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Abstract. = We consider the problem of the construction of
the backward stochastic differential equation in the Markovian
case. We suppose that the forward equation has a diffusion coef-
ficient depending on some unknown parameter. We propose an
estimator of this parameter constructed by the discrete time ob-
servations of the forward equation and then we use this estimator
for approximation of the solution of the backward equation. The
question of asymptotic optimality of this approximation is also
discussed.
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1 Introduction

We consider the following problem. Suppose that we have a stochastic dif-
ferential equation (called forward)

dXt =S (t,Xt) dt +o0o (19,t,Xt) th, X(), 0 S t S T

and we are given two functions f (t,z,y,2) and ® (z). We have to find a
couple of stochastic processes (Y, Z;) such that it satisfies the stochastic
differential equation (called backward)

d}/t - —f (t,Xt, }/;L, Zt) dt + thWt, 0 S t S T

with the final value Yy = & (X7p).
The solution of this problem is well-known. We have to solve a special

partial differential equation, to find its solution w (¢, z,¥) and to put Y; =
u(t, Xy, 9) and Z; = o (0, t, Xy) wl, (¢, X3, 0).
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We are interested by the problem of approximation of the solution (Y}, Z;)
in the situation where the parameter 9 is unknown. Therefore we first
estimate this parameter with the help of some good estimator v7 ,0 <

t,n
t < T and then we propose the approximations Y;* = u (t,Xt,ﬁ;n) and
ZF =0 (19§7n,t7Xt) ul, (t,Xt,f};n). Moreover we show that the proposed

approximations are in some sense asymptotically optimal.

The main difficulty in the construction of this approximation is to find
an estimator-process 7,0 < ¢ < T which can be easily calculated for
all t € (0,7] and at the same time has asymptotically optimal properties.
Unfortunately we can not use the well-studied pseudo-MLE based on the
pseudo-maximum likelihood function because its calculation is related to
the solution of nonlinear equations and numerically is sufficiently difficult
problem.

We propose here a one-step MLE-process, which was recently introduced
in the case of ergodic diffusion [10] and in the case of diffusion process with
small noise [11], [I2]. The review of statistical problems for the BSDE model
of observations can be found in [9].

Note that the problem of volatility parameter estimation by discrete time
observations is actually a well developed branch of statistics (see [19] and
references therein). The particularity of our approach is due to the need of
updated on-line estimator ;, which depends on the first observations up
to time t.

Recall that the BSDE was first introduced in the linear case by Bismuth
[2] and in general case this equation was studied by Pardoux and Peng
[16]. Since that time the BSDE attracts attention of probabilists working in
financial mathematics and obtained an intensive development (see, e.g. El
Karoui et al. [7], Ma and Yong [15] and the references therein). The detailed
exposition of the current state of this theory can be found in Pardoux and
Rascanu [18].

Note that the approach developed in the present paper is carried out for
the following three models of observations (forward equations).

Diffusion process with small noise (¢ — 0)

dXt = S(ﬁ,t,Xt) dt + eo (t,Xt) th, X, 0<t< T,

(see [11], [12]).
Ergodic diffusion process (large samples, T'— o0)
dX; =S, X)) dt + o (Xy) dW;, X, 0<t<T,
(see [1]).
High frequency observations X" = (X, Xy, ... X4,), t; = i%, (n — 00)

of diffusion process with volatility depending on the unknown parameter

dXt = S(t,Xt) dt +o (’l?,t,Xt) th, X(), 0 S t S T,
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see present work.
We propose for these three models of observations three MLE-processes
U7 = ¥f (X;,0 < s <t) such that the corresponding approximations Y; =
. 2
u(t, X;,97) — Y; and the error of approximation Ey (Yt — Yt> for each

model of observations is asymptotically (¢ — 0,7 — oo, n — co) minimal.

2 Auxiliary results

Let us recall what is the BSDE in the Markovian case. Suppose that we
are given a filtered probability space <Q, (]:t)te[o,T] ,]P’) with the filtration

(]:t)te[O,T} satisfying the usual conditions. Define the stochastic differential
equation (called forward)

dXt = S(t,Xt> dt + O'(t,Xt) dVVt, X(), 0 S t S T,

where (Wy, F;,0 < t < T) is the standard Wiener process and X is Fy mea-
surable initial value. The trend coefficient S (¢,z) and diffusion coefficient
o (t,z)? satisfy the Lipschitz and linear growth conditions

]S(t,a:)—S(t,yﬂ—i—la(t,a:)—a(t,y)\§L|x—y|, (1)

S (¢, z)| + o (t,2)| < C(1+z]), (2)

for all z,y € R and for all ¢ € [0,7]. Here L > 0 and C' > 0 are some

constants. By these conditions the stochastic differential equation has a
unique strong solution (see Liptser and Shiryaev [14]).

Further, we are given two functions f (¢, x,y, z) and ® (x) and we have to

construct a couple of processes (Y;, Z;) such that the solution of the stochas-
tic differential equation

Y, = —f(t, X, Yy, Zy) dt + Z, AW, 0 <t <T,

(called backward) has the terminal value Yy = @ (X7).
This equation is often written as follows

T T
Yt—(I)(XT)Jr/ f(s,Xs,YS,Zs)ds—/ Z,dW,, 0<t<T.
t t

We suppose that the functions f (¢, x,y, z) and ® (x) satisfy the conditions

|f (t7x7y1721) - f(ta$7y2722>| S L(‘yl - y2| + |Z1 - 22|)7
|f (t 2,y 2)[+ ]2 (2)] < C(1+ [z,

for all x,y, z,y;, 2 € R, i = 1,2 and for all t € [0, T|. Here p > 1/2.
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This is the so-called Markovian case. For the existence and uniqueness
of the solution see Pardoux and Peng [17].

The solution (Y}, Z;) can be constructed as follows. Suppose that w (¢, x)
satisfies the equation

ou ou J(t,x)232u_ ou
E‘FS(IWC)%‘FT@——JC t,x,u,o(t,x)% ;

with the terminal condition u (T, x) = ® (z).
Let us put Y; = u (¢, X;), then we obtain by It6’s formula

2 02
dy, = @+S(t,Xt)%+—g(t’Xt) Ou

ou
o1 5 02 dt +o (t, Xt) % th

Hence if we denote Z; = o (t, X;) !, (t, X;) then this equation become
d}/;/ = —f (t,Xt,K,Zt) dt+thWt, }/Z) :'U/(O,Xo)

The terminal value Yy = u (T, X7) = @ (X7).

We consider the problem of the approximation of the solution (Y;, Z;) of
BSDE in the situations, where the forward equation contains an unknown
finite-dimensional parameter 1J:

dXt = S(t, Xt) dt + O‘('L?,t,Xt) th, X(), 0 S t S T. (3)
Then the solution u of the corresponding partial differential equation

2 02
%+S(t,x)@+g(ﬁ7t’x) Ou _ f(t,x,u,a(ﬁ,t,x)@>,

ot Ox 2 or2 Ox

depends on ¥, i.e., u = u (t,x,9). The backward equation
d}/t: _f(t7Xt7}/;ﬁ7Zt) dt+Zt th) 0 S t S T7

we obtain if we put Y; = u (¢, X;,9) and Z; = u, (¢, Xt,9) 0 (0,¢, X;). But
as ¥ is unknown we propose the “natural” approximations

Y, = u(t, X, 07), Zy = ul(t, Xp, 97) o (95, 1, Xy).

Here 9,0 <t < T is some good estimator-process of ¥ with small error. In
this problem the good estimator means the following

o U7 =07 (X"), i.e., it depends on observations X' = (X,,0 < s <t) up
to time {.

e FEasy to calculate for each t € (0,T).
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e Provides an asymptotically efficient estimator of Yy, i.e., we have in
some sense

~ 2 _
Ey (Yi-%) - minE, (%, - v)".
Y:

As we have already fixed the approximation Y; as Y; = u(t, X, 97) the
main problem is how to find a good estimator-process v;,0 <t <717

Observe that the problem of estimation of ¥ is smgular, i.e., the param-
eter ¥ can be estimated by continuous time observations without error.

3 Continuous time observations

Let us remind the situation which we have in the case of continuous time
observations of the solution of the stochastic differential equation (3] (see,

e.g., [20]).
By Ito’s formula

t t
th = Xg —+ 2/ XS dXS +/ O-<’19078>X8)2 dS’
0 0

where ¥y is the true value.
The trajectory fitting estimator (TFE) 9* of the parameter ¢ can be
defined as follows

2

T
inf/ [XQ X2—2/XdX / ﬁsX)ds] dt
9€0 J,
2
—/ [X2 X2—2/XdX / ds} dt
0

Of course, ¥* = 1 under the following mild identifiability condition: for any
v > 0 with probability 1 we have

T t t 2
inf / {/ o (¥,s,X,)"ds — / o (U, 5, Xs)? ds} dt > 0.
‘19—7.90|>l/ 0 0 0

If this condition is not fulfilled, then on an event of positive probability, for
some ¥ # 1y we have

t t
/ o (V1,5 X,) ds = / o (g, s, X,)*ds, Vt € 0, T,
0 0

which implies that for all ¢ € [0, T]

o (1917 t, Xt)2 =0 (1907 t Xt>2 :
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In such a situation no estimation method can provide us a consistent esti-
mator.

Let us illustrate this situation by several examples.
Example 1. Suppose that oy (¥, z) = VOh (z),9 € (a, ), a > 0, and the
observed process is

AdX, = S, (X)dt + Vo (X)dW,, Xo, 0<t<T,

where S; (X)) and h; (X) are some functionals of the past, say,
t t
S0 = M (XD + [ N X)ds h(X) = P.X)+ [ alsX)ds
0 0

where M (), N (-), P (-),q(:) are smooth functions. This is an example of
so-called diffusion type process [14].
To estimate 1 without error we use two approaches. The first one is the

TFE

2

T t t
0" = arg 1nf/ {XE—X(?—Q/ Xsts—ﬂ/ hS(X)st} dt
0 0

9€O

T t t
:DT(h)_l/O [Xf—xg—z/o Xsts}/O he (X)? ds dt = 9,

DT(h):/OT (/OthS(X)2d3>2dt

The second possibility is the following. Let G (z) be a two-times con-
tinuously differentiable function. By the It6’s formula for G (X;) we can
write

where

t
G (X;) = G (Xo) / G (X,) dX, +— / G" (X,) he (X)*ds.
0

We solve this equation w.r.t. ¥ and obtain for all ¢ € (0, T] with probability
1 the equality

g, _ 2000) 26 (x —2f0G’ Jax,
' [5G (X,) hy (X)* ds v

Therefore we have for all ¢ € (0, T] the estimator 9, = 9. Note that we need
not know S (-) and the only condition we use is that for all ¢ € (0, 7]

/t G" (X,) hy (X)*ds # 0.
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Therefore we obtain an “estimator” of unknown the parameter without
erTor.
Example 2. Suppose that the unknown parameter is ¥ = (¢y,...,94) € Ri
and the diffusion coefficient

d
o (¥,t, Xt)2 =+ Z il (t, Xy),

=1

where A > 0 and the functions h; (-) > 0 are known and 9, > 0,1 =1,...,d.
The observed diffusion process is

dXt =5 (t, Xt) dt +o (19,75, Xt) th, XU, 0 S t S T.

If we denote the vector H; = (Hyy, ..., Hy)
t
HLt:/hl(S,XS)dS, lzl,...,d,
0
and introduce the d x d matrix H; and vector Xt by the relations
t t
H, = / H,H'ds, X;= [Xf - X2 - 2/ X, dX, — )\t} H,,
0 0
then the TFE is
t s
IF = H;l/ [Xf - X3 - 2/ X,dX, — )\s] H,ds = 9.
0 0
Here we suppose that the matrix H; for some values of ¢ is non degenerate

and we calculate the estimator for these values of t. We see that once more
we estimate the unknown parameter without error.

R Therefore in the case of continuous time observations the approximations
Y, =u (t,Xt,ﬁt) and Z; = u, (t,Xt,f}t) o (ﬁt,t,Xt) or Y; = u (t, Xy, 9;) and
Zy = ul, (t, Xy, 07) 0 (97,1, X,) are without errors: Y; = Vi, Z, = 7.

4 High frequency asymptotics

The problem becomes more interesting if we consider the discrete time ob-
servations. Suppose that the solution of the equation is observed at
discrete times t; = z% and we have to study the approximations

}Aftk = u(tkath71§tk)7 Ztk =0 (étkatkvth) u;(tkaXtm&tk)a k= 17 AR ()

of the solution Y;, Z; of BSDE . Here k satisfies the conditions ¢, <
t < tr+1 and the estimator ¥, can be constructed by the observations X k—
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(Xo, X4y, ..., X3, ) up to time t;,. We study the properties of estimators in the
so-called higher frequency asymptotics: n — oo. Observe that the problem
of estimation of the parameter 1 in the case of discrete-time observations of
the processes like was extensively studied last years (see, e.g., [19] and
the references therein).

Suppose that the forward equation is

AdX, = S(t, X)) dt + 0 (0,4, X,) AW, X, 0<t<T (4)

where ¥ € O, the set © is an open, convex, bounded subset of R¢. The
BSDE is

dY, = —f (t, X, Yy, Zy) dt + Z,dW,, 0<t<T (5)
with Y7 = ® (X7). It can be obtained with the help of the of functions
U={(u(t,z,9),t €0, 7],z € R),J € ©}
satisfying for all ¥ € © the partial differential equation

Ou ou o0, t,x)?u du
E—Fs(tvx)%—’_T@__f tax7u70-(19’t7x)%

and the terminal condition u(7,z,9) = ® (x). The equation (5)) we obtain
by the It6’s formula for the function Y; = u (¢, Xy, 9).

As before our goal is to find an estimator U, such that the approximation
Y, = u(t, X, ﬁt) has good properties.

Recall that in the case of continuous time observations there is no sta-
tistical problem of estimation of ¥ because the measures {Png), ¥ e @} cor-

responding to different values of ¥ are singular.
Then in Example 1 with h; (X) = h (¢, X;) and G (z) = 2 we obtain the
well-known estimator

k
3 XtQk - Xg - 22;’:1 tha (Xt' T tjfl) S Z
-

J
ﬁk,n - k 9 -

Zj:l h (tj—l’ thfl)Q 0

It can be easily shown that if n — oo then for a fixed ¢ and corresponding

k= [’%] we have these convergences in probability

k t
X, (X, - X)) — / X, dX,
j=1 0

k ¢
Zh(tj—17th—1)25_> / h(S,Xs)zdS
j=1 0
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and therefore, in probability,

X - X2 -2 [ X.dX, .

Ty p—
& I h (s, X.)% ds

0-

Of course we can use it in the approximation of Y; and Z; as follows }A/tkn =
u(tk,th,ﬁkm) and ZAtk’n = &k,nu’(tk,th,ﬁkm)h(tk,th). Note that this
type of approximation is not asymptotically efficient and we will seek other
estimators of 1 which can provide smaller error of estimation.

Below we study the distribution of the error /n (fftkn - Ytk> in a more

general situation and with the help of a different estimator of 1.
We proceed as follows. The observed forward equation (4]) can be written
as

tj tj
Xy — Xy, = / S (s, Xs)ds +/ o (0, s, Xs)dWs. (6)
tj1 ti—1

but we consider a (wrong) model which we obtain if we replace the functions
S (s, Xs) and o (Y, s, X;) in these integrals by the piecewise constant function
with values S (tj_l, th_l) and o (19, ti—1, th_l) respectively on the interval
[t;—1,t;]. Then we obtain

th - th—l =5 (tjfb th—l) 0+0 (ﬁvtj*bthfl) (Wtj - Wtj—l) : (7)
Note that if is true then the random variables

Xy, — Xy, — S (tjo1,X,,) 0
g (797 tj—la Xj—l) \/g

17=1,....n

are i.i.d. with the standard Gaussian distribution A (0, 1).
Introduce the log pseudo-likelihood for the model

k
Lig (9, X%) = —% Zln [2#0 (19,tj_1,Xt]-_1)2 5}
=0
_ i [th B th—l -5 (tj—l’th—l) 5}2
‘ 20 (0, t-1, th_1)2 0

J=1

and define the pseudo-maximum likelihood estimator (PMLE) ng by the
equation

L (g0, X*) = sup Ly (0, X%) .
0cO
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As it was already explained such estimator can not be used for the con-
struction of the approximations of BSDE due to the complexity of the calcu-
lations of the solution of this equation for all £ in nonlinear case. Below we

will use this estimator as a preliminary one for the construction of a one-step
MLE-process.
Regularity conditions. (R)

R, The functions S (-) and o (-) satisfy the conditions of Lipschiz and of
linear growth.

Ry The function o (9,t, x) is strictly positive and has two continuous deriva-
tives w.r.t. .

6 (9.t 2)| + 1|6 (0, ¢, 2)[| < C (1 + [=[") (8)
Rs3 With probability one, the information matriz

¢ - . T
0 o (Y, s, Xs)

is strictly positive defined for all t € (0,T].

Ry The function u(t,z,9) is continuously differentiable w.r.t. ¥ and the
derivative satisfies the condition

it 2, 9)| < C(L+[a]?).

It will be convenient to replace the likelihood ratio function by the con-
trast function

k
U (0,X%) = " dIna (0,t;-1,X,,,)

J=1

: (ij _ th_1 -5 (tj—letj—l) 5)2

* Z a (19, tjfl, th—l) ’

7j=1

where a (9,t,z) = o (V,t, x)Q. The estimator ét,n satisfies the equation
Urie (D1, X*) = inf Uy (9, X°). 9)

The contrast function converges to the following limit

(1907 S, Xs)

t
Ui (0.6 — (0,3 = [ ]2 405X
0

d
(¥, 5, X5) a5 X)) |

t
+/ Ina (9, s, Xs) ds.
0

Identifiability condition.
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I, With probability one the random function Uy (¢, X*),9 € ©,0 <t < T
has a unique minimum at the point ¥ = 9y

inf U, (0, X") =U; (00, X"), 0<t<T.

In realty this condition requires only the uniqueness of the solution since the
function x — x — Inx attains its minimum at « = 1 implies that U;(¢, X?)
is always larger than Uy (g, X*). Hence g is always a minimum point of the
mapping ¥ — Uy (9, X*).

Introduce the vector-process

190 S X)
Yo) = 1; (J9) ’— d 0<t<T.
) =100 VE [ TR ) o<t
Note that the Wiener process w (s),0 < s < T here is independent of
the diffusion process X,,0 < s <T. A
For given ¢ € (0,7] the value t in the estimator v;, ,, satisfies the con-
dition ty <t < tht1-

Theorem 1 Suppose that the Regularity and Identifiability conditions are
fulfilled. Then for all t € (0,T] the estimator ¥, ,, is consistent and asymp-
totically conditionally normal (stable convergence)

\/g (Qétn — 190) = & (Vo) - (10)

Moreover this estimator is asymptotically efficient.

The proofs of this theorem can be found in [3] (lower bound, d = 1) and in
[4] (properties of estimator, d > 1).

Let us give here some lines of the proof. Suppose that the consistency of
the estimator @tk’n defined by the equation @ is already proved.

Introduce the independent random variables

w; = (20) [(Wy, =W, ) 6], Buy =0, Ewl=05, Buwjuw,=0
for j # i and note that the empirical Fisher information matrix
k T
U 1907 Jj— 17Xt ) (7907tj717Xt',1)
L. (¥o) =2 E ? o — I (¥ 11
t O (19 t] L Xt )2 t ( 0) ( )

J=1

as n — oo. Then by Taylor expansion of the solution zgm of the system of
d-equations

U, (0, X*)

0 =0
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we can write the representation of the MCE
5712 <q§t )

5(Worty 1, X, )
-1 07]17
00 S S o)

Throughout this paper the symbols o0, O are understood in the sense of con-
vergence in probability. Now the convergence follows from and
(stable convergence)

k .
o(o,tj—1,Xy,_,) 19078 Xs)
— .
2 o (Vo t51: X0, 1) / .5 xy )

Jj=1

Note that the approximation ffm =u(t, Xy, Qg‘tn) is computationally dif-
ficult to realize because solving equation @D forall ty,k =1,...,n especially
in non linear case is almost impossible. That is why we propose the one-step
MLE-process as follows.

Let us fix some (small) 7 > 0 and denote by 9,,, the MCE constructed
by the observations X" = (XO, D CHE ,XtN’n), where tn, <7 <Iniin.

By Theorem [I], this estimator is consistent and asymptotically condition-
ally normal

N

= (e = 1) = L (90) 1\/52

O- 1907 Jj— 17Xt )
o 1907 _]*17Xt', )

w; +o(1)
= & (Vo) = L (o) 1\/_/ z;l(;’—jiiidw(s).

Here the random Fisher information matrix is

R
! 0 0-(1907'9;X8)2

Introduce the pseudo score-function (A4;_ (V) =0 (19, ti—1, th71)2>

Mw

A (0, X%) =) 09, X, Xy))

j—17
1

<.
Il

[(Xt]. — X, =S 0)" = A () 5} Ay (9)
- 24;1 (9> V5

For any t € [r,T] define k by the condition ¢y < ¢ < t;4; and the one-step
PMLE-process by the relation

=V + VO Ly (0r0) A0y, X5),  k=N+1,...,n. (12)

I
E

<.
Il
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Our goal is to show that the corresponding approximation

Y*

tr,m

:U<tk,th, Zm),k‘:N—{—l,...,n

is asymptotically efficient. To do this we need to present the lower bound on
the risks of all estimators and then to show that for the proposed approxi-
mation this lower bound is achieved.

First we recall some known results on asymptotically efficient estimation

of the parameter 1. The family of measures {ng’n), Ve @} induced in RF

by the observations X* are locally asymptotically mizved normal (LAMN),
i.e., the likelihood ratio

dpi

0+-—= v

Z;m(v):—ﬁ, vEVn:{v:b’O—{——E@},
P Vi

admits the representation

1
Zkn (V) = exp {(v, AV (190, Xk)> — Evﬂkm (o) v" + rn} ,

where 7, = r,(v,99) — 0 in probability for fixed ¥y € © and fixed v € R.
The proof can be found in [3] (d = 1) and in [5] (d > 1).

In statistical problems with such property of families of measures we
have, so-called, Jeganathan-type lower bound on the risks of all estimators

ﬁk,n:
lim lim sup Egl (672 (Jr, —0)) > Egol (& (90)) -

e—=0n—o0 [9—dp|<e

Here ¢ (v) ,v € R? is some symmetric, non decreasing loss function (see the
conditions in [6]).
Therefore we can call an estimator v, asymptotically efficient if for
some function ¢ (-) and all Jy € © we have the equality
lim lim  sup Ez¢ (672 ( rn — V) =Ey (& (V).

e—0 n—oo |7~9_790|S5

*

We say that the estimator-process ¥,k = N +1,...,n is asymptotically
efficient for the values t € [r,, T}, if we have this equality for all ¢ € [r., T].
Here O << 1. < T.

Theorem 2 The one-step MLE-process O ,,,k = N+1,...,n is consistent,
asymptotically conditionally normal (stable convergence)

672 (95, — Vo) => & (Vo) (13)

and is asymptotically efficient for t € [r.,T] where T < 7, < T and the loss
functions is bounded.
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Proof. The proof follows the main steps of the similar proof given in [10].
We have for any v > 0 the estimates

P ([0, — o] > v} < P ]

3 14
e = 90| > 7}
+ P L VG Ty (D) A, X4 > 2}

We can write

~

197',n — 190 — 0

B (0rn) = Ten()| < €

and
V| A (D, X5) = Mg, X5 — 0.
Further, it can be shown that

Pl {WS Hk,n(ﬁo)*lAk,n(ﬁo,X’“)‘ > g} .

Moreover, more detailed analysis allows to verify the uniform consistency as
well:

(k,n)
Py, {Nfl%i%n |07, — Vo > V} — 0.

See the similar problem in [I0], Theorem 1. The asymptotic conditional
normality as well follows from the similar steps. We have

672 (0, = Do) = 672 (Dr = o) + Tin (D)~ A (D, X¥)
=072 (Ve = V) + Tin (D) ™ B0, X*)
T (D)™ [ A (D, X°) = A (0, X5
The central statistics
Lo (D7)~ Ao (90, X*) = & (9) -

We have to show that

by = 072 (Ve = 00 ) + T (D) ™ [ A (D, X*) = A0, X4)| — 0
The representation

Ak,n(éﬂ',n) Xk) - Ak,n(ﬁ(b Xk)

_ Z [ 100 (=) X152 (G )
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allows us to write

~

]Ik,n (197',71 ) bn

— []Ik,n(qg’r,n) + Ek: /015(19 (v) ,th_l,th) dv \/S] w,

where 9 (v) = Jp +v <1§Tn — 190). Further

k k
Z 0 (19 (v) 7th—1a th) = Z l (1907 th—Nth) +0 (79”1 B 190>
j=1 Jj=1
k " " T
-y Ajm1 Wo) Ajs o) = o(1)
= 2Aj_1 (190)2

because in two other terms after the differentiation
(X, = Xy = 8510)" = A51(0) 0] Ay (9)
24,1 (0] Vo

(9, Xy,

j—17

th) -

contains the quantity

(X, — Xi, = S500]" = Ay (00) 8 = —0 (t5-1, X4, ,,00)° 6

J

+ ( / [S (5, X.) — S (t;-1, X, )] ds + /

J= j—1

2
o (s, Xs, Vo) dWS)

t ‘s
:2/” <. [S(S,XS)—S(tj_l,th1)]ds+2/3 X0 (5, Xs, 09) AW,
ti 1 ti—1

tj
+ / [U (S, XS,?90)2 — 0 (tj—la th_l,§0)2i| ds=0 ((52) + @) ((5) .
ti—1
Here Xs = X, — Xy,_, — Sj15. Hence

s

Xs=/ S (r,Xr)—S(tjl,thl)}dm/ o (r, Xy, 9) AW,

ti—1 ti—1
=0 (6*?) + 0 (tjo1, Xy, 1, 00) [We = Wi, ] +0(6).

Note that for the stochastic integral as n — oo we have

j—17

tj
/ Koo (5, X, 09) IV,
ti—1

J

t
=0 (tj—la Xt-_17ﬁ0)2/ [Ws - Wtj—l:l dWs (1 +o (1))

ti—1

50)? [(Wt]. -Wy, ) - 5] |

=0 (tj—1, Xy, 4,

2
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Therefore
~ k: 1 .
Hk,n(’ﬁT,n) + Z/ 14 (79 ('U) 7th717 th) dv \/5
j=1"0
; Ay (00) Ay (00)"
= T (Dr) — 1L 0L Y S+ 0(1)
; 24,1 (1)

= T (Dr) — Do (U0) + 0 (1) — 0.

The obtained relations prove the convergence . More detailed analysis
shows that this convergence is locally uniform. Hence the one-step MLE-
process is asymptotically efficient for the bounded loss functions.
Introduce for the values t;, € [, T] the estimators
Y*

ti,n

= U/<tk7th7,l927n)7 Z

ti,m

= u;:(tka thv ﬁz,n)(j(tk? tha 792,n)

Theorem 3 Suppose that the conditions of reqularity hold, then the estima-

tors (Yy,,t € [1,T]) and (Zf,.t € [7,T]) are consistent
}/;ZJL H }/;,7 Z);wn H Zt?

and are asymptotically conditionally normal (stable convergence)

071 (Yo = Yi) = (i (8, X0 90) . & (Vo).
67 (Zhn = Z) = 0 (6, X0 00) (8, (8, X1, 90) , & (90))
+ u;: (t7 Xt? 190) <0 (ta Xta 190) ) ét (190»
Proof. Let us denote v}, = 5172 (19;n — ) and write the Taylor expan-
sion

Y;:,n = U(tk, th, 7.90 + 51/22]]:7,”) = U(tk, th, 190)
+ Okt X, U0)) + o0 (67172
VAR ul (te, Xi Yo + 51/211,:7”)0(15;@, X, U0 + 51/21),:’”)

= 0 (tr, X, Vo) (), (tr, Xop, %0) , &b, (Vo))
+ le (tk, th, 7.90) <O' (tk, th, 190) s £tk (790)) +o ((571/2) .
Now the proof follows from the Theorem [2|and the regularity of the functions
u(:), uy (-) and o (-).
Remark. Note that we do not evaluate the difference 5=/ (Y, = Y,) for
t € [tg,tr11) because in the representation

0TV, =) = 0TV, - ) + 0TV, - YY)
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for the second term we have the relation

571/2(}/; o Kk) = 671/216;:(157 thv 190) (Xt o th)

(W, =Wy,
Vi —
= ul,(t, Xy, %0)o (Yo, tr, Xe) G Vun (B) (1 +0(1)).

Here ¢; ~ N (0,1) and v, (t) = (tp1 — tx) " (t — t1,). The study of the limit
of v, (t) for all t € [0,T] is a special interesting problem.

:le(t,th,’lgo)U (ﬁo,tk,th) (1—|—O(1))

To prove the optimality of the presented approximations Y;* , and Z;
we need the lower bound of Jeganathan type given in the following proposi-
tion. Below

n (tv Xt’ 190) = <U; (tv Xt’ 190) ’ gt (190» + ulx (t’ Xt? 190) <U (t> Xtv 190) ’ ft (190»

Proposition 1 Let the conditions of regularity be fulfilled. Then for all
estimators Y, n and Zy, ,, we have

lim lim  sup Byl (5777 (Vi — Y2,)) = Byl (i (1, X0, 00) , & (90))),

e—0n—o0 |9—g|<e

lim lim sup Eyl (571/2 (Ztk,n - Ztk)) > Eﬁoe (77 (t, Xta 190)) :

e—=0n—o0 [9—dp|<e

The proof of this proposition is similar to the proof of the lower bound
in the problem of approximation of the solution of BSDE in the asymptotics
of small noise given in the works [11] and [12].

Example. Black-Scholes model. We are given the forward equation

dXt = OéXtdt + TgXt th, XO = T, 0 S t S T

and two functions f (z,y, z) = By +~yxz and ® (). We have to approximate
the solution of the backward equation

dY, = —BY,dt — v X, Z,dt + Z,dW,, Yy = (X7)

in the situation where ¥ € (a,b),a > 0 and is unknown.
The corresponding partial differential equation is

§+(0z+197)x%+ 5 @ﬂLﬁu:O, w(T,x,9) = (x).
The solution of this equation is the function
B(T—1) 00 2 )
Uu (t, xZ, 79) — € efm(b <x€<a+19’y—‘92>(T_t)_z> ds.
2192 (T — t) J -
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The discrete-time observations are X" = (Xo, X, ..., X}, ). We can calcu-
late the pseudo MLE-process

1
19 _ 1 il (th-H - th - Qth5)2 :
A Z X2

=0 3

The estimator of Y; = u (t, Xy, ¥p) is

T tlc) +/B(T_tk)

2192
}/;‘/k / ¢ (th (aﬂ%k .
\/ 22

‘2

) (Tt )dz’
tkn - tk)

where k = [£n].

Approximation of Z; = Yo X,/ (t, X;,99) can be written explicitly as
well.

The one-step MLE-process is constructed as follows. Let us fix a learning
interval [0,7],7 < T and introduce the estimator ¥,,, constructed by the
observations XV = (Xo, X, ..., X;,), where N = [%n} is as preliminary.
Then we have

. 1 & .
b =Ven b 5 (X=X, —aX,, ,0)" = 32,X2 0]

j=1
The corresponding approximations are
Vi=u(te, X 0h,) . ZF=00,X0 (6X,95,), N+1<k<n

and by Theorem |3] and by Proposition [1| these approximations are asymp-
totically conditionally normal and asymptotically efficient.

5 Discussions

The approximation of the solution of the BSDE is done in several steps.
First we estimate the unknown parameter on the learning interval [0;7]
and then using this estimator we constructed the one-step MLE process

w7 < tg < T. Then we take the solution of partial differential equa-
tion w(t,2,9) and put Y = u(t, Xy, 9;,),7 < tp < T and Z; =

fn Xet! (t, X, Zn) ,7 <t <T. The obtained approximation of (Y}, Z;) is
valid for the values ¢t € [7,T]. This restriction is due to the condition that
the preliminary estimator has to be consistent with good rate of conver-
gence. Note that it is possible to obtain such approximations on the interval
[0, 7], where 7,, — 0 with special rate. The preliminary estimator in such
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situation is ,/y--rate (which tends to oo) consistent, but the construction
of one-step (and more generally multi-step) MLE-processes allow neverthe-
less to construct the asymptotically efficient estimator-processes with the
good rate. Such estimators were already studied in the works [10] (ergodic
diffusion process) and [12] (dynamical systems with small noise).
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