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Perturbations of Operator Banach frames in

Banach spaces
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Abstract. Casazza and Christensen [3] studied perturbation
of operators in the context of frames. Also, Chistensen
and Heil [6] studied perturbation of frames and atomic
decompositions. In the present paper, we study perturbation of
operator Banach frames (OBFs) for Banach spaces and obtained
perturbation results for operator Banach frames and operator
Bessel sequences. Also, we give a condition under which the
sum of finite number of sequences of operators is an OBF by
comparing each of the sequences with another system of OBFs.
Finally, we define similar OBFs and prove that if a sequence of
operators is similar to an OBF, then it has to be an OBF.
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Introduction

Frames for Hilbert spaces were introduced by Duffin and Schaeffer [9] to
study some deep problems in non-harmonic Fourier series. For a nice
introduction to frames, one may refer to [7]. Frames were extended
to Banach spaces by Feichtinger and Grochenig [11] and introduced the
notion of atomic decompositions for Banach spaces. Later, Grochenig [12]
introduced a more general concept called Banach frame for Banach Spaces.
He gave the following definition of a Banach frame.

Let E be a Banach space and Ed be an associated Banach space of scalar
valued sequences indexed by N. Let {fn} ⊂ E∗ and S : Ed → E be given.
The pair ({fn}, S) is called a Banach frame for E with respect to Ed if

1. {fn(x)} ∈ Ed, x ∈ E.
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2. there exist constants A and B with 0 < A ≤ B <∞ such that

A‖x‖E ≤ ‖{fn(x)}‖Ed
≤ B‖x‖E, x ∈ E.

3. S is a bounded linear operator such that

S({fn(x)}) = x, x ∈ E.

Banach frames were further studied in [15, 16, 17, 18, 19].
The concept of fusion Banach frame for Banach spaces was introduced and
studied by Jain and Kaushik [14] as a generalisation of Banach frame. They
gave the following definition of a fusion Banach frame.

Definition 1 Let E be a Banach space, {Ei} be a sequence of closed
subspaces of E and let {Ti} be non trivial linear projections of E onto Ei.
Let A be an associated Banach space and S : A → E be an operator. Then
({Ei, Ti}, S) is called a fusion Banach frame for E with respect to A if

1. {Tif} ∈ A, f ∈ E.

2. there exist constants A and B with 0 < A ≤ B <∞ such that

A‖f‖E ≤ ‖{Tif}‖A ≤ B‖f‖E, f ∈ E.

3. S is a bounded linear operator such that

S({Tif}) = f, f ∈ E.

The notions of (p, Y )-Bessel operator sequences, operator frames and (p, Y )-
Reisz bases for Banach spaces were introduced and studied by Cao et al. [2]
as a generalization of usual concepts in Hilbert spaces and of the g-frames
introduced by W. Sun [20].

Later, Chun-Yan-Li [8] introduced and studied operator Bessel sequences,
operator frames, Banach operator frames and observed that frames, g-frames
for Hilbert spaces, Ed-frames and (p, Y )-operator frames for Banach spaces
can be regarded as special cases of operator frames.

The concept of operator Banach frame for a Banach space is introduced
and studied in [4] as an amalgamation of the notions of operator frame and
Banach operator frame. It is observed that Banach frames, p-frames, Ed-
frames, fusion Banach frames for Banach spaces and frames, g-frames for
Hilbert spaces can be regarded as special cases of Operator Banach frames.

In this paper, we study perturbations of operator Banach frames (OBFs)
for Banach spaces and obtain perturbation results for operator Banach
frames and operator Bessel sequences. Also, we give a condition under
which the sum of finite number of sequences of operators is an OBF by
comparing each of the sequences with another system of OBFs. Finally, we
define similar OBFs and prove that if a sequence of operators is similar to
an OBF, then it has to be an OBF.
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1 Preliminaries

Throughout this paper, E and Ei, i ∈ N will denote Banach spaces and E∗

denotes the dual space of the Banach space E, for each i ∈ N, Ti ∈ B(E,Ei)
denotes a bounded linear operator from E into Ei and ran(P ) denotes the
range of bounded linear operator P .

We begin this section with the following definition of an operator Banach
frame given in [4].

Definition 2 Let E be a Banach space, {Ei} be a sequence of Banach
spaces and Ti ∈ B(E,Ei), i ∈ N. Let A be an associated Banach space
and S : A → E be an operator. Then ({Ti}, S) is called an Operator
Banach frame (OBF) for E with respect to A if

1. {Tif} ∈ A, f ∈ E.

2. there exist constants A and B with 0 < A ≤ B <∞ such that

A‖f‖E ≤ ‖{Tif}‖A ≤ B‖f‖E, f ∈ E. (1)

3. S is a bounded linear operator such that

S({Tif}) = f, f ∈ E.

The positive constants A and B respectively, are called lower and upper
frame bounds for the OBF ({Ti}, S). The inequality (1) is called the frame
inequality for the OBF. The operator S : A → E is called the reconstruction
operator. If condition (1) in Definition 2 and the upper inequality in (1) are
satisfied, then we call {Ti} to be an operator Bessel sequence for E with
respect to A. Let us denote by Bess(E) the set of all operator Bessel
sequences for E with respect to A. For a sequence T = {Ti} ∈ Bess(E)
define RT : E → A by RT f = {Tif}, for all f ∈ E. Then, RT ∈ B(E,A).
We call RT the analysis operator for the operator Bessel sequence {Ti}.
If condition (1), (3) and only upper inequality in (1) are satisfied, then
({Ti}, S) is called Banach operator frames (which was introduced by Chun-
Yan-Li [8]).

Observation 1

1. One may observe that an operator Banach frame is a Banach operator
frame. The converse need not be true.

2. In case Ei = K, for each i ∈ N, the notion of operator Banach frame
coincide with the notion of Banach frame.



PERTURBATIONS OF OPERATOR BANACH FRAMES IN BANACH SPACES 107

3. If Ei is closed subspace of E and {Ti} is a sequence of non trivial
projection of E onto Ei in Definition 2, then ({Ei, Ti}, S) is a fusion
Banach frame for E with respect to A.

Definition 3 An OBF ({Ti}, S) for E with respect to A with frame bounds
A and B is called

1. tight if it is possible to choose A = B satisfying (1).

2. normalized tight, if it is possible to choose A = B = 1 satisfying (1).

3. exact, if for each i0 there exists no reconstruction operator S0 such
that ({Ti}i 6=i0 , S0) is an OBF for E.

Definition 4 Let E be a Banach space, {Ei} be a sequence of Banach
spaces and Ti ∈ B(E, Ei), i ∈ N. Then {Ti} is called total on E if
{f ∈ E : Tif = 0,∀i ∈ N} = {0}.

The following lemma proved in [4] will be used in subsequent results.

Lemma 1 Let E be a Banach space, {Ei} be a sequence of Banach spaces
and Ti ∈ B(E, Ei), i ∈ N. If {Ti} is total over E, then A = {{Tif} : f ∈ E}
is a Banach space with norm given by ‖{Tif}‖A = ‖f‖E, f ∈ E.

For 1 ≤ p <∞, define⊕
pEi =

{
{fi} : fi ∈ Ei (i ∈ N), ‖{fi}‖p =

(∑∞
i=1 ‖fi‖p

)1

p <∞
}

⊕
∞Ei =

{
{fi} : fi ∈ Ei (i ∈ N), ‖{fi}‖∞ = sup ‖fi‖ <∞

}
Example 1 Let E = `∞(N), Ei = `1(N) and A =

⊕
∞Ei. Define Ti : E →

Ei by Tif = {0, 0, ..., ξi︸︷︷︸
ithplace

, 0, ...}, f = {ξi} ∈ E. Then Ti ∈ B(E, Ei) such

that {Ti} is an operator Bessel sequence for E with respect to A. Also {Ti}
is total over E. Hence, by Lemma 1, there is an associated Banach space
A0 ⊂ A with norm given by ‖{Tif}‖A = ‖f‖E, f ∈ E. Define S : A0 → E
by S({Tif}) = f, f ∈ E. Then S is a bounded linear operator such that
({Ti}, S) is an OBF for E with respect to A0.

Definition 5 A sequence {an} ⊂ R is said to be positively confined if
0 < inf1≤n<∞ an ≤ sup1≤n<∞ an < ∞. For x = {xn}, y = {yn} in E
and α ∈ K, we define x± y = {xn ± yn}, x.y = {xnyn} and αx = {αxn}.
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2 Perturbations of Operator Banach frames

Perturbation theory is an important tool in various areas of applied
mathematics. The fundamental results of Paley and Weiner states that
a system that is sufficiently close to a Reisz basis for Hilbert spaces in
some sense, is also a Reisz basis. Since then a number of results similar
to that of Paley and Weiner in various contexts have been appeared in
[1, 3, 5, 6, 10, 13, 16]. In this section, we discuss the perturbation of OBF
and obtain various results in this direction.
We begin this section with the following result.

Theorem 2 Let ({Ti}, S) be an OBF for E with respect to A. Let
Ri ∈ B(E, Ei), i ∈ N such that {Rif} ∈ A, f ∈ E. Let U : A → A be
a bounded linear operator such that U{Rif} = {Tif}, for all f ∈ E. Then
there exists a bounded linear operator P : A → E such that ({Ri}, P ) is
an OBF for E with respect to A if and only if there exists a constant K > 1
such that

‖{Tif −Rif}‖A ≤ K min{‖Tif‖A, ‖Rif‖A}, f ∈ E.

Proof. Let Q0 : E → A be defined by Q0f = {Tif}, f ∈ E and Q : E → A
be defined by Qf = {Rif}, f ∈ E. Let AT , BT ; AR, BR be the frame
bounds for OBFs ({Ti}, S) and ({Ri}, P ). Then

AT‖f‖E ≤ ‖{Tif}‖A ≤ BT‖f‖E, f ∈ E. (2)

and

AR‖f‖E ≤ ‖{Rif}‖A ≤ BR‖f‖E, f ∈ E. (3)

Therefore, we get

‖Q0f −Qf‖A ≤
(

1 +
BR

AT

)
‖{Tif}‖A, f ∈ E.

Also, using (3.2) and (3.3), we have

‖Q0f −Qf‖A ≤
(

1 +
BT

AR

)
‖{Rif}‖A, f ∈ E.

Choose K = max
{(

1 +
BR

AT

)
,
(

1 +
BT

AR

)}
. Then

‖{Tif −Rif}‖A ≤ K min{‖Tif‖A, ‖Rif‖A}, f ∈ E.

Conversely, suppose that there exists K > 1 such that

‖{Tif −Rif}‖A ≤ K min{‖Tif‖A, ‖Rif‖A}, f ∈ E.
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Then, for each f ∈ E, we have

AT‖f‖E ≤ ‖Q0f‖A ≤ ‖Q0f −Qf‖A + ‖Qf‖A
≤ (1 +K)‖Qf‖A
≤ (1 +K)(‖Q0f −Qf‖A + ‖Q0f‖A)

≤ (1 +K)2‖Q0f‖A
≤ (1 +K)2BT‖f‖E.

Write P = SU . Then P : A → E is a bounded linear operator such that
P ({Rif}) = f, f ∈ E. Thus ({Ri}, P ) is an OBF for E with respect to A.
�

Next, we give a condition under which the perturbation of a given OBF
by uniformly scaled version of a given operator Bessel sequence (by an
appropriately chosen scalar number) is still an OBF.

Theorem 3 Let ({Ti}, S) be an OBF for E with respect to A. Let
Ri ∈ B(E, Ei), i ∈ N such that {Rif} ∈ A and for some constant K > 0,

‖{Rif}‖A ≤ K‖f‖E, f ∈ E.

Then, for any non-zero constant λ with |λ| < ‖S‖−1

K
, there exists a

reconstruction operator P : A → E such that ({Ti + λRi}, P ) is an OBF
for E with respect to A with frame bounds ‖S‖−1 − |λ|K and ‖Q0‖+ |λ|K,
where Q0 : E → A is defined by Q0f = {Tif}, f ∈ E.

Proof. Let Q : E → A be defined by Qf = {Rif}, f ∈ E. Clearly
{(Ti + λRi)f} ∈ A, for all f ∈ E. Also, we have

‖Q0f + λQf‖A ≤ ‖Q0f‖A + |λ|K‖f‖E
≤ (‖Q0‖+ |λ|K)‖f‖E, f ∈ E

and

(‖S‖−1 − |λ|K)‖f‖E ≤ ‖Q0f‖A − |λ|‖Qf‖A
≤ ‖Q0f + λQf‖A, f ∈ E.

Then

(‖S‖−1 − |λ|K)‖f‖E ≤ ‖Q0f + λQf‖A ≤ (‖Q0‖+ |λ|K)‖f‖E.

Define L : E → A by Lf = {(Ti + λRi)f}, f ∈ E. Then, L is a bounded
linear operator such that

‖Q0f − Lf‖A ≤ |λ|K‖f‖E, f ∈ E.
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This gives ‖Q0 − L‖ ≤ |λ|K. Now, since SQ0 = I, I denote the identity
operator on E, we have ‖I−SL‖ ≤ ‖S‖‖Q0−L‖ < 1. Thus, SL is invertible.
Write P = (SL)−1S. Then P : A → E is a bounded linear operator such
that P ({(Ti + λRi)f}) = f, f ∈ E. Hence ({Ti + λRi}, P ) is an OBF for
E with respect to A with desired frame bounds. �

The following result gives a sufficient condition for the perturbation of
OBF by a sequence of type {αiRi} (where Ri ∈ B(E,Ei) and {αi} is a
positively confined sequence in R) to be an OBF.

Theorem 4 Let ({Ti}, S) be an OBF for E with respect to A ⊂
⊕

pEi(1 ≤
p ≤ ∞). Let Ri ∈ B(E, Ei), i ∈ N and {γi} ⊂ R be any positively confined
sequence such that {(γiRi)f} ∈ A, f ∈ E. If Q : E → A defined by

Qf = {Rif}, f ∈ E such that ‖Q‖ < ‖S‖−1

sup1≤i<∞ γi
, then there exists a

reconstruction operator P : A → E such that ({Ti + γiRi}, P ) is an OBF

for E with respect to A with frame bounds
(
‖S‖−1 − ‖Q‖

(
sup1≤i<∞ γi

))
and

(
‖Q0‖ − ‖Q‖

(
sup1≤i<∞ γi

))
, where Q0 : E → A is defined by

Q0f = {Tif}, f ∈ E.

Proof. Clearly, {Ti + γiRif} ∈ A, for all f ∈ E. Now, for each f ∈ E, we
have

‖{(Ti + γiRi)f}‖A ≤ ‖{Tif}‖A + ‖{γiRif}‖A
≤ ‖{Tif}‖A +

(
sup

1≤i<∞
γi

)
‖Rif‖A

≤
(
‖Q0‖+ ‖Q‖

(
sup

1≤i<∞
γi

))
‖f‖E.

Also, we have

‖{Ti + γiRi}f‖A ≥ ‖{Tif}‖A − ‖{γRif}‖A
≥ ‖{Tif}‖A −

(
sup

1≤i<∞
γi

)
‖Rif‖A

≥
(
‖S‖−1 − ‖Q‖

(
sup

1≤i<∞
γi

))
‖f‖E, f ∈ E.

Define L : E → A by Lf = {(Ti + γRi)f}, f ∈ E. Then, L is a bounded
linear operator such that

‖Q0f − Lf‖A = ‖{Tif} − {(Ti + γiRi)f}‖

≤
(

sup
1≤i<∞

γi

)
‖Q‖‖f‖, f ∈ E.
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This gives ‖Q0 − L‖ ≤
(

sup1≤i<∞ γi

)
‖Q‖. Since SQ0 = I, I denoting the

identity mapping on E,

‖I − SL‖ < ‖S‖‖Q‖

(
sup

1≤i<∞
γi

)
< 1.

Therefore, SL is invertible. Write P = (SL)−1S. Then P : A → E is a
bounded linear operator such that P ({(Ti + γiRi)f}) = f, f ∈ E. Hence
({Ti + γiRi}, P ) is an OBF for E with respect to A with frame bounds(
‖S‖−1 − ‖Q‖

(
sup1≤i<∞ γi

))
and

(
‖Q0‖ − ‖Q‖

(
sup1≤i<∞ γi

))
. �

Next, we give a perturbation result for operator Bessel sequences.

Theorem 5 Let {Ti} be an operator Bessel sequence for E with respect to
A. Let Ri ∈ B(E, Ei), i ∈ N such that {Rif} ∈ A, f ∈ E. Then {Ri} is an
operator Bessel sequence for E with respect to A, if there exist non-negative
constants α, β (β < 1) and γ such that

‖{(Ti −Ri)f}‖A ≤ α‖{Tif}‖A + β‖{Rif}‖A + γ‖f‖E, f ∈ E.

Proof. Let K be the Bessel bound for the operator Bessel sequence {Ti}.
Then ‖{Tif}‖ ≤ K‖f‖, f ∈ E. Thus, we have

‖{Rif}‖A = ‖{Tif} − {(Ti −Ri)f}‖A
≤ (1 + α)‖{Tf}‖A + β‖{Rif}‖A + γ‖f‖E, f ∈ E.

This gives

‖{Rif}‖A ≤
(1 + α)K + γ

1− β
‖f‖E.

Hence, {Ri} is a operator Bessel sequence for E with respect to A. �

In the following result, we show that OBFs are stable under perturbation
of frame elements by positively confined sequence of scalars.

Theorem 6 Let ({Ti}, S) be an OBF for E with respect to A, where
A ⊂

⊕
pEi(1 ≤ p ≤ ∞). Let Ri ∈ B(E, Ei), i ∈ N such that

{Rif} ∈ A, f ∈ E. Let U : A → A be a bounded linear operator such that
U({Rif}) = {Tif}, f ∈ E. Let {αi} and {βi} be two positively confined
sequences. If there exists constants λ, µ (0 ≤ µ < 1) and γ such that
γ < (1 − λ)‖S‖−1(infi∈N αi) and ‖{(αiTif − βiRi)f}‖A ≤ λ‖{αiTif}‖A +
µ‖{βiRif}‖A + γ‖f‖E, f ∈ E, then there exists a bounded linear operator
P : A → E such that ({Ri}, P ) is an OBF for E with respect to A with

frame bounds
(1− λ)‖S‖−1(infi∈N αi)− γ

(1 + µ) supi∈N βi
and

(1 + λ)‖Q0‖(supi∈N αi) + γ

(1− µ) infi∈N βi
,

where Q0 : E → A is a bounded linear operator defined by Q0f = {Tif}, f ∈
E.
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Proof. Since the operator SQ0 : E → E is an identity operator, we have
‖f‖E = ‖SQ0(f)‖E ≤ ‖S‖‖{Tif}‖A, f ∈ E. Note that

‖{(βiRi)f}‖A ≤ ‖{(αiTi)f}‖A + ‖{(αiTif − βiRi)f}‖A
≤ ‖{(αiTi)f}‖A + λ‖{αiTif}‖A + µ‖{βiRif}‖A

+ γ‖f‖E, f ∈ E.

This gives

(1− µ)‖{(βiRi)f}‖A ≤
(

(1 + λ)‖Q0‖(sup
i∈N

αi) + γ
)
‖f‖E, f ∈ E.

Since A ⊂
⊕

pEi, we get

(1− µ)
(

inf
i∈N

βi

)
‖{Rif}‖A ≤ (1− µ)‖{(βiRi)f}‖A

≤
(

(1 + λ)‖Q0‖(sup
i∈N

αi) + γ
)
‖f‖E, f ∈ E.

Also, we have

(1 + µ)
(

sup
i∈N

βi

)
‖{Rif}‖A ≥ (1 + µ)‖{(βiRi)f}‖A

≥
(

(1− λ)‖S‖−1(inf
i∈N

αi)− γ
)
‖f‖E.

Thus, we obtain

(1− λ)‖S‖−1(infi∈N αi)− γ
(1 + µ) supi∈N βi

‖f‖E ≤ ‖{Rif}‖A

≤ (1 + λ)‖Q0‖(supi∈N αi) + γ

(1− µ) infi∈N βi
‖f‖E.

Write P = SU . Then P : A → E is a bounded linear operator such that
P ({Rif}) = f, f ∈ E. Hence ({Ri}, P ) is an OBF for E with respect to
A and with desired frame bounds. �

Remark 1 Positive confinedness of sequences {αi} and {βi} in R is
necessary. Indeed, if {αi} is not positively confined, then either
inf1≤i<∞ αi ≤ 0 or sup1≤<∞ αi is infinite. So we get either negative lower
frame bounds or an infinite upper frame bounds for the OBF ({Ti}, S). In
this case, the frame inequality is lost. Similar argument is valid for the case
when the sequence {βi} is not positively confined.

In the following result, we give sufficient conditions for the stability of an
OBF.



PERTURBATIONS OF OPERATOR BANACH FRAMES IN BANACH SPACES 113

Theorem 7 Let ({Ti}, S) be an OBF for E with respect to A. Let Ri ∈
B(E,Ei), i ∈ N be such that {Rif} ∈ A, f ∈ E. If there exists constants

α, β(≥ 0) and µ such that max
{‖S‖[(α + β‖Q0‖) + µ]

1− β
, β
}
< 1, where

Q0 : E → A is a bounded linear operator defined by Q0f = {Tif}, f ∈ E
and ‖{(Ti−Ri)f}‖A ≤ α‖{Tif}‖A+β‖{Rif}‖A+µ‖f‖, f ∈ E, then there
exists a bounded linear operator P : A → E such that ({Ri}, P ) is an OBF

for E with respect to A with frame bounds ‖S‖−1
(

1− [(α + β)‖Q0‖+ µ]‖S‖
1− β

)
and

[(α + 1)‖Q0‖+ µ]

1− β
.

Proof. Let Q : E → A be define by Qf = {Rif}, f ∈ E. As ‖S‖−1 and
‖Q0‖ are frame bounds for the OBF ({Ti}, S), we have ‖Q0f − Qf‖A ≤
α‖Q0f‖A + β‖Qf‖A + ‖f‖E, f ∈ E. So

‖Qf‖A ≤
[(1 + α)‖Q0‖+ µ]

1− β
‖f‖E, f ∈ E.

Thus Q is a bounded linear operator such that

‖Q0f −Qf‖A ≤
[(α + β)‖Q0‖+ µ]

1− β
‖f‖E, f ∈ E.

Therefore

‖I − SQ‖ ≤ ‖S‖‖Q0 −Q‖

≤ [(α + β)‖Q0‖+ µ]

1− β
< 1

and SQ is an invertible operator satisfying

‖SQ‖−1 ≤ 1

1− [(α + β)‖Q0‖+ µ]

1− β

.

Write P = (SQ)−1S. Then PQ = I. Therefore

‖f‖E = ‖PQf‖E ≤ ‖P‖‖Qf‖A ≤
‖S‖

1− [(α + β)‖Q0‖+ µ]

1− β

‖Qf‖A

So, we have

‖S‖−1
(

1− [(α + β)‖Q0‖+ µ]‖S‖
1− β

)
‖f‖E ≤ ‖Qf‖A, f ∈ E.

Hence ({Ri}, P ) is an OBF for E with respect to A with desired frame
bounds. �
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3 Perturbation of Finite sum of OBFs

In this section, we give a condition under which the sum of finite number of
sequences of operators is an OBF by comparing each of the sequences with
another system of OBFs.
First, we give the following example to find the necessity of obtaining such
a condition.

Example 2 Let (X, ‖.‖) be a Banach space. Define

E = `∞(X) =
{
{ξi} : ξi ∈ X; sup

1≤i<∞
‖ξi‖ <∞

}
Define norm |||.||| on E by |||{ξi}|||E = sup1≤i<∞ ‖ξi‖X , {ξi} ∈ E. Then
E is a Banach space with this norm. Now, for each i ∈ N, define

Ei =
{
{ηi} : ηi = {0, 0, 0, x︸︷︷︸

x at ith place

, 0, 0, ...}; x ∈ X
}

. Define T1,i :

E → Ei by T1,if = {0, 0, 0, ...ξi, 0, 0, ....}, f = {ξi} ∈ E. Then {T1,i} is total
over E. Therefore, by Lemma 1, there exists an associated Banach space

A =
{
{T1,if} : f ∈ E

}
with norm given by ‖{T1,if}‖A = ‖f‖ E, f ∈ E.

Define S1 : A → E by S1({T1,if}) = f, f ∈ E. Then, S1 is a
bounded linear operator such that ({T1,i}, S1) is an OBF for E. Define
{T2,i} ⊂ B(E,Ei) by

T2,1 = −T1,1
T2,2 = T1,1

T2,i = T1,i−1 , (i = 3, 4, .... ).

Then there exists a reconstruction operator S2 such that ({T2,i}, S2) is an
OBF for E with respect to A. Define {R1,i} and {R2,i} in B(E,Ei) by

R1,1 = 0

R1,i = T1,i, (i = 2, 3, 4, .... )

R2,1 = 0

R2,2 = 0

R2,i = T1,i−1 , (i = 3, 4, .... )

Then, for suitable choice of α and β, ‖{(Tn,i − Rn,i)f}‖A ≤ α‖{Tn,if}‖A +
β‖f‖E, f ∈ E, (n = 1, 2) is satisfied. But there exists, in general, no
reconstruction operator P0 : A0 → E such that ({

∑2
n=1Rn,i}, P0) is an

OBF for E with respect to A0. Indeed, if ({
∑2

n=1Rn,i}, P0) is an OBF for
E with respect to A0 then there exists positive constants A and B such that

A‖f‖E ≤

∣∣∣∣∣
∣∣∣∣∣
{(

2∑
n=1

Rn,i

)
f

}∣∣∣∣∣
∣∣∣∣∣ ≤ B‖f‖E (4)
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Now, let f = (x, 0, 0, ...) be a non zero element in E then(
2∑

n=1

Rn,i

)
(f) = 0, for all i ∈ N.

Hence by frame inequality (4), we have f = 0. This is a contradiction.

Thus, it is natural to ask for a condition under which ({
∑2

n=1Rn,i}, P0)
is an OBF for E. The following theorem gives such a condition in a more
general set up.

Theorem 8 Let ({Tn,i}, Sn), n ∈ Ek = {1, 2, ..., k} be OBFs for E with
respect to A. Let Rn,i ∈ B(E, Ei) with {Rn,if} ∈ A, f ∈ E, n ∈ Ek. Let

U : A → A be a bounded linear operator such that U({(
∑k

i=1Rn,i)f}) =
{Tp,if} for some p ∈ Ek and for each n = 1, 2, ..., k, let Qn : E → A be
defined by Qnf = {Tn,if}, f ∈ E. If there exists constants α > 0, β > 0
such that

1. α
∑

n∈Ek
‖Qn‖ + kβ < ‖Sn0‖−1 −

∑
n∈Ek, n 6=n0

‖Qn‖, for some n0 ∈
Ek.

2. ‖{(Tn,i −Rn,i)f}‖A ≤ α‖{Tn,if}‖A + β‖f‖, f ∈ E, n ∈ Ek,

then there exists a bounded linear operator P : A → E such that
({
∑

n∈Ek
Rn,i}, P ) is an OBF for E with respect to A with frame

bounds
(
‖Sn0‖−1 − [α

∑
n∈Ek

‖Qn‖ +
∑

n∈Ek, n 6=n0
‖Qn‖ + kβ]

)
and

(
(1 +

α)
∑

n∈Ek
‖Qn‖+ kβ

)
.

Proof. For each n ∈ Ek, SnQn is an identity operator on E. Therefore

‖f‖E = ‖SnQnf‖A ≤ ‖Sn‖‖{Tn,if}‖A, f ∈ E.
Also, we have ∣∣∣∣∣∣ ∑

n∈Ek

{Tn,if}
∣∣∣∣∣∣
A
≤
( ∑

n∈Ek

‖Qn‖
)
‖f‖E, f ∈ E.

Now, for each f ∈ E, we have∣∣∣∣∣∣{(∑
n∈Ek

Rn,i)f}
∣∣∣∣∣∣
A

=
∣∣∣∣∣∣ ∑

n∈Ek

{(Tn,i − (Tn,i −Rn,i))f}
∣∣∣∣∣∣
A

≥
∣∣∣∣∣∣{(∑

n∈Ek

Tn,i)f}
∣∣∣∣∣∣
A
−
∣∣∣∣∣∣ ∑

n∈Ek

{(Tn,i −Rn,i)f}
∣∣∣∣∣∣
A

≥
∣∣∣∣∣∣{Tn0,i}+

∑
n 6=n0

{Tn,if}
∣∣∣∣∣∣
A
−
∑
n∈Ek

∣∣∣∣∣∣{(Tn,i −Rn,i)f}
∣∣∣∣∣∣
A

≥
(
‖Sn0‖−1 − [α

∑
n∈Ek

‖Qn‖+
∑

n∈Ek,n 6=n0

‖Qn‖+ kβ]
)
‖f‖E
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and ∣∣∣∣∣∣{(∑
n∈Ek

Rn,i)f}
∣∣∣∣∣∣
A
≤
(

(1 + α)
∑
n∈Ek

‖Qn‖+ kβ
)
‖f‖E, f ∈ E.

Therefore, we get(
‖Sn0‖−1 − [α

∑
n∈Ek

‖Qn‖+∑
n∈Ek,n 6=n0

‖Qn‖+ kβ]
)
‖f‖E ≤

∣∣∣∣∣∣{(∑
n∈Ek

Rn,i)f}
∣∣∣∣∣∣
A

≤
(

(1 + α)
∑
n∈Ek

‖Qn‖+ kβ
)
‖f‖E, f ∈ E.

Write P = SpU where p is fixed index given in hypothesis. Then P : A → E
is a bounded linear operator such that P ({(

∑
n∈Ek

Rn,i)f}) = f, f ∈ E.
Hence ({

∑
n∈Ek

Rn,i}, P ) is an OBF for E with respect to A with desired
frame bounds. �

Remark 2 The condition (1) in Theorem 8 is not neccesary. Indeed, if
({T1,i}, S1) is a normalized tight operator Banach frame for E with respect
to A. Let T2,i = R1,i = R2,i = T1,i, i ∈ N. Then

∑2
n=1Rn,i = 2T1,i. So, there

exists a reconstruction operator P : A → E such that ({
∑2

n=1Rn,i}, P ) is
an OBF for E with respect to A. Also, it can be easily verified that condition
(1) of Theorem 8 does not hold.

4 Similar Operator Banach frames

In this section, we define similar OBFs and give the following definition.

Definition 6 Let ({Ti}, S) and ({Ri}, P ) be OBFs for a Banach space E.
We say that the OBF ({Ri}, P ) is similar to the OBF ({Ti}, S) if there is
an isomorphism U on E such that Ri = TiU , for all i ∈ N.

In the following result, we prove that if a sequence of operators is similar
to an OBF, then it is also an OBF.

Theorem 9 Let ({Ti}, S) be an OBF for E with respect to A with frame
bounds A and B. Let U be an isomorphism on E. Then there is a bounded
linear operator P : A → E such that ({TiU}, P ) is an OBF for E with
respect to A.

Proof. Clearly, {TiU(f)} ∈ A. Also for each f ∈ E, we have

‖{TiUf}‖A ≤ B‖U‖‖f‖E
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Again

A‖f‖ = A‖U−1Uf‖
≤ ‖U−1‖‖{TiUf}‖A

So A‖U−1‖−1‖f‖E ≤ ‖{TiUf}‖A ≤ B‖U‖‖f‖E. Write P = U−1S, then
({TiU}, P ) is an OBF for E with respect to A. �

Finally, we give the following result related to similar OBFs.

Theorem 10 Let ({Ti}, S) and ({Qi}, P ) be OBFs for E with respect to
A with analysis operator RT and RQ respectively. Then the following
statements are equivalent:

1. ({Qi}, P ) is similar to ({Ti}, S).

2. RQ = RTU , where U is an isomorphism on E.

Proof. We omit the proof as it can worked out in few steps using the
hypothesis. �
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