ARMENIAN JOURNAL OF MATHEMATICS

Volume 8, Number 1, 2016,

n-Points Inequalities of Hermite-Hadamard
Type for h-Convex Functions on Linear
Spaces

S. S. Dragomir

Victoria University, University of the Witwatersrand

Abstract. Some n-points inequalities of Hermite-Hadamard
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1 Introduction

We recall here some concepts of convexity that are well known in the liter-
ature.
Let I be an interval in R.

Definition 1 ([26]) We say that f : I — R is a Godunova-Levin function
or that f belongs to the class Q (I) if [ is non-negative and for all x,y € I
and t € (0,1) we have

Fltr+ (1= 0)9) < 1 f (0)+ —F (1), 1

Some further properties of this class of functions can be found in [20],
[21], [23], [32], [35] and [36]. Among others, its has been noted that non-
negative monotone and non-negative convex functions belong to this class
of functions.

The above concept can be extended for functions f : C C X — [0, 00)
where C' is a convex subset of the real or complex linear space X and the
inequality is satisfied for any vectors z,y € C and t € (0,1). If the
function f: C' C X — R is non-negative and convex, then is of Godunova-
Levin type.
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Definition 2 ([23]) We say that a function f: I — R belongs to the class
P (1) if it is nonnegative and for all z,y € I and t € [0, 1] we have

flz+ A =t)y) < f(z)+[f(y). (2)

Obviously @ (I) contains P (I) and for applications it is important to
note that also P (I) contains all nonnegative monotone, convex and quasi
conver functions, i. e. nonnegative functions satisfying

[z +(1=1)y) <max{f(z),[(y)} (3)

for all z,y € I and t € [0,1].

For some results on P-functions see [23] and [33] while for quasi convex
functions, the reader can consult [22].

If f:C C X — [0,00), where C' is a convex subset of the real or

complex linear space X, then we say that it is of P-type (or quasi-convex)
if the inequality (or (B)) holds true for z,y € C and ¢ € [0,1].

Definition 3 ([7]) Let s € (0,1]. A function f :[0,00) — [0,00) is said to
be s-convex (in the second sense) or Breckner s-convez if

flz+ @ —t)y) <t°f(x)+(1-1)"f(y)
for all x,y € [0,00) and t € [0,1].

For some properties of this class of functions see [1], [2], [7], [8], [18], [19],
[27], [29] and [3§].

The concept of Breckner s-convexity can be similarly extended for func-
tions defined on convex subsets of linear spaces.

It is well known that if (X, ||-||) is a normed linear space, then the function
f(z)=|z||”, p>1is convex on X.

Utilising the elementary inequality (a + b)® < a® + b* that holds for any
a,b >0 and s € (0,1], we have for the function g (x) = ||z||® that

gtz +(1—t)y) = [tz + 1 -t)yl> < =+ 1 =) yl)°
< () + 1A =) [yl
= t'g(x)+(1-1)"g(y)

for any z,y € X and t € [0, 1], which shows that ¢ is Breckner s-convex on
X.

In order to unify the above concepts for functions of real variable, S. Va-
roSanec introduced the concept of h-convex functions as follows.

Assume that I and J are intervals in R, (0,1) C J and functions h and
f are real non-negative functions defined in J and I, respectively.
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Definition 4 ([41]) Let h : J — [0,00) with h not identical to 0. We say
that f : I — [0,00) is an h-convex function if for all x,y € I we have

fltz+ A =t)y) <h(t)f(z)+h(1-1)f(y) (4)
for allt € (0,1).

For some results concerning this class of functions see [41], [6], [30], [39],
[37] and [40].

This concept can be extended for functions defined on convex subsets
of linear spaces in the same way as above replacing the interval I be the
corresponding convex subset C' of the linear space X.

We can introduce now another class of functions.

Definition 5 We say that the function f: C C X — [0,00) is of s-Godu-
nova-Levin type, with s € [0,1], if
Flr+(Q—1)9) < o f () + ] () )
x W) < 5f @)+ gged W),
for allt € (0,1) and z,y € C.

We observe that for s = 0 we obtain the class of P-functions while for
s = 1 we obtain the class of Godunova-Levin. If we denote by Q, (C) the
class of s-Godunova-Levin functions defined on C', then we obviously have

P(C)=Q(C) CQs (C) CQs (C) CQ1(C)=Q(C)

for 0 < sy <9< 1.
The following inequality holds for any convex function f defined on R

(b—a)f(a;b)</f(x)dx<(b—a)w, a,beR.  (6)

It was firstly discovered by Ch. Hermite in 1881 in the journal Mathesis (see
[31]). But this result was nowhere mentioned in the mathematical literature
and was not widely known as Hermite’s result.

E. F. Beckenbach, a leading expert on the history and the theory of
convex functions, wrote that this inequality was proven by J. Hadamard
in 1893 [5]. In 1974, D. S. Mitrinovi¢ found Hermite’s note in Mathesis
[31]. Since @ was known as Hadamard’s inequality, the inequality is now
commonly referred as the Hermite-Hadamard inequality.

For related results, see [10]-[13], [24] and [34].

We can state the following generalization of the Hermite-Hadamard in-

equality for h-convex functions defined on convex subsets of linear spaces
[17].
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Theorem 1 Assume that the function f : C C X — [0,00) is a h-convex
function with h € L[0,1]. Let y,x € C with y # x and assume that the
mapping [0,1] 5t — f[(1 —t)x + ty] is Lebesque integrable on [0,1]. Then

1 T+y 1
zh(%)f< ) /f 1—25fff+1ty}dt<[f(ﬂc‘)ﬂ‘(y)]/O h(t)dt(.)
7

Remark 1 If f : I — [0,00) is a h-convex function on an interval I of real
numbers with h € L[0,1] and f € L{a,b] with a,b € I,a < b, then from (1)
we get the Hermite-Hadamard type inequality obtained by Sarikaya et al. in
(37

th(%)f(a;b) = bia/abf(u)dus [f(a)+f(b)]/01h(t>dt.

If we write (7)) for h (t) = ¢, then we get the classical Hermite-Hadamard
inequality for convex functions

f(“y) /f (0 —t) ot ty]dt < LW (8)

2

If we write (7)) for the case of P-type functions f : C' — [0,00), ie.,
h(t)=1,t €[0,1], then we get the inequality

%f("’“"*y) /f (1—t)z+tyldt < f(2)+ f (y), 9)

that has been obtained for functions of real variable in [23].
If f is Breckner s-convex on C, for s € (0,1), then by taking h (t) =
in (7)) we get

that was obtained for functions of a real variable in [I§].
Since the function g (z) = ||z||® is Breckner s-convex on on the normed
linear space X, s € (0,1), then for any z,y € X we have

[2)° + [|=]°
s+1

ool < [ 100w+ dr < (1)

If f:C —10,00) is of s-Godunova-Levin type, with s € [0,1), then

1 T4y f @)+ f )
25+1f( ) /f 1—t):r;+ty]dt<T. (12)

41
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We notice that for s = 1 the first inequality in ((12)) still holds, i.e.

1 (x+y> /f (1 —t)z + ty] dt. (13)

The case of functions of real variables was obtained for the first time in [23].

Motivated by the above results, in this paper some n-points inequalities
of Hermite-Hadamard type for h-convex functions defined on convex subsets
in real or complex linear spaces are given. Applications for norm inequalities
are provided as well.

2 Some New Results

In [I7] we also obtained the following result:

Theorem 2 Assume that the function f: C C X — [0,00) is an h-convex
function with h € L[0,1]. Let y,x € C with y # x and assume that the
mapping [0,1] > t — f[(1 —t)x + ty] is Lebesque integrable on [0,1]. Then
for any A € [0, 1] we have the inequalities

;){(1_A)f{(1—A)x+(A+l)y}+Af{(2—k)x+ky” (14)

2 2
< FI1L—t)x+ ty]dt

g[f((l—A>x+Ay>+<1—A>f<y>+Af<x>1/O h (1) dt
s{[h(l—A)+A]f(x)+[h<A)+1—A]f(y)}/0 () dt

We can state the following new corollary as well:

Corollary 1 With the assumptions of Theorem [ we have
1

. (15)
/2 { {1—)\)33—2#()\4—1)3/]+f[(1—)\)y—;—()\+1)x}}d)\
/ FIO =)+ ty) dt

V x+)\y)d)\+w]/olh(t)dt

<@ +r0) [ [ nware] [
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Proof. The proof follows by integrating the inequality over A and by
using the equality

/OlAf{(Q—)\);jL)\y}d)\:/ol(l_mf{(1+u):5~|—(1—,u)y e

2

O
The following result for double integral also holds:

Corollary 2 With the assumptions of Theorem [ we have

2h (3) (b— a)? 16)

A Ul e M b e L

f [(1—¢t)z+ ty]dt

// <ﬂx+ay dad5+f(y)42rf(x)]/olh(t)dt

o Y ey

for any b >a > 0.

IN
o

IN

Proof. If we take A = % o e have
1
o (3) i
x{ [593+ (2a+ B)y ]+ o f[(Qﬁ—l—oz)x—i-ay]}
+ 8 2 (a+pB) a+f 2(a+pB)

f (1 —¢t)z+ ty]dt
0

<{f(5jjgy) +Lorwr ] [row
<{[+(7) w0 P (35) 2] )
x/o h () dt,

for any a, 8 > 0 with a + 3 > 0.
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Since the mapping [0,1] > ¢ — f[(1 — ) x + ty] is Lebesgue integrable on
0,1], then the double integral f f f (B”O‘y dadf3 exists for any b > a > 0.

The same holds for the other integrals in ({16]).
Integrating the inequality on the square [a, b]2 over (a, 5) we have

1
2h (1) (b—a)?

X//b{afﬁ [ﬁerji;)ﬁ) }+aj‘—ﬁf{(25;(j>j5ay}}dadﬂ
S/O flL =)z + ty]dt
/b/b[ (ﬁiigy% fﬂ”i x}dadﬂ/olhtdt
T - /‘ dtx/n/‘{{(a+@> R

+%(aiﬁ)+afﬁyﬂw}mma (18)

Nt =l B

ar + 2+ o)y
A e
and then
B [Br+CatBy]  a ,[28+a)s+ay
//{ + 5 { 2(a+ p) }+a+ﬂf{ 2(a+ B) ”dadﬁ
o ar + 2+ a)y 20+ a)z+ ay
//aw{{ 2(a+p) }”[ 2(a+ B) ]}dadﬁ'
Also /b
and since
b g, bt - b b 43 B ,
/a/a—a_i_ﬁdadﬁ—i-/a/aoé_i_ﬁdadﬂ—/Q/aa+5dad6—(b—a),

a a

A

Observe that

B
n ﬁdadﬂ
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Moreover, we have

/ab/abh(aj‘_ﬁ)dadﬁ // ( )dadﬁ

Utilising , we get the desired result . U

Remark 2 Let f: C' C X — C be a convex function on the conver subset

C of a real or complex linear space X. Then for any x,y € C and b > a > 0
we have

f(x;y) (19
1

T
o

IN

[(1—1t)x +ty]dt

o // (2209 gy 4 L0410
_

(y)+f
2

IN

The second and third inequalities are obvious from (@ for h(t) =
By the convexity of f we have

l{frm+@ﬁ+aM}+f[@ﬁ+Mx+aﬂ}

2 2(a+ B) 2 (a+p)
= e

(5

for any o, 5 > 0 with o + 3 > 0.
If we multiply this inequality by = a > 0 and integrate on the square
[a,b]” we get

/f/faiﬁ{f{”&f%f”}*fl<wz+<5)+xﬁ+>ay]}d“dﬁ

x+y Yt a - 2, (T+Y
A -0 (),

2
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since we know that

/ab/abaiﬁdadﬁzé(b—af.

This proves the first inequality in (@
By the convexity of f we also have

Bx + oy B «
F(EE) < 2orwr 2w

for any o, B> 0 with a + 8 > 0. Integrating on the square [a,b]* we get
b b
Br +ay
dad
/a / g ( avpg )V
b b
5
<
<ra [ [

+ﬁdad5+f(y)/a /a &+ﬁd&dﬂ
:éw_wwﬂw+fw»

which proves the last inequality in (@)

Let (X, ||||) be a normed linear space over the real or complex number
fields. Then for any z,y € X, p > 1 and b > a > 0 we have:

p

el (20)
1
b—a
ar+ 28+ a)yl|” |28+ a)z+ ay]|
// a+ﬁ{ 2(a 1 B) H 2(a + B) }dadﬁ
/Hl—wx+wwﬁ
yll” + [J]”

<1 {b_a dd6+——j7——]
<yl + ||1’||p.
- 2

The case of Breckner s-convexity is as follows:

Remark 3 Assume that the function f : C C X — [0,00) is a Breckner
s-convex function with s € (0,1). Let y,x € C' with y # x and assume that
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the mapping [0,1] > t — f[(1 —t)x +ty] is Lebesgue integrable on [0, 1].
Then for any b > a > 0 we have

28—1
o7 (21)

IR U s bl o e R

s/ Pl =)+t di

N S e PO

We also have the norm inequalities:

25—1
ar+ (260 +a)y

b—a
//a—l—ﬁ{ 2(a+p)

s/ 10— )+ ty* dt

= IWA -

for any x,y € X, a normed linear space.

(22)

S} dadp

s H(26+a)$+ay
2(a+p)

B:r+ay

dod+ W),

3 Inequalities for n-Points

In order to extend the above results for n-points, we need the following
representation of the integral that is of interest in itself.

Theorem 3 Let f : C' C X — C be defined on the convex subset C' of a real
or complex linear space X. Assume that for x,y € C' with x # y the mapping
0,1] — f((1 —t)z+ty) € C is Lebesgue integrable on [0,1]. Then for any
partition

O=X <N <..< A1 <A\,=1withn>1,

we have the representation

[ r@=0srma=3 0= )

- / FUL =) (1= A) 2+ A+ ul(1— M) 2+ Ay} du. (23)
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Proof. We have

1 noledia
/Of(u—t)mty)dtzz/x F((1=1t)z + ty)dt. (24)

In the integral

Aj+1
/ F(1=t)a+ty)dt, j€{0,mn— 1},
Aj

consider the change of variable

1
— = A) tE M Al
u )\j+1_A]( J)7 e[ 7 ]+1]
Then )
du = —— i,
Ajr1 = A
u=0fort=XN,u=1fort =X, t=(1—u)\; +u\j1 and
Aj+1
/ F(L=t)z+ty)dt (25)
Aj
= (X1 —A)
1
x / FIA =@ =u) Xy —udjpa) 2+ (1= u) Aj + udjn) yldu
0
= (Nj+1 =)
1
></ fll—u4u—(1—u)Aj —uljrr) x4+ (1 —u) Aj + udji) y] du
0
= (N1 = )

« /O FI =) (1= ) 4+ (1= M)+ (1 =) Ay + udsin) y] du

- / FAO =) (1= A) 2+ Ay ul(1— Aja) 2 + Aay]} du

for any j € {0,...,n — 1}.
Making use of and we deduce the desired result . O

The following particular case is of interest and has been obtained in [17].

Corollary 3 In the the assumptions of Theorem[3 we have
1 1
/ FU(L=t)2+ty) dt — )\/ FlO=wz+ul(l—Na+ lbdue  (26)
0 0

+(1—)\)/0 F{Q =uw)[(1 =N ax+ A y] +uy}du

for any A € [0,1].
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Proof. Follows from by choosing 0 = \g < A\ =A< A =1. I
The following result holds for h-convex functions:

Theorem 4 Let f: C' C X — C be defined on the conver subset C' of a real
or complex linear space X and f is h-convex on C' with h € L[0,1]. Assume
that for x,y € C with x # y the mapping [0,1] — f((1 —t)x +ty) € R is
Lebesgue integrable on [0,1]. Then for any partition

O=X <M <..< 1< A,=1uwithn>1,

we have the inequalities

Aj +Ajt Ai T Ajn
s = p{ (1= 2 Yoy B b g
2h (3) = ! ! 2 2

< 2 Qi = ) [F (A=A 2+ Agy) + [ (1= Ajen) 2+ Ay

Proof. Since f is h-convex, then

A =w) [(T =)z + Nyl +u[(1 = Njyn)  + Ay}
<h(1—u) f((1=X)z+ Ny) +h(u) f((1=Ny1) T+ Ajay)

for any u € [0,1] and for any j € {0,...,n — 1}.
Integrating this inequality over u € [0, 1] we get

/0 FUL =) [(1= M) 2+ Ajy] + (1= Ajr) &+ Ajay]} du

S/O {h(1 =) f((1=X)x+ Ny) +h(u) f (1= N1)z+ Ajay)}du

1

—f((l—Aj)ijy)/o B(L—u)du+ f((1- J+1)f"+)\g+1y)/0 B (u) du
C (= A2+ A+ £ (1= Ap) @+ Apga)] / h () du,
for any j € {0,...,n —1}.

Multiplying this inequality by A;411 — A; > 0 and summing over j from 0
to n — 1 we get, via the equality , the second inequality in (27)).

49
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Since f is h-convex, then for any v, w € C' we also have

f(v>+f<w>zh(1%)f(v+zw)'

If we write this inequality for
= (=) [(1=X)z+ Nyl +ul(l = A1)z + Ajay]
and
w=ul(1=X)z+ Nyl + (1 —u)[(1=Nj1) x+ Ajay]
and take into account that

v—l—w

{1 =)z + Xyl + (1= Ajn) 2+ Ajayl}

1

2

( Aj +AJ+1) Aj + Ajs1
Ty

then we get

A=) [(T =)z + Nyl + u (1 = Aja) @+ Ajayl} (28)
+ fAul(T =) 2+ Ayl + (1 =) [(1 = Ajp1) @+ Ajayl}

1 A+ A A+ A
Z—f{(1—4)$+4y}
h(3) 2 2

for any v € [0,1] and j € {0,...,n — 1} .
Integrating the inequality over u € [0,1] we get

/O JA@ =u) [(1 = X)) o+ Ny +w[(1 = A1) 2 + Nyl } du (29)
T / F (1= A2+ Ay + (1= ) [(1 = Ajr) &+ Ajay]} du

1 A+ A A+ A
> f{(l—] j >x+ﬂ Jy}
h(3) 2 2

for any j € {0,...,n — 1}.
Since

/0 FUL =) [(1= A 2+ Ajy] + (1= Ajyr) &+ Apaw]} du

= /0 fAlul(T=X)z+ Nyl + (1 =) [(1 = Nj1) 2 + Ajay]} du,
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then by we get

/0 FLL =) [(1= X)) 2+ Ajy] + (1= Ajn) @+ Agry]} du

1 Aj+ A A+ A
Z—f{(1_4)x+4y}
2h (%) 2 2

for any j € {0,...,n — 1}.
Multiplying this inequality by A;411 — A; > 0 and summing over j from 0
to n — 1 we get, via the equality , the first inequality in . O

Remark 4 If we take in 0=X <A\ =A< Ay =1, then we get the
first two inequalities in .

The case of convex functions is as follows:

Corollary 4 Let f: C C X — R be a conver function on the convex subset
C of a real or complex linear space X. Then for any partition

O=X <M <..< A1 <A, =1withn >1,

and for any x,y € C' we have the inequalities

(%) (30)

n—1
<Y M=) f { <1 SR R Ajﬂ) P R )\jﬂy}

2 2

IN

Proof. The second and third inequalities in follows from by taking
h(t)=t.
By the Jensen discrete inequality

ijf(zj) > f (ZM%‘) )

51
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where p; >0, j € {1,...,m} with 377 p; = 1and z; € C, j € {1,...,m} we
have

n—1
A+ A A+ A
Z()‘ﬂl_)‘j)f{(l_%)“%y}

7=0
n—1
i A i A
> f{;()\jﬂ =) Kl — jTJH) T+ ]TJH?/}}
n—1 n—1 n—1
— f{ (Ajr1 — Aj) — =0 <)‘2+1 — AJQ)) T+ 2i=0 (Agﬂ il y}
§=0

ACY ) o)

and the first part of is proved.

By the convexity of f we also have

(N1 = M) (X=X x4+ Ay) + (1= A1) 2+ Ajray)]
<D N =) [A =) f @)+ A (W) + (1= X)) [ (@) + A f (y)]

=D (N1 = A2 = N+ X)) (@) + (N + Aja) [ ()]

= (2 ._ (A1 = Aj) — '_ (Nt — /\?)> f(x) + 2 (N1 =X) f ()
=fx)+f(),

which proves the last part of . O

Remark 5 Let (X, ||||) be a normed linear space over the real or complex
number fields. Then for any partition

0:)\0<)\1<...<)\n_1<z\n:1withnZl,
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and for any x,y € X we have the inequalities

r+y P
2

n—1
< Z (/\j+1 - )\J)
j=0

1

< [0=ta
0
n—1

1

<3 D g = M) I = X)) 2+ Myll” + (1= Aja) @+ Ajgay]|”]
=0

< l=l” + 1yl

— 2 )

(31)

p
y ’

(1 _ )\j+)\j+1) . )\j +>\j+1
2 2

where p > 1.

Corollary 5 Let f : C C X — R be defined on a convex subset C' of
a real or complex linear space X and f is Breckner s-convexr on C with

€ (0,1). Assume that for x,y € C with x # y the mapping [0,1] —
f((1—t)z+ty) € R is Lebesque integrable on [0,1]. Then for any partition

O=X <M <..< 1<\, =1withn>1,

we have the inequalities

n—1
A+ A A\
273 v ar{ (1 ARy gy e | (32)

s/lf«l—wxﬂy)dt

n—1
1
< 122 G = AP =A) e+ Aw) + F (L= Aw) 24 Aay)]
=0
Since, for s € (0,1), the function f (z) = ||z||° is Breckner s-convex on

the normed linear space X, then by we get for any z,y € X

n—1 s
A+ A A+ A
271y (A — A (1— ]+2 J“)H J+2 Iy (33)
j=0
1
< [l-oa il a
0
1 n—1

< (N = ) A = X)) 2+ Xyll” + 1L = X)) 2 + Ajayll]

s+14
J

Il
=)
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