Qo — QI
LSS TN
and SQ is an invertible operator satisfying
1
SQ|™! :
N (CE)] [ Ea
1-p
Write P = (SQ)~1S. Then PQ = I. Therefore
_ 151
Iflle = 1PRfAlz < PIQf]la < N CEE AR 1Q .4
1-p

So, we have

- [(r + B)1Qoll + w11 Sl
1517 (1 - 2
1—-p
Hence ({R;}, P) is an OBF for E with respect to A with desired frame
bounds. [J

Ifle < 1Qf e, f €.
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3 Perturbation of Finite sum of OBF's

In this section, we give a condition under which the sum of finite number of
sequences of operators is an OBF by comparing each of the sequences with
another system of OBFs.

First, we give the following example to find the necessity of obtaining such
a condition.

Example 2 Let (X, ||.||) be a Banach space. Define

B =r(X) = {{&} : & € X5 sup & < oo}

<i<oo

Define norm |||.[| on E by ||[{&}]|le = supicica I&illx,  {&} € E. Then
E is a Banach space with this norm. Now, for each © € N, define

E;, = {{m} . n; = {0,0,0, <z ,0,0,...}; = € X}. Define T ; :
x at ith place

E — E; by Tl,if = {0,070, ...§i70,0, }, f = {fz} € E. Then {Tl,i} 18 total
over E. Therefore, by Lemma |1, there exists an associated Banach space
A= {{Tl,if} fe E} with norm given by |{TiifHla = Ifll 5 f€ E.
Define S; : A — E by Si({T1,f}) = f, f € E. Then, Sy is a
bounded linear operator such that ({T,},S1) is an OBF for E. Define
{T»;} C B(E,E;) by

Ty =—Tis

Top =T

TQJ‘ = Tl,i—l X (Z = 374, )

Then there exists a reconstruction operator Sy such that ({Is;},S2) is an
OBF for E with respect to A. Define {Ry;} and {Rs;} in B(E, E;) by

(R =0

Rl,i — Tl,i) (Z — 273,4, )
R271 =0

R272 - O

\RQ’/L' - Tl,ifl 5 (Z == 3,4, )

Then, for suitable choice of av and B, |[{(Tn; — Rni)fH a4 < a|{TnifHla+
Bllflle, f € E, (n=1,2)is satisfied. But there exists, in general, no
reconstruction operator Py : Ay — E such that ({3.°_, Rni}, Po) is an
OBF for E with respect to Ag. Indeed, if ({322_, Ry}, Py) is an OBF for
E with respect to Ag then there exists positive constants A and B such that

()]

Allflle < < Bl fllz (4)
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Now, let f = (2,0,0,...) be a non zero element in £ then

2
(ZRH,Z) (f) =0, forall ieN.
n=1

Hence by frame inequality , we have f = 0. This is a contradiction.

Thus, it is natural to ask for a condition under which ({322_, R,.,}, P)
is an OBF for E. The following theorem gives such a condition in a more
general set up.

Theorem 8 Let ({T,.;}, Sn), n € Ex = {1,2,....,k} be OBFs for E with
respect to A. Let R,; € B(E, E;) with{R,;,f} € A, f € E, n € Ej. Let
U:A— A be a bounded linear operator such that U({(3F_, Rui)f}) =
{T,.f} for some p € Ey and for each n = 1,2,....k, let Q, : E — A be
defined by Qnf = {T,..f}, f € E. If there exists constants « > 0, > 0
such that

Load e, 1@nll + kB <118l ™" = 2ner,, nsn |@nll, for some no €
Ey.

2. {(Tn = Ru) fHa < al{Thif Hla + BISI, f€E, ne Ey,
then there exists a bounded linear operator P : A — E such that
({2 nep, Bnits P) is an OBF for E with respect to A with frame

bounds (Snall ™ = [0 Eer, 1@nll + ey, wing 1Qull + k8]) and (1 +

@) S, 1@nll + k8).

Proof. For each n € E;, S,Q), is an identity operator on E. Therefore
1flle = 15n@nflla < ISulll{Tnif 4, [ € E.

Also, we have
||| < (X 1@ul)ifle. fe B
nekby neky
Now, for each f € E, we have

(S 2], = || T (0= = Rais3
> {(Z Tn,i)f}HA_ H Z{(Tn’i_R”’i>f}HA
> |H{Tosi} + Z{Tn,z‘f}HA - Z H{(Tm - R”’i)f}HA

n#ng

IV

(10l =T Yo IQull+ 32 1Qull+ kB s

neky neEy,n#no
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and

132 o, = (@00 S 1Qul+48)171s, S B

TLEEk TLGEk

Therefore, we get

(1S~ =T 3 I Qull+

nekEy

> 1@+ kI <[ R,

neE ,n#ng

< (0 +a) D 1Qull +k8)Iflle, f € E.

nekEy

Write P = S,U where p is fixed index given in hypothesis. Then P : A — FE
is a bounded linear operator such that P({(>_,cp, Rni)f}) = f, [ € E.
Hence ({3 ,cp, Bnit, P)is an OBF for E with respect to A with desired
frame bounds. [

Remark 2 The condition (1) in Theorem @ 18 not neccesary. Indeed, if
({T1.:},S1) is a normalized tight operator Banach frame for E with respect
toA. LetTs; = Ry; = Ry; =T1;, i € N. Then Zizl R, =2Ty;. So, there
exists a reconstruction operator P : A — E such that ({3.°_, Rn:}, P) is
an OBF for E with respect to A. Also, it can be easily verified that condition
(1) of Theorem[§ does not hold.

4 Similar Operator Banach frames

In this section, we define similar OBF's and give the following definition.

Definition 6 Let ({I;}, S) and ({R;}, P) be OBFs for a Banach space E.
We say that the OBF ({R;}, P) is similar to the OBF ({T;}, S) if there is
an isomorphism U on E such that R; = T;U, for all i € N.

In the following result, we prove that if a sequence of operators is similar
to an OBF, then it is also an OBF.

Theorem 9 Let ({1;}, S) be an OBF for E with respect to A with frame
bounds A and B. Let U be an isomorphism on E. Then there is a bounded
linear operator P : A — E such that ({T;U}, P) is an OBF for E with
respect to A.

Proof. Clearly, {T;U(f)} € A. Also for each f € E, we have

I{T:U fHa < BIUNflle
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Again

Allfll = AllU—U £
< UTMIKTU £}l.a

So AU flle < IHTUfHla < BIU[If]lp- Write P = U™'S, then

({T;U}, P) is an OBF for F with respect to A. O

Finally, we give the following result related to similar OBF's.

Theorem 10 Let ({T;},S) and ({Q;}, P) be OBFs for E with respect to
A with analysis operator Ry and R¢ respectively. Then the following
statements are equivalent:

1. ({Q;}, P) is similar to ({1}, 5).
2. Rg = RrU, where U is an isomorphism on E.

Proof. We omit the proof as it can worked out in few steps using the
hypothesis. [J
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