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Some Results on Perturbation of Duality of
OPV-Frames

R. Sharma

Abstract. In this paper, we consider a perturbation of operator-
valued frames (OPV-frames) and obtain conditions for their sta-
bility in terms of operators associated with the OPV-frames.
Also, some duality relations of OPV-frames are discussed. Fi-
nally, some properties of the duals of OPV-frames are proven.
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Introduction

As an extension of bases, the idea of frames has undergone rapid study
and development in the last 10 years, largely because of its substantial ap-
plications in signal processing and coding theory. Frames were introduced
by Duffin and Schaeffer 7] in 1952 and were reintroduced by Daubechies,
Grossman, and Meyer [6] in 1986. Since then, other generalizations, includ-
ing fusion frames and g-frames have been developed in [4,8.20]. Additionally,
a broadening of the idea of a vector-valued frame that allows us to deal with
the use of the operators in a Hilbert space as opposed to its elements was
pioneered by L. Gavruta [9]. Further literature can be found in [3},5}14-17].

In quantum computing [12], packet encoding [2], and many other fields,
the idea of OPV-frames offers a more generic method of series expansion
of elements that is very similar to frame decomposition. Kaftal [13] proved
various interesting results for OPV-frames. Poumai [18] recently developed
the idea of OPV-frames showcasing its uses in quantum mechanics. Some
interesting properties of OPV-frames and a result about a relationship be-
tween two Riesz OPV-frames were proved in [19]. For additional information
about OPV-frames, see [1}/10,/11,/18].

This paper aims to prove a few more results on OPV-frames.
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1 Preliminaries

Throughout the paper, the symbols H and K stand for Hilbert spaces, N for
the collection of all natural numbers, and Z for an index set. The identity
operator on H is denoted by I3, while the set of all bounded operators from
H to K is denoted by B(H, K). We begin by the definition of an OPV-frame.

Definition 1 A sequence {F, }nen € B(H,K) is called an operator valued-
frame (OPV-frame) for H with range in K if there exist two constants A
and B with 0 < A < B < oo such that

Ay <) FpFo < Bly,
neN
or, equivalently,
AlplI® < Y IF®)IP < Bl beH (1)
neN

The positive constants A and B are known as lower and upper frame
bounds for the OPV-frame {F,, },.en, respectively, and inequality (1)) is termed
as the OPV-frame inequality. Also, the sequence {F, },en is said to be a
Bessel OPV-frame for ‘H with range in K if it satisfies the right hand side
of inequality (T]). If Y nen FuFn = Iy, the OPV-frame {F,},en is called a
Parseval OPV-frame. In this case, A= B = 1.

If {e, }nen is the canonical orthonormal basis of £2, then for each n € N,
one can define the partial isometry, that is, the map |e,)p : K — K ® (2
such that

len) 2 (k) = k ® ey, ke K.

Its adjoint operator |e,)5 = p2(e,| : K ® €2 — K is given by
£2 <6n|(k ® C) = ¢k, kek,c= {Cn}neN €’
Further, the analysis operatorTr : H — K ® €% of the OPV-frame {F, }nen
for H with range in K is given by
Tr(h) => Fulh)®en,  heEH,
neN
and its adjoint operator T# : K ® £* — K, called the synthesis operator, is
defined as
Trk®c)=> caFilk), keK,c={cybnen € .
neN
The frame operator Sz : H — H of the OPV-frame {F, },en is given by
Srp=TiTr=> FiFu.

neN
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The frame operator for an OPV-frame is a bounded, self-adjoint, positive and
invertible. For more details related to OPV-frames in quaternionic Hilbert
spaces, we refer to [18].

OPV-frames can also be categorized as follows. Let {F,, }nen be an OPV-
frame for H with range in K. Then {F,}en is called

(i) a Riesz OPV-frame if the analysis operator Tz is surjective, i.e.,

Tr(H) =K ® 02

(ii) an orthonormal OPV-frame if it is both Riesz OPV-frame and Parseval
OPV-frame.

Remark 1 Poumai [18] characterizes Riesz and orthonormal OPV-frames
by means of the following result: an OPV-frame {F,}nen is a Riesz OPV-
frame if and only if FnS}lf;l = Omnlk, where Sr is the frame operator
of {Fn}nen.

The remainder of the paper is organized as follows: In Section 2, we
discuss the stability of OPV-frames under various kind of perturbations.
We demonstrate that whenever there is a sufficiently small distance between
two OPV-frames, they are both stable under perturbation. Additionally,
we prove that an OPV-frame is formed whenever the analysis operator of a
sequence of operators is sufficiently close to the analysis operator of an OPV-
frame. In Section 3, we consider the duality of OPV-frames. We establish a
relationship between the analysis operators of any OPV-frame and its dual.
We also provide a different way to express the duals of OPV-frames in terms
of a family of Bessel OPV-frames. Finally, we demonstrate that each Riesz
OPV-frame has a unique dual Riesz OPV-frame.

2 Perturbation of operator valued-frames

One must test the stability of OPV-frames under various perturbation cir-
cumstances in order to use them in practical applications. In this section,
we demonstrate the stability of OPV-frames under sufficiently small pertur-
bations.

First of all, we prove a result stating that a sequence of operators forms
an OPV-frame whenever its analysis operator is close enough to the analysis
operator of a given OPV-frame.

Theorem 1 Let {F,}nen be an OPV-frame for H with range in K with
lower and upper frame bounds A and B, respectively. Let {G,}nen C B(H, K)
be a sequence of operators, and let there exist a, 5 and v > 0 such that for
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all finite subsets T C N and for each h € H,

|2 (700 - 60) oc| <o LAt 2
+5Hzgz ® €

ieT
where  # 1. Then {G,}nen forms an OPV-frame for H with range in

IC with lower and upper frame bounds (1 — oz)A(\/Ei1 —)?/(1+ B)* and
(1 +a)VB+7)%/(1 — B)?, respectively.

+albll, (@)

Proof. Let Tr and Sx be the analysis and frame operators, of the OPV-
frame {F, },en, respectively. Using condition , for h € H, we can write

Hiezzgi(h)@)ei < HZ( )®ez +HZ]~" ® e
< 1+aHZE @ e wuzgi @ eif| + 1]
i€T i€
This gives
Hzgl ® e < (1+(X>H71—f_(b;”+’7|’b” < <<1+‘1)‘>_\/§+7)Hh”

Now, define 75 : H — K ® (? as

neN

Clearly, 7g is a well-defined bounded operator satisfying

(14+a)VB+7
170l < R
and hence,
2
1 B
G 0)I = [75(b >|12s(< *flﬁ”) e ber ©
neN
Since
1 Tx(h) = Tl < al|T=O)I + Bl Ta(®)[ + bl
we obtain

(1= )Tl = ~IIbl

1)) = =

heH. (4)
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Also, for h € H, we can write

bl = ISz S=(b)]
< IS TN TF(b)]
< A'WB|Tx(b)|. (5)

Using the inequalities and , we obtain

2 _ 2 (1-a)A(WB)™ -~ i 2
%Hgn(b)ﬂ = [[Te(H)[I” > ( T 5 ) 1611°. (6)

From and @, we conclude that {G,},en forms an OPV-frame for H
with range in K with lower and upper frame bounds (1 — a)A((vVB)™* —
7)2/(1+ B)? and ((1 + a)vVB +7)?/(1 — B)?, respectively. [J

In the following result, we prove that whenever the difference between an
OPV- frame {F, },en and a sequence {G, }nen is sufficiently small, then the
sequence {G, }nen is an OPV-frame provided it satisfy certain conditions.

Theorem 2 Let {F,}nen be an OPV-frame for H with range in K with
lower and upper frame bounds A and B, respectively. Let {G, }nen C B(H, K)
be a sequence of operators and let o, B and v > 0 be such that for all finite
subset Z C N and for each h € H

| (mrRm -g6am)| < o SFrEm|+8] g
S SIEOIE) g

where 0 < max{a + yWBA™, 3} < 1. Then {G,} nen forms an OPV-
frame for H with range in K with lower and upper frame bounds (1 — (o +

YWBAYA)/(1+ 8) and (1 + a)B +~vVB)/(1 — B), respectively.

Proof. Let Sr be the frame operator of the OPV-frame {F,},en. Then
using the condition , for h € H, we can write

|>Xaam)| < | X (FrRm-gam)|+| X Frm)|

(1+a)| S EAEG)| + 8] X 66n)

H(ZIEmE)"

i€

IN

IN
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Hence,

" Fi : 2 1/2
I g0 < (1+ )| Cier 7 F <1>r|_+ﬁw(ziez|m<b>u)

1€T

Also, we have

H;E’*E(b)u = sup <Z]—" M

(S mmE)” s (S 17mE) "

i€

VB( S IEm))

i€

IN

IN

Thus, we obtain

HZQ%*WH < ((14—04\/_—1-7)(2“}— )

€L icT

< (LB vy

1=
< <(1+0z1)£j;7\/_>”h”

Now, define Sg : H — H by

=> GiGu(h), beM

neN

It is easy to verify that Sg is a well-defined bounded operator satisfying
1Sg]l < (1 +a)B+~vvB)/(1 — f). Therefore,

Do 1G. )7 = (Ss()lh)

neN
< IS5l
(1+a)B++vVB 5
< (B e ®)

Using (7)), we obtain

1520) — Ss )] < allS<O)] + AISa®)l + 7 L IF®I) . e

neN
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Then
6887 M) < allll + B1SeS7 O +( X 1787 0)7)
neN
< bl + 81SeS7 )1+ +( Bl ®)?)
< alloll + IS5 )l + 7 (BISS' o] )
< allbll + BISeSF O)] +(BA2n)2)
< (a+VBAYb] + BS:S5 ()]
< Il + 15585 ()1

Thus, SgS]__—l is invertible, and hence, the operator Sg is invertible. Moreover,
we have

1SeS7 ()l = lIh — (b — SgS7' ()]

> [lbll = 1Ib — SgSz"(h)]
> |0l = (@ +5VBA)[b] = BlISeSF ().
This gives
1— BA™!
sz ol = (OB Dy pen
and 145
-1
15781l < (et VBAT)
Thus,

1+p

S5 = 18718785 1]| < ,
156711 = 155 S#Sg ||_A(1—(a+7\/§A*1))

which yields

((1 —(a+9V/BA))A

I, < Se.
1+ 8 )H—g

Therefore, we obtain

(1—(a+7vVBA™Y 2 2
(ST < o )

Hence, according to . and @ {G1 }nen forms an OPV-frame for H with
range in K and with lower and upper frame bounds (1—(a+yvBA~1)A)/(1+
B) and ((1+ a)B +~vvVB)/(1 — B), respectively. [
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3 Dual operator valued frames

In this section, we discuss about the dual OPV-frames and prove some results
related to their existence. We begin with the definition of a dual OPV-frame.

Definition 2 Let {F,}nen be an OPV-frame for H with range in K with
the frame operator Sg. Then {fHS}l}neN is called a canonical dual OPV-
frame of {Fy}nen. An OPV-frame {G,}nen is called a dual OPV-frame of
{Fu}nen if it satisfies

Y FiGn = In.

neN

Note that the canonical dual OPV-frame of the OPV-frame {F, } ey is
also a dual OPV-frame of {F,},en.

From Definition 3.1, one can easily obtain the relation between the anal-
ysis operators of an OPV-frame and its dual.

Lemma 1 Let {G,}nen be a dual OPV-frame of the OPV-frame {F,}nen,
and let Tz and Tg be the analysis operators of {Fy tnen and {Gy }nen, respec-
tively. Then

(i) TG TFr = Iy if and only if TETg = Iy.
(i) > en GnFn = I if and only if Y- .y FuGn = Iy
Now, we present the precise form of the family of duals of an OPV-frame.

Lemma 2 Let {F,}nen be an OPV-frame for H with range in K and anal-
ysis operator Tx. Then the dual OPV-frames of {F, }nen are precisely of the
form {p2{(e,|V}nen, where V : H — K ® (2 is a bounded operator such that
V*7‘-7: - [7_[.

Proof. Let V : H — K ® £? be a bounded operator such that V*7Tr = I.
For n € N, let G,, := s2{(e,|V. Then, for h € H, we have

h=VTr(h) = V(Y Fulb)@e)

neN

= Z V*yenhzfn(h)

neN

= Y G Fu().
neN
Thus, {s2{€,|V}nen forms a dual OPV-frame of {F,},en for any bounded
operator V.
Conversely, let {G,}nen be a dual OPV-frame of {F,},en and Tg be

its analysis operator. Then G, = ;2(e,|7g, and using Lemma [2, we obtain
ToTr =1y O
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Next, we establish the precise form of the left-inverses of the analysis
operator of an OPV-frame.

Lemma 3 Let {F,}nen be an OPV-frame for H, range in K with analysis
operator T, and frame operators Sx. Then the left-inverses of T are pre-
cisely of the form SF' T + V(Ixge — TrS7'TF), where V : K @ (2 — H is
a bounded operator.

Proof. Let V: K ® ¢* — H is a bounded operator. Then

(S7'T + Vlxor = oS5 TH)) Te = SE'TiTe +VTr = VI=S; ' Ti T

= Iy.
Conversely, if U is a left-inverse of Tx, i.e., UTF = Iy, then

U= 8;17-;* + Z/{(IK@gQ — T]:S}lT]_—*)

In the following result, we give another form of the duals of an OPV-
frame in terms of a family of Bessel OPV-frames.

Theorem 3 Let {F, }nen be an OPV-frame for H with range in IC, analysis
operator Tz, and frame operators Sy. Then the dual OPV-frames of {F, }nen
are precisely of the form {fnS}I—i-En—ZieN FuS7 FiE}nen, where {E,}nen
1s a Bessel OPV-frame for H with range in K.

Proof. Let {&,}nen be a Bessel OPV-frame for H with range in K. For
n € N, write G, 1= F,S7" + & — X iy FnS7 Fi & Then

S FG =Y (f;fns;l Y, — ZF;]—}S?E*&-) — L.

neN neN €N

Conversely, let {G,}nen be a dual OPV-frame of {F,},en. Then, by
Theorem , there exists some bounded operator V : H — K ® ¢? such that
for each n € N, G,, = 2(e,|V and V*Tx = I3;. This implies that V* is a left-
inverse of 7x and hence by Lemma [3] there exists some bounded operator
W : K ® (? — H such that

VE=SATF+W - WT=SE'T#.

For each n € N, let £, = j2(e,|WW*. Then it is easy to verify that

N g, = W(Z |en>g2g2<en|)w* — WV,

neN neN
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Thus, {&, }nen forms a Bessel OPV-frame for H with range in K. For n € N,
we can write
Gn=e(enV = plen(TESE + W — TrSz TAWY)

= FuSF' + & — FuSE TV (10)

Also, we have
TEW'(0) = TH( 3 &b) ©e) =S Figulh), e

neN neN

Hence, using , we obtain
Go = FuSz' + &0 =Y FuSF'F&,  neN
iEN

[

Finally, we prove that for every Riesz OPV-frame, there exists a unique
Riesz OPV-frame as its dual.

Theorem 4 Let {F,},en be a Riesz OPV-frame for H with range in K.
Then, there exists a unique Riesz OPV-frame {G, }nen such that

> GiFu=In.

Proof. By hypotheses, there exists a bounded invertible operator & on H
and an orthonormal OPV-frame {&,},en such that for each n € N, F,, =
E,U. Then

Li=U"U = u—l(Zajgn)u

neN

= Y U'gF,

neN

= D (&UT)) T

neN
For each n € N, putting G,, := &,(UU™")*, we obtain
S GG —u (Y aE) Uy —utuy
neN neN

Define Sg := U~ (UU~")*. Then one may verify that Sg is a bounded invert-
ible operator, and for n,m € N, we have

GuSg Gl = EaUT ) (UUNUTEL, = E4EL, = O]k

Hence, {G, }nen forms a Riesz OPV-frame for H with range in K such that
> onen GnFn =1y O
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4 Conclusion

In many branches of mathematics, the theory of perturbations is an essen-
tial tool. In reality, examining a system’s stability in the face of numerous
disturbances is necessary. Keeping this in mind, we discuss the stability
of OPV-frames under various perturbations and show that they are both
perturbation-resistant whenever there is an adequate gap in size between
two OPV-frames. Additionally, it is shown that whenever the analysis op-
erator of one OPV-frame and the analysis operator of another OPV-frame
are sufficiently close to one another, an OPV-frame is created. The frame
elements and its dual frame serve as the foundation for the potential of
reconstructing every element in the space.

The duality of OPV-frames is discussed along with the relationship be-
tween an OPV-frame’s analysis operators and its dual. Also, a different way
to express an OPV-frame’s duals in terms of a family of Bessel OPV-frames
is given. Finally, we demonstrate that every Riesz OPV-frame has a unique
dual Riesz OPV-frame.

Acknowledgements. The author sincerely acknowledges the efforts of the
anonymous referee(s) and the editing department of the journal for carefully
reading the manuscript and providing fruitful suggestions for the improve-
ment of the manuscript.
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