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Abstract. In 1949 M. Sholander proved that every medial
cancellation groupoid can be embedded into a medial quasigroup.
In this paper we prove that it is also true for n-ary cancellation
groupoids, namely, every medial cancellation n-ary groupoid can
be embedded into a medial n-ary quasigroup.
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Introduction

We use notations and preliminary results from the works [I}, 3] (see also [2]).

The sequence z,,, Tpt1, ..., Ty is denoted by z7"', where n, m are natural
numbers, n < m. If n = m, then 2] is the element z,,. The sequence
a,a,...,a (m times) is denoted by @. The n-ary operation on the set Q is
denoted by (a}). A nonempty set () with an n-ary operation is called n-ary
groupoid or shortly n-groupoid.

Let Q( ) be an n-groupoid. Denote by a a sequece a} € Q™. Let L;(a),
i =1,...,n, be the map from ) to () defined for all x € () as

Li(@)z = (a1 - ai 120 - an) = (a7 'waly,) .

The map L;(a) is called i-translation with respect to a.
An n-groupoid Q( ) is called cancellation n-groupoid if every L;(a) is an

injection for all @ € @™ and ¢ = 1,...,n. An n-groupoid @( ) is an n-ary
i-quasigroup if L;(a) is a bijection for all @ € Q™. An n-groupoid Q( ) is an
n-ary quasigroup if it is an n-ary i-quasigroup for every ¢ = 1,...,n.

The n-groupoid @Q( ) is said to be medial, if it satisfies the identity of
mediality:

((J;H .. 'x1n> . (xnl .. xnn)) = ((5[;11 .. 'fL’n1> . (xln .. xnn)) . (1)
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It should be noted that the medial identity are called by various names:
abelian, alternation, bi-commutative, bisymmetric, entropic, surcommuta-
tive.

In [6] M. Sholander showed that every medial cancellation groupoid can
be embedded into a medial quasigroup. J. Jezek and T. Kepka in [4, [5]
presented a description of the equational theory of the class of cancellation
medial groupoids. Based on it, they provided a new proof of the Sholan-
der’s theorem. In this paper we prove that every medial cancellation n-ary
groupoid can be embedded into a medial n-ary quasigroup.

1 Preliminary Results

Let Q( ) be an n-groupoid and n-groupoid Q;( ) be the n'* direct product
of Q( ), where @1 = Q™ = @ X --- x Q. Define the binary relations «;
~—_——

(i=1,...,n) on the set Q1 by the following way: (a},b}) € «; if

1—1 n—t 1—1 n—ia 1—1 n—ia i—1 n—a
( ay ayp ay )--- 1 Gj—1 Ay by, alaial)"'<a1an—1a1 =
~—~
i
i—1, n—i i—1 n—i i—1, n—i i—1 n—i
(<a1 b1 ay ) (a1 bi—l (11) (07%% (a1 b1 aq ) <a1 bn—l aq )) (2)
~—

K2

Lemma 1 If Q( ) is a cancellation medial n-groupoid, then (at,b}) € «; if
and only if

i—1 i—1 i—1 i—1
((xll alx?+1) (yi aiflyﬂl) bn (21 aiz;ﬂrl) (wi an,lwﬁl)) =

%

((xi—lblx?;rl)...(yi—lbi_lyﬁrl)\aﬁl(zi—lbizﬁl)...(wzl'—lbn_lw;:_l)) 3)

K2

n n n n n
forall 2% ... y7, 27, ..., w} € Q™.

Proof. If we have , then

() (i) o (b)) (@) (@) @

%

(8 o) ) () ) (8) -

i 4




AN EMBEDDING THEOREM FOR MEDIAL n-ARY GROUPOID WITH CANCELLATION

(1) i—1 — i i—1 n—i i—1 n—i
= (((al X 111) (al by al) (al T al))((al Y1 al)
%‘,_/
i 3 i—1 n—i
<a1 by al) (al Yn al))
a./_/
i—1 n—i i—1  n—i n—i i—1 n—i (1)
(al an a1) ((a1 21 al) (a1 by 1a1) -(a1 Zn al))) =

—~
N2

i
i—1 n—i i—1 n—i A~ = i—1 n—i

= a1 T1 a1 ay yip ap |-+ ap ---{apz; a

i

i—1, n—i\ (i—1, n—i = i—1 n—i

: ay by ax ar by ar )---"an - | a1 byt ax
i—1 n—i i—1 n—i /\ i—1 n—i

a1 Tp a1 ai Yn a1 ayp ---{ai zn a1 .

By the same calculations we get

i—1 —i\ [i—1 n—i ~~ i-1  n—i
a1 X1 (l1 a1 Yy ay |- ai a1 21 a1

i-1  n—i\ [i—1 n—i ~= i—1 n—i
ap a; ax araz ar |-+ by -l a1 ap—1 a1

i—1  n—i\ (i-1 n—i ~~ i—1  n—i
: a1 Tp Q1 a1 Yn a1 |-+ a1 a1 Zn a1 =
i i

((Caraa)-7an- (ol a)) (o) ane (@ o ar)) -
ay ay; ay e Ay ap a; ay ap a; ay a1 ap a; ay

i-1_ .n i-1_ . n
Ty al$i+1) (3/1 a2yi+1> T

S -~
: >
/
N
= T
S
3
—
N
+
—
N—
N—

~~
/N

%

%
((i—l n—i) =~ (i—l n—z)))
. ay a; ay |-+ ap ---| ayp a1 ay .

Because of , both terms are equal and if we use the cancellation law, we

get ([B). Conversely, (2)) follows straigtforward from (3)). O

Lemma 2 If Q( ) is a cancellation medial n-groupoid, then o; is an equiv-

alence relation on Q1 for anyi=1,...,n.

Proof. The proof is a simple consequence of Lemma [I} [
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Lemma 3 If Q() is a cancellation medial n-groupoid, then oy is a congru-
ence of Q1( ) for any k=1,... n.

Proof. Let ((agi),agi) ..... ag)> , (bgi),bg) ..... b,@)) € ayg, l.e.
k k k
((a&z) a® agz)) (ag ) aéz) . -agz)) e bgf)
k k k
(o ) = (o T ) (2 8T )
k k
o =

Indeed,
k
() T ) ()
k
e )
k
—
-(bgll)---b;"))-- ((agl) a(”>)...(an1_1...a£l”_)1).. (agl) agn)))) Q)
NS
k
k k k
(((a” :53 o) (a0 a) o () f))
k ' k k

~~ ~~ ) ~~
(a7 a) o (o a) o () )

k
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k k
k k
(e ) ()
k k
(a0 va ) ) (e a?) )
k
k k k
(o o) (o .:@...agm)... o (o))
k
k k k
(o ) (-l o ) (o) 2 )
- k
k k k
((agm...;@...agn))(agm...@...agM)...i@...(agm...@...agn))))
k
By the same calculations we get
k k k
(((agn...@...agn)(agl)...@...agn)...iga...(agn...ﬁ...agl)))
k
k k k
((af?- 0 af?) (o -@---a?)) o (o b2l
k
k k k
((agm pk) .agk))(a(m b ,,a(lm) i”fl (agk) p®) agk)))
- k
k k k
(o 0T al) ) ) O o)) =
k
() o (B0 ) o (o)) ()
k
(b;” bgn))(ag)...agn))) <a<1>--~a$ﬁ>)---
N A
k k
(1) 2 o)
A
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Taking into account the equality we obtain . Il

For all i = 1,...,n, @} denotes the factor groupoid of Q; with respect
to Q.

Lemma 4 Let )1 be a medial cancellation n-groupoid. Then the factor
groupoid Q' = Q1/«; is a medial cancellation n-groupoid for anyi = 1,...,n.

Proof. Tt is sufficient to prove that QY is a cancellation n-groupoid. Con-
sider the following equation in @Q°:

([agl)’.,.,ag)] [:len} [aY‘),.--,an")]) _
———

J
([a%ﬂ) ,aﬁj)} [yl,---,yn} [a(”), aaﬁn)D,
\—‘/_/
j
[agk), o ,a&’“)] is the congruence class of (agk), o 7ag€)> and agk), . ,ag@) e

(k=1,....,7—1,7+1,....n), 27, y} € Q" . Hence, we have

J J
(a0 al), (o) T e ) (o) T al),

J J
(a0 a), (a8 (G0 )y €

or

J J J
(o) (o0 P ) (o F )
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J J J
...(ag)...f;?...agn)))...(ag)...f’\... n>>,,,((agl),,,f:;?,,,a@),,,

J
. (aﬁ}_)l---’yn—f-“aﬁf_)l) (agl) ,-51\&&”))>>

Without loss of generality it can be assumed that ¢ < j. Using twice the
identity , we get from the last equality

(((“9)“';§7"*ﬁn)"'Eﬁl“'(“9)”'22;:”'“g)))

((agz) a(l) . ag”) .o a’n?’) .. (a(ll) arzll e agl))) .
~
i i
<((E1 T 1'1) Y o (xl Tn—1 1.1))
~
J

T 1
(a2 ) g o (o))
~
((ay> o) ag>) ) (ag> --an11~-~a§)))-
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Since @( ) is a cancellation n-groupoid, we get from the last equality
(o) gy (st ) = (3 5) o ()

Thus, (], y}) € ay, 1e. [z1,... 2] = [y1, ..., yn]. O

Lemma 5 ((ai,...,a,-1, (@ 'za}™")), (b1, ..., bper, (B Wb} 1)) € i if
and only if v = y.

Proof. Let <(a1, e, 1, (a’flxa?_l)) , (bl, oo by, (b’flyb?_l)” € «j,
then we have

i—1  n—i el an— i—1 n—i
(o) - ) - (e ) -
%
= ((arenar’) o (o toar ) oo (0 ns )
= ay by ay )---(a) "za;] <o lar bp—1 a1 ) ).

| —

i

According to we obtain
((1511 by %—11) . (ai_lya?_1> o (1511 by %—11>> _
[ —
i
= ((1511 by 7;1_114) e (aiflxayfl) e (ia_ll brn—1 71—11'))

—_———

%

and using twice the cancellation law we get x = y.
The converse assertion is obvious. [

Let ¢; (i = 1,...,n) be the map from Q to Q! such that ¢;(z) =

€1, sen 1, (e el )| for all z € Q and some e}t € Q"L It fol-

[

lows from Lemma |5 that ¢; is well defined and injective.

Lemma 6 The injective map ¢; is an embedding for anyi=1,...,n.
Proof. 1t follows from Lemma [ O

Thus, we can identify Q with ;(Q) C Q3.

Lemma 7 FEquation (ai’lxaz"l) = a,, has a solution in Q} for all a} € Q™.
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Proof. We have

(e (T )

where e is some element of (). Thus, by Lemma |5, we get

i—1  n—i i—1 n—i i—1  n—i
(((e a; e ),...,(e On_1 € ),((e a; e )
i—1 n—i i—1  n—i
- an ---(e An_1 € ))),(e,...,e,( e a, € ))>€ozi.
~—

i
Then, the congruence class [a}] is a solution of (a{ 'za!™") = a,. O

We say that Qf is the first i-extension of Q.

2 General Extension OF Q

Let us define the sequence Q, QY, ..., Q%, ... of i-extensions of Q as follows:

Q,=Q, Q. = (Q}C_1> where k£ =1,2,.... Then we have the direct family

1
of groupoids

(1) ) )
P, i P i Pi

Q Q] — QY —— ... (6)
Let Q' be the direct limit of the direct family of groupoids @ It is clear
that Q_ is a cancellation medial n-groupoid. The following result is obvious.

Theorem 1 Q' is a medial i-quasigroup for anyi=1,...,n.
Lemma 8 (QZI)J1 is 1somorphic to (le)zl foralli,j=1,...,n.

Proof. Let us define a map from (Qﬁ){ to (Q{)Zl Take an arbitrary ele-

ment = of (Q%)]. Since the elements of (Q})] are solutions of the equations
(ﬁg_lxﬂ;‘_l) = B,, where 3" € (Q})", then there exist elements a} € (Q%)"
such that:

(a{_lxa?_l) = Q. (7)
On the other hand, for this elements there exist bgk), ey b e @, where
k=1,...,n, such that

(o0, = o ©
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Also, there exist elements ¢ € (Q7)" such that

G e o

for all £k =1,...,n. Finally, there exists an element y € (Q]l)ll such that

(& ycd ) = ca (10)

The element y is assigned to x. We claim that the defined map is an iso-

morphism from (QZ) to (QJ) . This can be proved by direct calculations
using equalities (|7 . and the medial identity. [J

Lemma 9 (Q;)ﬁn is isomorphic to (Q{n); forn,m =0,1,2,..., and i,j =
1,2,...,n

Proof. Clearly, the lemma is true if either m or n equal to 0. We assume
m # 0 and n # 0, then the fact can be deduced from Lemma If (Q% )] =

(1), then (Qic)] = (@), = ((@i), = (@), = @)1
If we have (Q;)m = (Qs, )m then (@, )ﬁ+1 = <(QZ ) ) <<Q$”):l>1 =

<(Q%){>; = (Q)s1), O

Let us define the general extension QU--) of Q as follows: Q) =

Q i1,02) (Qu) o Q(Zl 77777 in) — (Q(“ """ in— 1)):;

007

Lemma 10 QU1+ js isomorphic to QUin) for all perutations (iy, . . . i),
(J1y---+7n) of the numbers 1,2,... n

Proof. Tt follows from Lemma [9 O

Theorem 2 A medial cancellation n-groupoid can be embedded into a me-
dial n-ary quasigroup. This quasigroup is unique up to isomorphism.

Proof. 1t follows from Theorem [I| and Lemma [10] [J

Thanks to the referee for useful remarks.
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