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On Locally Projectively Flat Finsler Space of
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Abstract. From the point of view of Hilbert’s fourth problem,
Finsler metrics on an open subset of Rn with positive geodesics
that are straight lines are known as locally projectively flat Finsler
metrics. In this article, we have studied such projectively flat
(α, β)-metrics in the form of the special exponential Finsler met-
ric, where α is a Riemannian metric and β is a differential 1-form.
We found that the special exponential metric is locally projec-
tively flat if and only if α is locally projectively flat and β is
parallel with respect to α. Furthermore, we obtained the flag
curvature and proved that the special exponential metric is lo-
cally Minkowskian.
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Introduction

The investigation of the geometric characteristics of locally projectively flat
Finsler manifolds is one of the key issues in Finsler geometry. Locally projec-
tively flat metrics have a scalar flag curvature, which means that it depends
only on the tangent vectors themselves and not on the tangent planes in
which they are included.

The fourth problem of Hilbert characterizes the (not always reversible)
distance functions on an open subset of Rn such that geodesics are straight
lines. Projectively flat Finsler metrics are obtained from distance functions
with regular straight geodesics. In Riemannian geometry, Beltrami stated
that a Riemannian metric is projectively flat if and only if it has constant
sectional curvature. The position with Finsler metrics, on the other hand,
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is far more complicated. The flag curvature in Finsler geometry is a natural
generalization of the sectional curvature in the Riemannian case. Locally
projectively flat Finsler metrics must be of scalar flag curvature; that is,
the flag curvature is a scalar function on the tangent bundle, which may or
may not be constant as in the Riemannian case [6]. Finsler metrics that are
locally projectively flat are a unique class of Finsler metrics. This metric
class has yet to be classified. However, some progress has been made in
recent years ( [10, 21]) despite some constraints on Finsler metrics.

To find examples of projectively flat Finsler metrics, we consider (α, β)-
metrics. An (α, β)-metric is defined by L = αφ(s), s = β/α, where φ = φ(s)
is a C∞ positive scalar function on (−b0, b0) satisfying φ(s)− sφ′

(s) + (b2 −
s2)φ

′′
(s) > 0 for |s| ≤ b < b0, α =

√
aij(x)yiyj is a Riemannian metric,

and β = bi(x)yi is a 1-form with ||βx|| < b0, x ∈ M on a manifold M .
The simplest example of the (α, β)-metric is the Randers metric L = α+ β.
In [13], it is proved that a Randers metric on a manifold is locally projectively
flat if and only if α is projectively flat and β is closed. Another important
example of the (α, β)-metric is the Berwald metric L = (α + β)2/α on a
manifold. In [15], Shen and Yildrium proved that the Berwald metric is
projectively flat if and only if the following conditions hold:

(1) bi;j = τ{(1 + 2b2)− 3bibj},

(2) the spray coefficients Gi
α = θyi − τα2bi,

where b = ||βx||α, bi;j denote the covariant derivatives of β with respect to α,
τ = τ(x) is a scalar function, and θiy

i is a 1-form on M . Also, they demon-
strated a local structure of L with constant flag curvature. Furthermore, for
β not parallel to α, Shen [14] has given an equivalent definition for locally
projectively flat (α, β)-metrics. Based on these results, Yu [22] completely
characterized the locally projectively flat (α, β)-metrics by β-deformations.
Numerous authors (see, for example, [1,3–5,7–9,11,14,17–19]) have studied
the concept of projectively flat Finsler metrics with different types of (α, β)-
metrics. (α, β)-metrics have received more attention due to their ease of use
and applicability in physics (see, for exmaple, [2]).

In 2020, Tripathi [16] studied a Finsler space with a special exponen-
tial (α, β)-metric and found the fundamental characteristics of this met-
ric and the criteria for Finslerian hypersurfaces. Furthermore, Tripathi et
al. [20] considered the same metric and proved the conditions under which
the Finsler space with this metric will become a weakly Berwald space.

In the present paper, we consider Finsler space equipped with the above
special type of exponential (α, β)-metric on an n-dimensional manifold M
and study the conditions under which this metric is a locally projectively
flat Finsler metric. Furthermore, we find the flag curvature and prove that
the special exponential metric is locally Minkowskian.
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1 Preliminaries

A Finsler metric is a scalar field L(x, y) which satisfies the following three
conditions:

1. L is C∞ on TM0,

2. L is positively 1-homogeneous on the fibers of tangent bundle TM ,

3. the Hessian of L2 with element gij =
1

2

∂2L2

∂yi∂yj
is regular on TM0, i.e.,

det (gij) 6= 0.

The manifold M equipped with a fundamental function L(x, y) is then
called a Finsler space F n = (M,L).

A family of Finsler metrics, known as (α, β)-metrics, is defined by a
Riemannian metric and 1-form on a manifold M . These metrics are generally
simple and possess significant curvature properties. Furthermore, they are
computable. The Finsler space F n = (M,L) is said to have an (α, β)-metric
if L is a positively homogeneous function of degree one in two variables
α =

√
aij(x)yiyj and β = bi(x)yi, where α is a Riemannian metric and β

is a differentiable 1-form. The space Rn = (M,α) is called the associated
Riemannian space and the covariant vector field bi is the associated vector
field.

An (α, β)-metric is expressed in the following form:

L = αφ(s), s = β/α

where φ = φ(s) is a C∞ positive function on an open interval (−b0, b0). The
norm ||βx||α of β with respect to α is defined by

||βx||α = sup
yεTxM

β(x, y), α(x, y) = aij(x)bi(x)bj(x).

In order to define L, β must satisfy the condition ||βx||α < b0 for all x ∈M .
Let Gi and Gi

α denote the spray coefficients of L and α respectively,
defined as follows:

Gi =
gil

4

{
[L2]xkyly

k − [L2]xk
}
, Gi

α =
ail

4

{
[α2]xkyly

k − [α2]xl
}
.

where gij = [L2]yiyj/2 and (aij) = (aij)
−1.

A Finsler metric L = L(x, y) on an open domain U ⊂ Rn is said to be
projectively flat in U if all geodesics are straight lines. This is equivalent to
Gi = P (x, y)yi, where P = Lxky

k/2L is a 1-homogeneous function on TM0.
In this case, L is of scalar curvature with flag curvature

K =
P 2 − Pxkyk

L2
. (1)

Furthermore, we have the following:
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Lemma 1 [6] The spray coefficients Gi are related to Gi
α by

Gi = Gi
α+αQsi0+J{−2Qαs0+r00}

yi

α
+H{−2Qαs0+r00}

{
bi − sy

i

α

}
, (2)

where

Q =
φ

′

φ− sφ′ ,

H =
φ

′′

2[(φ− sφ′) + (b2 − s2)φ′′ ]
,

J =
φ

′
(φ− sφ′

)

2φ[(φ− sφ′) + (b2 − s2)φ′′ ]
,

(3)

s = β/α, b = ||βx||α, sij = (bi;j − bj;i)/2, sl0 = sljy
i, s0 = sl0b

l, rij =
(bi;j + bj;i)/2, and r00 = rijy

iyj.

From (2), it is easy to see that if α is projectively flat (Gi
α = ηyi) and β

is parallel with respect to α(rij = 0, sij = 0), then Gi = Gi
α = ηyi. Thus,

L = αφ(β/α) is a projectively flat Berwald metirc. If K 6= 0, then L is a
Riemannian metric by Numata’s Theorem [12]. If K = 0, then L is locally
Minkowskian.

Lemma 2 [6] An (α, β)-metric L = αφ(s), where s = β/α, is projectively
flat on an open subset U ⊂ Rn if and only if

(amlα
2 − ymyl)Gm

α + α3Qsl0 + αH(−2αQs0 + r00)(blα− syl) = 0, (4)

where yl = aljy
j.

2 Locally Projectively Flat Special Expone-

nial (α, β)-Metric

In this section, we consider a special exponential (α, β)-metric in the follow-
ing form:

L = αeβ/α + βe−β/α. (5)

The above equation can be rewritten as

L = αφ(s), φ(s) = es + se−s

where s < 1 so that φ must be a positive function. Let b0 > 0 be the largest
number such that

φ(s)− sφ′
(s) + (b2 − s2)φ′′

(s) > 0, |s| ≤ b < b0,

i.e.,
e−s[b2(s+ e2s − 2)− s3 + (3− e2s)s2 + e2s(1− s)] > 0.
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Lemma 3 The special exponential metric in (5) is a Finsler metric.

Proof. If the special exponential metric in (5) is a Finsler metric, then

e−s[b2(s+ e2s − 2)− s3 + (3− e2s)s2 + e2s(1− s)] > 0.

Let s = b, for any b < b0, b < 1. Let b→ b0, then b0 < 1. Thus ||βx||α < 1.
Now if |s| ≤ b < 1, then

e−s[b2(s+ e2s − 2)− s3 + (3− e2s)s2 + e2s(1− s)] > 0.

Therefore, L = es + se−s is a Finsler metric. �

By Lemma 1, the spray coefficients Gi of L are given by (3).

Q =
e2s − s+ 1

s2 + e2s(1− s)
=

α(αe2β/α − β + α)

β2 + αe2β/α(α− β)
,

H =
s+ e2s − 2

2[b2(s+ e2s − 2)− s3 + (3− e2s)s2 + e2s(1− s)]

=
α2(β + α(e2β/α − 2))

2[b2α2(β + α(e2β/α − 2))− β3 + αβ2(3− e2β/α) + α2e2β/α(α− β)]
.

(6)

Substituting (6) in (4), we have

(amlα
2 − ymyl)Gm

α + α4

[
α(e2β/α + 1)− β
β2 + αe2β/α(α− β)

]
sl0

+
α2(β + α(e2β/α − 2)

2[α3(b2(e2β/α − 2) + e2β/α) + α2β(b2 − e2β/α) + αβ2(3− e2β/α)− β3][
−2α2

(
α(e2β/α + 1)− β
β2 + αe2β/α(α− β)

)
s0 + r00

]
(blα

2 − ylβ) = 0.

(7)

Lemma 4 If (amlα
2 − ymyl)Gm

α = 0, then α is locally projectively flat.

Proof. If (amlα
2 − ymyl)Gm

α = 0, then

amlα
2Gm

α = ymylG
m
α . (8)

Contracting (8) with ail, we have

α2Gi
α = ymy

iGm
α .

Let P (x, y) = (ym/α
2)Gm

α , then

Gi
α = Pyi.

Thus, α is projectively flat. �
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Now, by Lemma 4, we prove the following

Theorem 1 A special exponential (α, β)-metric L = αeβ/α + βe−β/α is lo-
cally projectively flat if and only if the following conditions hold:

1. β is parallel with respect to α,
2. α is locally projectively flat, that is, α is of constant curvature.

Proof. Assume that L is locally projectively flat. By rewriting (7) as a
polynomial in yi and α, we get(
β2 + αe2β/α(α− β)

) [
2
(
α3(b2(e2β/α − 2) + e2β/α) + α2β(b2 − e2β/α)

+αβ2(3− e2β/α)− β3
)]

(amlα
2 − ymyl)Gm

α + α4
(
α(e2β/α + 1)− β

)[
2
(
α3(b2(e2β/α − 2) + e2β/α) + α2β(b2 − e2β/α) + αβ2(3− e2β/α)− β3

)]
sl0

+ α2
(
β + α(e2β/α − 2)

) [
−2α2

(
α(e2β/α + 1)− β

)
s0

+
(
β2 + αe2β/α(α− β)

)
r00
]

(blα
2 − ylβ) = 0.

(9)

Contracting (9) with bl gives(
β2 + αe2β/α(α− β)

) [
2
(
α3(b2(e2β/α − 2) + e2β/α) + α2β(b2 − e2β/α)

+αβ2(3− e2β/α)− β3
)]

(bmα
2 − ymβ)Gm

α + α4
(
α(e2β/α + 1)− β

)[
2
(
α3(b2(e2β/α − 2) + e2β/α) + α2β(b2 − e2β/α) + αβ2(3− e2β/α)− β3

)]
s0

+ α2
(
β + α(e2β/α − 2)

) [
−2α2

(
α(e2β/α + 1)− β

)
s0

+
(
β2 + αe2β/α(α− β)

)
r00
]

(b2α2 − β2) = 0.

Namely,(
β2 + αe2β/α(α− β)

) [
2
(
α3(b2(e2β/α − 2) + e2β/α) + α2β(b2 − e2β/α)

+αβ2(3− e2β/α)− β3
)]

(bmα
2 − ymβ)Gm

α + α4
(
α(e2β/α + 1)− β

)(
2α3e2β/α − 2α2βe2β/α + 2αβ2

)
s0 + α2

(
β + α(e2β/α − 2)

)(
β2 + αe2β/α(α− β)

)
r00(b

2α2 − β2) = 0.

(10)

We have (
α(eβ/α + 1)− β

) (
2α3e2β/α − 2α2βe2β/α + 2αβ2

)
=
(
β2 + αe2β/α(α− β)

) [
2α
(
α(e2β/α + 1)− β

)]
.

(11)

Substituting (11) into (10), we obtain

2
[
α3(b2(e2β/α − 2) + e2β/α) + α2β(b2 − e2β/α) + αβ2(3− e2β/α)− β3

]
(bmα

2 − ymβ)Gm
α + 2α5

(
α(e2β/α + 1)− β

)
s0

+ α2
(
β + α(e2β/α − 2)

)
r00(b

2α2 − β2) = 0.

(12)
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Envisaging the coefficients of α necessarily be zero, from (12), we have[
2α2

(
b2(e2β/α − 2) + e2β/α

)
+ 2β2(3− e2β/α)

]
(bmα

2 − ymβ)Gm
α

= 2α4βs0 −
[
α2(e2β/α − 2)

]
(b2α2 − β2)r00

(13)

and [
2α2β(b2 − e2β/α)− 2β3

]
(bmα

2 − ymβ)Gm
α

= −
[
2α6(e2β/α + 1)s0 + α2β(b2α2 − β2)r00

]
.

(14)

Subtracting (13)× β from (14)×
(
e2β/α − 2

)
, we obtain[

2α2β
(
e4β/α − e2β/α

)
+ 2β3

]
(bmα

2 − ymβ)Gm
α

= α4β2s0 + α6
(
e2β/α − e4β/α − 2

)
s0.

(15)

Let us rewrite (15) in the following form:

A+Bα2 + Cα4 +Dα6 = 0, (16)

where

A = 2β3(bmα
2 − ymβ)Gm

α ,

B = 2β
(
e4β/α − e2β/α

)
(bmα

2 − ymβ)Gm
α ,

C = −β2s0,

D = −
(
e2β/α − e4β/α − 2

)
s0.

In (16), A can be divided by α2, but β3 cannot. Thus, there is a scalar
function τ = τ(x) such that (bmα

2−ymβ)Gm
α = τα2. Then A and B become

A = 2τα2β3,

B = 2τα2β
(
e4β/α − e2β/α

)
.

Replacing them in (16) gives

2β3τ + [2β
(
e4β/α − e2β/α

)
τ + C]α2 +Dα4 = 0. (17)

In (17), 2β3τ can be divided by α2, but β3 cannot. Thus, τ can be
divided by α2. This is impossible unless

τ = 0. (18)

Hence, from (bmα
2−ymβ)Gm

α = τα2 and (18), we have (bmα
2−ymβ)Gm

α = 0,
which implies

(amlα
2 − ymyl)Gm

α = 0. (19)
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Thus, according to Lemma 4, α is locally projectively flat, i.e., Gi
α = 0.

Now, using equations (13) and (14), we obtain

2α4βs0 −
[
α2(e2β/α − 2)

]
(b2α2 − β2)r00 = 0

and
2α6(e2β/α + 1)s0 + α2β(b2α2 − β2)r00 = 0.

Thus,

A.X =

 2α4β −α2(e2βα − 2)(b2α2 − β2)

2α6(e2β/α + 1) α2β(b2α2 − β2)

[ s0
r00

]
=

[
0
0

]
Since A 6= 0, we have

s0 = 0, r00 = 0. (20)

Substituting (19) and (20) in (7), we obtain

α4
[
α
(
e2β/α + 1

)
− β

]
sl0 = 0.

Since α4 6= 0 and
[
α
(
e2β/α + 1

)
− β

]
6= 0, we have sl0 = 0.

In view of equation (20) and sl0 = 0, we have bi;j = 0, i.e., β is parallel
with respect to α.

On the other hand, if β is parallel with respect to α and α is projectively
flat, then by Lemma 1 and 2, we see that L is locally projectively flat. �

Lemma 5 Let L = αeβ/α + βe−β/α be locally projectively flat with constant
flag curvature K = λ. Then λ = 0.

Proof. By Theorem 1, Gi = ηyi; then by (1), the equation K = λ gives

α2
(
eβ/α + β/αe−β/α

)2
λ = η2 − ηxkyk.

Using Taylor expansion of eβ/α and e−β/α, we get

α2
(
1 + 2β/α− β2/α2

)2
λ = η2 − ηxkyk. (21)

Replacing y with −y, we get

α2
(
1− 2β/α− β2/α2

)2
λ = η2 − ηxkyk. (22)

Adding (21) and (22), we have

α2λ
[(

1 + 2β/α− β2/α2
)2

+
(
1− 2β/α− β2/α2

)2]
= 2(η2 − ηxkyk). (23)

From equation (23), we obtain

(α2 + β2)2λ = α2(η2 − ηxkyk). (24)

The left side of (24) is purely quadratic while right side is not, thus, λ = 0.
�
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Proposition 1 Let L = αeβ/α + βe−β/α be projectively flat with zero flag
curvature. Then α is a flat metric and β is parallel with respect to α. In
this case, L is locally Minkowskian.

Proof. According to Theorem 1 and Lemma 5, β is parallel with respect
to α and L has zero flag curvature, thus α has zero sectional curvature. As
a result, α is a flat metric, that is, it is locally isometric to the Euclidean
metric, and hence, Gi

α = 0. Thus, Gi = 0, that is, L is locally Minkowskian.
�

3 Conclusion

In the regular case, Hilbert’s fourth problem is to study and describe pro-
jectively flat Finsler metrics on a convex domain in Rn. Therefore, it is
important to study locally projectively flat Finsler metrics. Also, it is well
known that any Finsler metric that is locally projectively flat has a scalar
flag curvature. This means that the flag curvature is a scalar function on the
tangent bundle, and it may or may not be constant like in the Riemannian
case [6]. Thus, locally projectively flat metrics form a rich class of Finsler
metrics.

The main objective of this paper is to investigate locally projectively flat
Finsler metric in the form of the special exponential (α, β)-metric. Further-
more, we identified flag curvature and proved that the metric mentioned
above is locally Minkowskian.
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