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Global well-posedness for the 3D
Newton-Boussinesq equations
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Abstract. In this paper, we prove the global well-posedness for
the Newton-Boussinesq equations in R3. By fully using the Fou-
rier localization technique, we obtain the existence and unique-
ness of smooth solutions in Hilbert spaces.
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1 Introduction
In this paper we consider the following 3D Newton-Boussinesq equations:

Ow+u-Vw—Aw =V x (fe3), (t,r) € RT x R3,

0 +u-Vo — A0 =0,

V-u=0, (1)
(uae)‘tzo = (u0700)-

Here, the vector u = (u'(z,t),u*(z,t),u?(z,t)) stands for the fluid velocity
field, the scalar function € denotes temperature, w = V X u is the vorticity
of the fluid, while wy and 6y are the initial data. According to [14], we find
that w = V x u is the vorticity of the fluid and the explicit formula for u is

u(r) = i K(x — y)w(y)dy,
R
where the 3 x 3 matrix kernel K is

1 xzxh

— 3
_47TW7 h € R”.

K(x)h

It is well known that Newton-Boussinesq system is widely used to model
the dynamics of the ocean or the atmosphere. It arises from the density
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dependent fluid equations by using the so-called Boussinesq approximation
which consists in neglecting the density dependence in all the terms but
the one involving the gravity. This approximation can be justified from
compressible fluid equations by a simultaneous low Mach number/Froude
number limit, we refer to [6] for a rigorous justification.

Comparing the system with the 3D Boussinesq equation in vorticity
form,

Ow—+u-Vo—Aw=w -Vu+V x (fe3), (t,z) € RT x R3,

00 +u-VO— A0 =0,

V-u=0, (2)
(u, 0)|i=0 = (uo, bo),

we find that the vortex-stretching term w - Vu vanishes in the first equation
of . It is well-known that the term w - Vu is difficult to control in three
dimensional case. Because we do not know how the term affects the dynamic
of the fluid, the global well-posedness for the 3D Boussinesq equation is still
an open problem.

Once the term w - Vu is removed, the 3D Boussinesq equation becomes
easier to study. The most important model is 3D Newton-Boussinesq equa-
tion which arises from the study of Bénard flow [3]. As for (I]), some
developments have been achieved by many authors. For the 2D case, using
the spectral methods and the nonlinear Galerkin methods, the existence and
uniqueness of the solutions for (1)) were obtained by Guo [9, 10]. Then the
asymtotic behavior and a blow-up criterion of was investigated in [7]
and [19] respectively. As for 3D case, some regularity criteria for (1) were
established in [ 21].

Since the 3D Newton-Boussinesq system is similar to the 2D Boussinesq
equations, we also recall some noticeable works about the 2D Boussinesq
system. Chae [2], and Hou and Li [I2] established the global well-posedness
of the smooth solution for the system. Then the result was extended by

2
Hmidi and Keraani [I1] with rough initial data, namely uy € B:{;(]W)
and 0y € LP(R?) for p > 2. Danchin and Paicu [5] proved the global well-
posedness for the 2D Boussinesq system with less regular initial data satis-
fying (ug,6p) € L*(R?) and wy = V X ug € L*(R?*) N L>=(R?). There are a
lot of papers devoted to studying Boussinesq equations, interested readers
can refer to [15] [16, [17].

In this paper, we aim at to establish the global well-posedness for the 3D
Newton-Boussinesq equations in Hilbert spaces. Using the Fourier localiza-
tion technique, we obtain the existence and uniqueness of smooth solutions
for ([1)). Here we follow ideas introduced in [4]. Our main result is as follow-
ing.
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Theorem 1.1 Let (wy,6y) € (H® x H®) with s > 3. Then ¥ T > 0, the
initial value problem has a unique solution (w,0) satisfying

weCRYH)NLE (RY HY)  and 0 € C(RY; H*) N L (RT; H¥™). (3)

loc loc

Notation: Throughout the paper, C stands for a generic constant, and
changes from line to line; Cp means a constant C' depending on T || - ||,
denotes the norm of the Lebesgue space LP.

2 Preliminaries

In this preparatory section, we provide the definition of some function spaces
and review some important lemmas.

Let S(R?) be the Schwartz class of rapidly decreasing functions. Given
f e S(RY), its Fourier transform Ff = f is defined by

fwz@mﬁéf%v@w.

We now denote the operator (I — A)z by A which is defined by

—_~ l A
Af(&) = (L+ €)= £(©).
More generally, A®f for s € R can be identified with the Fourier Transform

ASF(E) = (1+ €5 (9).

For s € R, we define

I 2 140702 = ([ v leppifera)

and the Sobolev space H*® is denoted by H* £ {f € S'(R"); |||z < oo}.
The usual Sobolev space H*? is endowed with the norm

1 fllen £ 1A f 2o

We can refer to [20] for more details.

Lemma 2.1 [I8] Suppose that the vector function f is divergence-free and
set g =V x f. Then there exists a constant C' independent of f such that

IVfllp < Cllgllp, V1 <p<oo. (1)

Lemma 2.2 [13] Let 1 < p < oo, s > 0. Assume that f,g € H*P, then
there exist constants C' independent of f, g such that

1A°(fg) = FANglle < CUIV fllzes gl s + [ f]
with pa, ps € (1,400) such that
1 1 1 1 1

p p1 D2 P3 P4

mees|glles)  (2)
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3 Proof of the main result

In this section we prove Theorem [I.1]

Proof of Theorem [1.1] Step 1. A priori estimate.
L? estimates.
Taking the L?-inner product of the first equation of with w, we have

1d
sl +IV6l} = [V x (bes)ude
N ONE
1
< IOl + 519wl (1

from which we obtain

d
s + IVells < Clols. (2)
Similarly we get
1d
S lel + el <o 3

Summing up (2)-(3) and using the Gronwall inequality, we have
t
lw (@113 + 1013 +/0 (Vo3 + IVO()]5)dr < C([lwoll3 + [16oll2)e". (4)

H' estimates.
Applying V to the first equation of , multiplying Vw with the obtain-
ing equality and integrating with respect to x variable, we obtain

1d
5%”“"”3 + || Awl/3 — | Vu-VwVwdr + | V(V x (fe3))Vwdz
R3 R3

< IVl Vel + [VO]l2] Awllz
1 3 1
< lwl2llVell3[|Awl3 + Vel + ZHAng
1 1
< lwl3IVel3 + ZHAwH% +C|IVo|5 + Z||AW||§(5)

from which we get

d
ZIVel + 1 Aws < [lwllz][Vell; + ClIVO3. (6)
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Similarly we have

1d

iL#HV9ﬁ-+HA9% = — RSVu-VGVG&c
< | Vulll|V6
N HINE
< Ol + 5103,

from which we obtain

d
ZIVOIE + 11205 < Cllwl2] VO3

Summing up @ and and using the Gronwall inequality yield

IV (@13 + VO3 +/0 (IAw (T3 + [|A0(7)[3)d7

< Clllwollzrr + N80l )e".

H?® estimates.
Applying A® to the first equation of , we have

ON°w +u- VAN w — ANw=u-VAw— A(u-Vw) =V x A(fes). (10)

Multiplying the above equality by A*w and using Lemma [2.1] and 2.2] yields

IA A

IN

1d ., )

5wl + 1A w3

lu- VAW = A*(u - V) [o[A*w]lz + Ao A ]l
IVullal[Vellms-ra + l[ullmss [ Vewlls) |A%w]ls

S 1 S
+COIAO]5 + AT w3

3
4
H5+1

5
el

1 1 1 s
Hlwl g [[Vwll3 |Aw]IF [ A*w]l2 + ClIA®6])3 + A Tlwll?

1 3
lwlls [Veolls ]

from which we get

2 6 1
Cllwlls [Vl w7 + ZHWHEM + [lwll s [ Vol 2| Aw]ly
S 1 S
KON + ZIA ],
el + ol
2 6 1 3
< C(Jwll5 IVwlls + IVwlls [|Awli)]wlFe + CllON-.

(11)

(12)
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Similarly we have

1d

- Ase 2 AS+10 2

SN+ |1A10)3
< lu- VAO — A¥(u - VO)||2||A%0)|2
< (IVullal VOl s + [Jull 4]V O[]2) | A0

1 3 5 3 1 3 1 3
< lwllz IVwll3 01 Es 101 7pevn + lull 2 [ Vull [V O3 | AG] 3 [|A*6]]2
2 6 1
< Ol IVell3 1017 + 710015
1 3
+Hwl7- VO3 120]15 + ClIA%0]3, (13)

from which we obtain

d
T 100 + 161177

2 6 1 3
< Wl IVl 0l + llwllz-IVels 12015 + ClollE..  (14)
Summing up and and using the Gronwall inequality, we have

e (t)]
< C(llwol

ms + [|0(1)]

t
et / (o) pess + 10() 2 )

Ct

gs)et . (15)

s+ [|6o]

Step 2. Existence.
We smooth the data to get the following approximate system

Ow™ +u™ - Vw" =V x (0"3), neN,
oo™ +u™ - VO — AT =0,

V.-u" =0,

(W, 9)’t:0 = (jnwo, jn60)7

(16)

where the cutoff operator 7, is defined as

(Tnf)(x) = FH(F(O)1p,()) (@) = (27T)d/

R

TS <y ()

The classical theory of quasi-linear hyperbolic systems (cf. [I]) guar-
antees that the approximate system has a unique smooth solution (w", ")
on [0,77] if the initial data J,wo, Jn0o € H?® for every s € R. Moreover
a priori estimates ensures that the solution (w™,6") is global. Since
| Tnwollzs < |lwollzs, || Tnbollas < [|6o|lms, then a priori estimates for
system ((16) are uniform in n, that is,

w" € L (RY, H)NLL (RT; H¥™) and 0" € L2 (RT; HY)NLE (R H?).

loc loc
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In order to show the convergence, we also need uniform boundedness for
Oww™ and 0;0™. From the first equation of , we know

0" |Lemr-1 < [[u” - VW |1 + [[VO"|| oo
< "W peere + 110" || oo 22
< " gems |w™ | o s + 1107 || oo s
< C. (17)
Similarly we have
100" oo < Ju" - VO Lo + || A0"|| oo
< |[ub[eere + (10| oo
< ullpgers 10l pge rrs + 1|0| Lge s
< C. (18)

Since H~! is locally compactly embedded in L?, the classical Aubin-Lions
argument ensures that, up to an extraction of subsequence, the approximate
solution sequence (w™,0"),en strongly converges in L (R*; H') to some
function (w,#) such that

we LE (R H)NLL (RT; H™) and 0 € LS. (RT; H*) N L}

loc loc loc loc (R+7 HS)
Using the above estimates, it is easy to pass the limit in the approximate
system and (w, @) solves in the sense of distribution. By a classical
deduction [4], we get w, 6 € C(R*; H®).
Step 3. Uniqueness.

Let (wy,01) and (ws,0) be two solutions of the equations with the
same initial data and satisfy . Denote dw = w; — w9 and 660 = 6; — 05.

Then we have the difference equations as follows

0w + du - Vwy + uy - Véw = V X (dfes), (19)
0,00 + du - VO, + ug - VOO — A0 = 0.

Taking the L?-inner product with the first equation of yields

1d

2 dt

—/ ou - Vwidwdz —i—/ V x (60e3)dwdx
R3

R3

[oulls |V ls|ldwl]2 + [|66]|2 ]|V ow||
1 1 1
16w |3 Vewr I3 [| Awr |13 + §HV5WII§ +C160][3. (20)

16wl[3 + 1| Vowl|3

IA

IN

It follows that

d 1 1
EHMH% + [|[Véw|)3 < |6wlf3]|Vewr [|3 | Aw: |13 + C|66]]3- (21)
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Similarly we have

1d
——|60|3 + | V0|3 = —/ Su - V0,60dx
2 dt RS
< [[oulls)[ VO [|s]06]]2
< [J0w[2IV6:][2| A0 + Clo0][3- (22)

Summing up — and using the Gronwall inequality imply that w; =
wa, 91 = 92.
Step 4. Continuous dependence with respect to the initial data.

Let (wy,6;) and (wy,0,) be two solutions of the equations with the
initial data (@9, 09) and (@9, 69) respectively such that

s <e and [|6) — 63

||(D? - a}g| s < €,

where € is a small constant. Similarly to the process of proving uniqueness,
we have

o < Cl@) — @l + 1167 — 0313:)
1 1 _ _
< VB2 185113 V8 211 A0) 2+ 1)dr

< e (23)

irs + 1101 — 62

|1 — oo

This completes the proof of Theorem [I.1} [
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