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Abstract. In this paper, some Cebysev-Lupas type inequal-
ities are proved. New inequalities of Griiss type for Riemann—
Stieltjes integral are also obtained. Applications for functions of
selfadjoint operators on complex Hilbert spaces are provided as
well.
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1 Introduction

In recent years the approximation problem of the Riemann—Stieltjes integral
fab f(t)du(t) via the famous Cebysev functional

b
f.g b_a/f dt—b_a/f P dt - bi (o

increasingly became essential. In 1882, Cebydev [I2] derived an interesting
result involving two absolutely continuous functions whose first derivatives
are continuous and bounded, and is given by

1
T <5 =) £l gl (2)
and the constant 1—12 is the best possible.

In 1935, Griiss [32] proved another result for two integrable mappings
f,g such that ¢ < f(z) < ® and v < f(z) < T, the inequality

T (0] < (@ 6) (T —7) Q

holds, and the constant i is the best possible.
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In [11] Beesack et al. have proved the following Cebysev inequality for
absolutely continuous functions whose first derivatives belong to L,, spaces
(see also [34]):

b—a 2P —1 % 29 -1 é ' ’
ool < T (o) () WL, @

1/p
where 1]}, = (2B (O dt) ", vp>1and L4+ =1
For the constant

we have
1 1
< <=
g Swipa) =g
for all ¢ = p%l, p > 1. Furthermore, we have the following particular cases
in .
1. If p=¢q = 2, we have
b—a
T (o)l < 2501 g )
2. If ¢ — oo, we have
b—a
Tl < == 171 1l - (6)

In 1970, A.M. Ostrowski [35] has proved the following combination of
the Cebysev and Griiss results

T 9l <5 (—a)(M—=—m)|g|- (7)

0|

where, ¢ is absolutely continuous with ¢’ € Ly[a,b] and f is Lebesgue
integrable on [a, b] and satisfying m < f(t) < M, for all ¢t € [a,b]. The
constant % is the best possible.

In 1973, Laups has improved Beesack et al. inequality , as follows:

(b—a)

T2

T (f.9)] <

1712 19l (8)

provided that f,g are two absolutely continuous functions on [a,b] with
f', g € Ls[a,b]. The constant = is the best possible.
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In 2012, Dragomir [16] used the identity ([34], p. 246),

T(f,g)zbia/ab [f(t)_w}

Jow -5 [owa]a o

and has proved the following inequality:

Theorem 1 Let f : [a,b] — C be of bounded variation on [a,b] and g :

la,b] — C a Lebesgue integrable function on |a,b|, then
1 b

b-ua a

g (%) g (s)ds|dt (10)

b b
Tl V0t [

where, \/Z (f) denotes the total variation of f on the interval |a,b]. The
constant % 18 best possible in .

Another result when both functions are of bounded variation, was considered
in the same paper [16], as follows:

Theorem 2 If f, g : [a,b] — C are of bounded variation on [a,b], then

Tl < V-V (1)

The constant % 18 best possible in .

After that many authors have studied the functional and therefore,
several bounds under various assumptions had been obtained, for more new
results and generalizations the reader may refer to [1],[2], [7]-[10], [13]-[17].

In order to approximate the Riemann-Stieltjes integral fab f (z)du(x) by

the Riemann integral f; f (t) dt, Dragomir and Fedotov [21], have introduced
the following functional:

()= [ @) - 0= a2

provided that the Riemann-Stieltjes integral ff f (z) du (z) and the Riemann

integral f; f (t) dt exist.
In the same paper [21], the authors have proved the following result:

D (f)] < 5K (- )\ (w), (13
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provided that u is of bounded variation and f is Lipschitzian with the con-
stant K > 0. Then we have the constant % is sharp in the sense that it
cannot be replaced by a smaller quantity.

In [22], Dragomir and Fedotov have obtained the following inequality:

D (fu)] < SLOM = m) (b—a), (14)

provided that u is L-Lipschitzian on [a,b] and f is Riemann integrable on
la,b] such that m < f(z) < M for any x € [a,b] where, m, M > 0. The
constant % is sharp in the sense that it cannot be replaced by a smaller
quantity. For more result of this type see [3]-[6], [14], [15] and [T9]-[23].

This paper is organized as follows: in section 2, we obtain new bounds for
the Cebysev functional T (f, g) where f is assumed to be of p-Holder type
or of bounded variation on [a, b] while the function ¢ € Ls[a,b]. In section
3, two inequalities of Griiss type for Riemann—Stieltjes integral are proved.
Finally, in section 4, applications for functions of selfadjoint operators on
complex Hilbert spaces are provided.

2 The results

We may start with the following result:
Theorem 3 Let f : [a,b] = C be a p-H-Hélder continuous on [a, b, where

p € (0,1] and H; > 0 are given. Let g : [a,b] — C be such that ¢ € L?[a,b),
then

H 1
T (Lol <55 (b—a)2 ||, (15)

Proof. Taking the modulus in @D, utilizing the triangle inequality and using
the Cauchy-Schwarz inequality, we get

7.0 == ﬁ/f {f<t>—_f<a>+f<b>}.

2
-[g(t)—b— ()ds}dt‘ ;Ff(b)‘.
.‘g(t)—bia/a (s)ds dtgtza%f(t)—wl.

b 2 1/2
()~ = / g (s) dt) ~ (16)

1 b
' b—a/a g
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Now, by , we have

2

b b—a
T = [ (s -5 [oas) a< =t an)
As f is p-H;—Holder continuous on [a, b, then
b
- KO < Lir @ - sl + 10 - £
< e af + b1y,

which implies that

sup |7 ()~ w\ B - ay. (18)

t€la,b]

Substituting and in , we get the required result . 0

Corollary 1 Let g be as in Theorem @ If f : |a,b] = R is Ly—Lipschitzian
on [a,b], then

L
T (f.9) < 520 —a)|lg|l,. (19)

Theorem 4 Let g be as in Theorem[3 Let f : [a,b] — C be a mapping of
bounded variation on [a,b], then we have

b
1
T (f9)l < 5 (b—a) g1, \/ (1) (20)
Proof. As in Theorem [3| we have observed that
T (f,9)]
1 b
< sup |f(t) — g(s)ds|dt (21)
b—a z€[a,b] a

As f is of bounded variation on [a, b], we have

M‘Slwpum f@]+1f &) = f )]

sup
2 tela,b]

te(a,b]

f(t) =

1

Since g is absolutely continuous and ¢’ € Ls[a, b], then holds. Combin-
ing the above inequality with and then substituting in we get the
required result. [
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Theorem 5 Let f : [a,b] — C be such that f is absolutely continuous and
f' € Lsla,b] and g : [a,b] — R satisfies the condition that there exists
m, M > 0 such that m < g(t) < M, for allt € [a,b], then

(b—a)
2w

T (f,9)] < (M —m) [|fll, - (22)

Proof. Taking the modulus in @ and utilizing the triangle inequality, we
get

T =l [ o= ()] oo -2 [awa] 4
< [ro-s (50 oo -2 [ awas
.

1

2 2
ro-1(%57) dt)
1 b 2 %

ﬁ),

b-ua a
which follows by the Cauchy-Schwarz inequality. Since f is absolutely con-
tinuous on [a, b], then

/abf<t>—f(“7+b)

Now, we define

g(s)

iﬁg@‘af/ﬂfmfw. (2

2

2

I(g) = bia/ab (g(t)—bia/abg(S)dS) dt.

o= [ [ro-2wt o

+(bia/abg(8)ds)2] dt:bia/abgz(t)dt— (bia/abg(S)dS)
I(g) = (M—bia/abg(S)ds) (bia/abg(s)ds—m)

[0 g ) ()~ m)

2




New Griiss—Lupas type inequalities and applications
Asm < g(t) < M, for all t € [a,b], then

b
/(M—g<t>><g<t>—m>dtzo,

which implies

R abg<s>ds) (ﬁ/abg@)ds—m)

1Ay S Y L )

(M —m)*. (24)

2

IR

Using the CBS inequality we have

[ow-it [oeas dtr

a

1(9)2{

we get from , that

b—a

5 N\ 1/2
g (s) dt> < %(M—m) (b—a).  (25)

Cb—ua a
Thus, by and we get the desired result. [J

Theorem 6 Let f,g : [a,b] — C be two continuous functions such that
f' € Lyla,b] and ¢’ € Lyla,b], then

T (f,9)] < Mﬂf'\l 19l (26)
I = T\/ﬁ 00 g 2
Proof. We use the inequality
T () <TYV2(f, 1) - T (9,9). (27)
Since f' € Ly[a,b] and ¢’ € Lola, b, by and (g)), we respectively have
b—a)?
(5.5 < L2

and

b—a
T(9.9) < — gl

Combining the above two inequalities with we get the desired inequality

@). O
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3 Bounding the Dragomir—Fedotov functional

We may state our first result regarding Dragomir-Fedotov functional as
follows:

Theorem 7 Let u, f : [a,b] — R be such that u is L—-Lipschitzian on |a,b],
and f is Lebesgue integrable on |a,b], then

D(fiw)| <L(b—a) - TV(f, f) (28)

Proof. 1t is well-known that for a Riemann integrable function p : [a,b] — R
and L—Lipschitzian function v : [a,b] — R, one has the inequality

/abp(t)dy(t)‘ gL/ab|p(t)\dt. (29)

Therefore, as u is L-Lipschitzian on [a, b], we have

pal=|[ 1o -5 [roa] e

b b
< L/a f(z) - ﬁ/a f(t)dt| dx, (30)
as , we have shown that
b b 2
[bia/ f(t)—ﬁ/ f(s)ds dt] <Tf), (31)

simple calculations with yield the required result. [

Theorem 8 Let u, f : [a,b] — R be such that u is L—Lipschitzian on [a,b],
and f is absolutely continuous on |a,b] with f' € Ls[a,b], then

D (fu)| < = (b= |, (32)

Proof. As we shown in Theorem [7| we have
b 1 b
pul=| [ |- ;2 [ 10w

gfﬂmﬁifmw

fla)- 5 [ S

dx (33)

and

dr < (b—a) T2 (f, f). (34)
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On the other hand, by Lupas inequality , we have
(b - a)

T(f,f) < 1715

which implies that

L
D(fiw)] < — (b~ a1 f,,
and the theorem is proved. [J

Corollary 2 Let u, f : [a,b] — R be such that u is L—Lipschitzian on [a,b],
and f is absolutely continuous such that f' € Ly|a,b], then

D (f;u)l < (b—a) 1l - (35)

sl

Proof. By , and Cebysev inequality , we have
1 2
which implies that

D (fiu)] < (b—a) 1M

sl

and the inequality is proved. [J

4 Applications for Selfadjoint Operators

Let U be a bounded selfadjoint operator on the complex Hilbert space
(H,(-,-)) with the spectrum Sp(U) included in the interval [m, M| for some
real numbers m < M and let {E)}, be its spectral family. Then for any
continuous function f : [m, M| — R, it is well known that we have the
following spectral representation in terms of the Riemann-Stieltjes integral:

M

(F(U)z,y) = f(A) d{Exe,y) (36)

m+0

for any z,y € H. The function g,,()\) := (E\x,y) is of bounded variation
on the interval [m, M] and g, ,(m + 0) = 0 and g¢,,(M) = (z,y), for any
x,y € H.

It is also well known that g, ,()\) := (E\z, y), is monotonic nondecreasing
and right continuous on [m, M].
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Theorem 9 Let A be a bounded selfadjoint operator on the Hilbert space H
with the spectrum Sp(A) C [m, M] for some real numbers m < M and let
{E\}, be its spectral family.
(i) Ifu:[m,M]— Cis a L-Lipschitzian function on [m, M|, where L > 0
and f : [m, M| — C is Lebesque integrable on [m, M], then

M
Mim/ f(s)ds

< L(M—m)|C(f, f; A;x)|'*, (37)

(f (A)z,y) = (2,9)

where C (f, g; A;x) denotes the following Cebysev functional
C(f.g:Aix) = (f(A)g(A)z,x) = (f(A)z,z) (g (A) z,z)
and x € H with ||z|| = 1.
(i1) If f : [m, M] — C is absolutely continuous and f" € Lo[m, M| while u

is as in (1), then

Do) = o) 5y [ £

m

< 2 —m) |1,
(38)

for any x € H with ||z|| = 1.

Proof. (i) Fix x € H with ||z| = 1. Let s > 0 and extend by continuity
the function f to the interval [m + s, M] by preserving its properties from
[m, M]. Consider also the monotonic function u (\) := (F\z,x) which is
monotonic nondecreasing and right continuous on [m + s, M| .

Utilizing the spectral representation we have the following equality

of interest
M
(Do)~ o) 5 [ FO)ds

:/M [f(t)— L /Mf(s)ds]d(Etx,y) (39)

s M—m

for any x,y € H.
Applying Theorem [7], we get

‘(f(A)xw () /Mf<s>ds

[ st e
oot e

< L(M—m)|C(f, f; A;z)["/?
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Finally, letting s — 0+ and utilizing the representation and the fact
that u (M) =1, u (m + 0) = 0, we get the required result.

The proof of (ii) may be done by applying Theorem [§8{ and similar to that
one in Theorem [7, we omit the details. O

Remark 1 The interested reader in operator inequalities may be able to
find other recent results providing various bounds for the Cebysev functional
C(f,g; A;x) in the papers [Z4]-[30] and the monograph [31).
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