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Abstract. In this work, we define a new generalization of the
Leonardo sequence by the recurrence relation GLe,, = aGLe,_1+
GLe, o+ a (for even n) and GLe,, = bGLe,, 1+ GLe, _5+b (for
odd n) with the initial conditions GLey = 2a — 1 and GLe; =
2ab—1, where a and b are real nonzero numbers. Some algebraic
properties of the sequence {GLe,},>o are studied and several
identities, including the generating function and Binet’s formula,
are established.
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Introduction

One of the well-known sequence is the Fibonacci sequence {F),},>0, which
consists of integer numbers defined by a recurrence relation of order two,
F, =F,_ 1+ F,_5, n > 2, with the initial conditions F; = 0 and F; = 1.
The results concerning this sequence motivated the study of many other
numerical sequences, some of which are closely related to it as Lucas, Pell,
and Jacobsthal sequences (see [9, [10] and [II] for their applications). The
sequence of Leonardo, introduced by Catarino and Borges in [5], is one se-
quence motivated by Fibonacci numbers. The Leonardo sequence {Le,, },>0
is defined by the recurrence relation

Le, = Le, 1+ Le,_o+ 1, n>2, (1)

or, equivalently,
Le,y1 = 2Le, — Le,_o, n>2, (2)

with initial conditions Ley = Le; = 1. According to Proposition 2.2 in [5],
Leonardo and Fibonacci numbers are related as follows

Le, =2F, ;1 — 1, n > 0. (3)

1


http://armjmath.sci.am/
https://doi.org/10.52737/18291163-2024.16.5-1-17

2 P. M. M. CATARINO AND E. V. P. SPREAFICO

Leonardo sequence served as the basis for a number of publications, in-
cluding the work of Alp and Koger [1], Alves and Vieira [2], Catarino and
Borges [4], Kara and Yilmaz [§], Kuhapatanakul and Chobsorn [12], Tan
and Leung [14], and Gokbas [7], among others. Various generalizations of
known number sequences have also been considered. For example, for any
real nonzero numbers a and b, Edson and Yayenie [6] introduced the genera-

lization of the Fibonacci sequence {Féa’b)}nzg defined as

(azb) (a’b) o ]
a aF,”) + F,”; it nis even,
F{*? = ) S R n =2, (4)
bE, " + F,”) it nis odd,

with the initial conditions F,” = 0 and F\*” = 1. When a = b = 1,
we have the classical Fibonacci sequence, and for a = b = 2, we get the
Pell numbers. If we set a = b = k for some positive integer k, we come to
the k-Fibonacci numbers. Theorem 5 in [6] established the following Binet

formula
pon — (50 ) et (5)
(ab)l2! ) a=8
where o = (ab+ v a?b? + 4ab) /2 and 5 = (ab— v/ a?b? 4 4ab) /2 are the roots

of the characteristic equation 2 —abx —ab = 0, and £ (n) = n—2[ %] is the
parity function, that is,

£(n) = { 0 if n is even,

1 if n s odd. (6)
In [6], it was shown that the following relations hold true:

Q@ a? B2
a+p=ab, a — [ =vVa?b? +4ab, aff = —ab, - = ——, — = ——. (7)
15} ab’ « ab
In the same way, Bilgici [3] introduced a new generalization of the Lu-
cas sequence, denoted by {l,,},,>0 and called the bi-periodic Lucas sequence

which is defined recursively

al,_1 + 1,2 if n is even,
bn = { b,y 41,5 ifnis odd, n22 (8)
with the initial conditions [y = 2 and [; = a. When a = b = 1, we have the
classical Lucas sequence. If we set a = b = k, for some positive integer k£,
we get the k-Lucas numbers.
Uygun and Owusu [16] introduced and studied a generalization of the
Jacobsthal numbers, which is called the bi-periodic Jacobsthal sequence and
defined recursively by

A bj'n_l + 2571—2 if n is even,
T @t + 2ns if 0 is odd,
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with the initial conditions jo = 0 and j; = 1. When a = b = 1, we have the
classical Jacobsthal sequence, and for a = b = k, with some positive integer
k, we get the k-Jacobsthal numbers.

In [15], the same authors study a new generalization of the Jacobsthal-
Lucas numbers, which is called the bi-periodic Jacobsthal-Lucas sequence
and defined as follows

. bé,_1 4+ 2¢,—o if n is even,
n — A A . . n > 2,
aCp_1 + 2¢,_o if n is odd,

with the initial conditions ¢y = 2 and ¢; = a. When a = b = 1, we have the
classical Jacobsthal Lucas sequence, and for a = b = k, with some positive
integer k, we get the k-Jacobsthal-Lucas numbers.

The main goal of this work is to define a new generalization for the
Leonardo sequence. Such sequence, which we shall call the bi-periodic
Leonardo sequence, is introduced in the next section. The Binet formula
is stated in Section 2, and the generating function is provided in Section 3.
Catalan’s, Cassini’s, and several other identities are established in Section 4.

1 The bi-periodic Leonardo sequence

In this section, we define a generalization of the Leonardo sequence similar
to the generalized Fibonacci sequence given by Edson and Yayenie [6] and
to the two generalizations of the Lucas sequence given by Bilgici [3].

Definition 1 For any real nonzero numbers a and b, the bi-periodic Leonardo
sequence is defined recursively by

GlLe. — aGLe, 1+ GLe, 5+ a ifn is even,
=Y bGLep y +GLen o +b ifn is odd,

with the initial conditions GLeqg = 2a — 1 and GLe; = 2ab — 1.

n>2 (9

The first few elements of the bi-periodic Leonardo sequence are presented
in Table [II

When a = b = 1, expression @ defines the Leonardo sequence . If
a = b = k for some positive integer k, we get the k-Leonardo numbers
studied, for example, by Mangueira, Alves, and Catarino [13].

Note that expression @D is equivalent to

GLepio — CLl—&[ﬂ]bE[n]GLenJrl — GLe, = al—{[n}bg[n]7 (10)

where £[-] is the parity function defined by @ For n even, by subtracting
GLe,y1 = bGLe, + GLe, 1 + b from GLe, = aGLe, 1 + GLe, 5 + a, we
obtain

GLeyi1 = (b+1)GLey, + (1 —a)GLe,—y — GLep_o + (b— a), (11)
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Table 1: The first six elements of {GLe, },,>0
n | GLe,

2a —1

2ab —1

2a(ab+1) -1

2ab(ab+2) — 1

2a (ab(ab+3) +1) -1

2ab(ab(ab+4) +3) —1

Tl W N~ O

while subtracting GLe,+, = aGLe, + GLe,_1 + a from GLe, = bGLe, 1 +
GLe,_ >+ b for odd n, we obtain

GLepy1 = (a+1)GLe, + (1 —b)GLey—1 — GLey o+ (a— ). (12)
Expressions and permit us to establish the following property.

Lemma 1 The bi-periodic Leonardo sequence {GLe,}>°, satisfies the fol-
lowing property
GLenyr = (af"p = 4 )G Le, + (1 — o' MG Le,,_y

— GLepo+ (—1)"(b—a), (13)

forn > 2 and any real nonzero numbers a and b.

Putting a = b = 1 in (13]), we obtain the well-know recurrence for
Leonardo numbers (see [3]).

The next result gives us the relation between any bi-periodic Leonardo
number with the two previous terms of this sequence with the same parity
type of index.

Lemma 2 The bi-periodic Leonardo sequence {GLe,}>°, satisfies the fol-
lowing property: for any real nonzero numbers a and b and n > 4,

GLe, = (ab+2)GLe, o — GLe,_4 + ab. (14)

Proof. For even n, the statement is obtained from the following chain of
equalities:
GLey, = aGLey,_1+ GLey, o+ a
a (bGLegy_o + GLey, 3+ b) + GLegy o + a
= (ab+1)GLey,_o+ aGLey,_ 35+ ab+a
(ab+ 1) GLey, 2+ GLey, 5 — GLey, 4+ ab
= (ab+ 2)GLey,—o — GLey, 4 + abd.

For odd n, the proof proceeds similarly. [J
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From identity , we get the bi-periodic Leonardo sequence of order n
in terms of the bi-periodic Fibonacci number of order n + 1.

Theorem 1 Forn >0,
GLe, = 2a'EMpE 140 . (15)
Proof. First note that expression is equivalent to

2a (F,(LJrl)) —1 if nis even,

GLe, = 16
2b<Fn+1>—1 if n is odd. (16)

The proof is carried out by induction on n. For n = 0, we have GLey =
20 — 1 = 2aF1(a’b) — 1 and the statement is true, and for n = 1, we obtain

GLe; = 2ab—1 = QbFéa’b) — 1. Now suppose that expression ([15)) is true
for all 2 < k < n. We want to prove that the statement remains valid for
k =n+4 1. If nis even then n + 1 is odd, and taking into account the
induction hypothesis and identity , we can write

GLe,,1 = bGLe,+ GLe, 1+
b (2@,51? - 1) +(2bF@D — 1) +b
— 2% (aFnH) + F}ﬁ»b)) 1
WF YY) — 1.
Further, if n is odd, then n 4+ 1 is even. Thus,
GLe,y1 = aGLe,+ GLe,_1+a
— (2bFnil{ - 1) +(20F 1) +a
— 2% (bFnﬁ F}f@) 1
= 2aF") — 1.
O

According to Theorem [1 we can establish the next result, which can be
easily proved.

Proposition 1 For any nonzero integers a and b, and n > 0, GLe, is an
odd number.

Moreover, Theorem 3 in [3] provides that for every integer n,
a,b a,b
b, = Frgﬂ) + F£—1)-

Hence, Theorem [I| permits us to establish a connection between the bi-
periodic Leonardo numbers and the bi-periodic Lucas numbers, given in the
next proposition.
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Proposition 2 For the bi-periodic Leonardo numbers G Le,, and a, b nonzero
real numbers, the following identity holds:

GLeni1 + GLeyp_y = 20~ S0pMy, 0 — 2, (17)
where l,, is the n-th bi-periodic Lucas number.
Proof. By combining identities

L= F 4+ FL)

n+1
and
GLe, = 2a1—f[n]b€[n}F£il{) 1,
we get
GLeni1 + GLep_y = 2a' M (FLOD) 4 pled)y _ o
= 2a1_§["]bf[”}ln+1 — 2.
O

Proposition 3 For the bi-periodic Leonardo numbers GLe, and a, b non-
zero real numbers, the following identity holds, whenever ab+ 4 # 0,

GLe, = 2q1—€lyel) (I Flo) 4
ab +4

where 1, is the n-th bi-periodic Lucas number.

2 The Binet formula and some other identi-
ties
In this section, we provide the Binet formula for the bi-periodic Leonardo

sequence. We obtain the following result taking into account the Binet

formula for the bi-periodic Fibonacci sequence given by expression and
Theorem [1I

Theorem 2 For n > 0, the n-th bi-periodic Leonardo number is given by
ql—En+1)

1
GLe, = —— —
(ab)L%J

2a1—§[n]b§[n] ( ) (an-i-l . 671—1—1) _ (Oé — ﬁ) s (18)

where o« = (ab + va?b?> + 4ab)/2 and B = (ab — Va?b? + 4ab)/2 are the
roots of the characteristic equation x*> — abx — ab = 0, and &[] is the parity
function.
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The proof of Theorem [2| is given by substituting the Binet formula
for bi-periodic Fibonacci number of order n in ((15)).

Corollary 1 in [3] established a negative integers extension by using the
Binet formula for the bi-periodic Fibonacci and Lucas numbers, namely,

F(mb) _ (_1)n+lF75a,b)’ (19)

l(a,b) _ (_ 1)n+1l7(la,b)

—n

Similarly, the next result establishes a negative integers extension to the bi-
periodic Leonardo numbers by using the Binet formula (18], and identities

and .
Corollary 1 For any integer n, we have
GLe_, = (—1)"(GLep—2 + 2(1 — &[n])).
Proof. Recall that
GLe, = 20t~ 100 1,
By replacing n for —n in ((15]), we get
GLe_, = 2a' -t plet) g
Since {[—n] = &[n] and &[n — 2] = ¢[n]

GLe_, = 2q'¢nlpgl=nl FE“:Z’)_ )_1’
— 92q'~ E[n]bﬁn]( 1)"F _17
— (—1)"(2a' En]bﬂ"( )"F,Ea’?)ﬂL(—l)nH),
(—1)" (20 S ApEn-2A plab) | (pyni1y
= (—1)"(2a Y — 1) 4 1 4 (—1)7),
(—1)"(GLep—a + 2(1 — ¢[n))).

O

3 The generating function for the bi-periodic
Leonardo sequence
Generating functions give a technique for solving linear homogeneous recur-

rence relations. In this section, we establish the generating function for the
bi-periodic Leonardo sequence.
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Theorem 3 The generating function for bi-periodic Leonardo numbers is
given by

Y n _ (da—2—ab) —abr — (2a = 1)z* + (2ab — 1)(ab + 2)a”
nz% GLe,x" = (1= (ab+ 2)z2 + 2%)
ab
T U= (bt 2+ ah) (20)

Proof. Consider the generating functions on parity:

h(z) = Z G Leg;z™,
=0

g(x) = Z G Leg;j 0™

=0
Note that
h(z) = (2a — 1) + (2a(ab+ 1) — 1)2* + Z G Leg;z™,
=2
(ab+ 2)z*h(z) = Z(ab + 2)G Leg;z*t?
=0
= (2a — 1)(ab + 2)2* + Z(ab + 2)G Legy, 2™,
m=2
or . i,
rih(r) = Z G Legjx™ ™ = Z G Ley,, 4™,
j=0 m=2

Thus,

(1—(ab+2)2* +2Yh(z) = (2a—1)+ (2a(ab+ 1) — 1)2?

—(2a — 1)(ab + 2)z* + ab Z .,

m=2

Similarly, we have

g(x) = (2ab— 1)z + Z G Legp 2™,

m=1

(ab+ 2)2?g(x) = Z(ab +2)G Leg; 12413

Jj=0

= (2ab — 1)(ab + 2)2° + Z(ab + 2)G Legy, 1 2*™ !

m=2
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and - -
rig(x) = Z GLegj_1m2j+5 = Z GLesgy, s>t

7=0 m=2

Thus,

(1 — (ab+2)2* + 2*)h(x) = (2a — 1) + (2ab — 1)(ab + 2)x* + ab i ¥l

Therefore,
~ (4a—2—ab) —abz — (2a — 1)2* 4 (2ab — 1)(ab + 2)z°
Fa) = (1 — (ab+ 2)22 + x*)
ab
T O (@t )
O

We can obtain the generating function in terms of the parity function as
follows.

Theorem 4 The generating function for bi-periodic Leonardo numbers is
given by

iGL n (20 —1)(1 — a'~EMpEnly) 4+ (2ab — 1)
— et (1 — a—SrlpElnly — 42)

=€l el 2
(1 —2)(1 — a*—&npeinly — 22)

+ (21)

Proof. Expression (10) multiplied by "2, gives us
GL€n+233'n+2 . Cllff[n] bf[n} GL€n+1xn+2 . GLeniL'nJrQ — alfﬂn} b{[n] xn+2'

This implies
Z GLen+2x”+2 — ! el pEin] Z GLen+1m”+2 — Z GLe,z" 2
n=0 n=0 n=0

= el § g2,
n=0

or, by considering the expression F(z) = Z GLeja?,
=0

1€ peln] 12
(F(2)— GLey—GLey ) —a' b o (F(z) — GLeg) — 22 F(x) = ———

11—z
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Thus,
o) - (2a — 1)(1 — a'=EPlpglnly) + (2ab — 1)
(1 — ql=€Mpén]p — xQ)
N al—€mlptln] 12
(1 —2)(1 — a*—Epeinly — 22)
O]

4 Catalan’s, Cassini’s and d’Ocgane’s identi-
ties

In this section, we provide some identities involving the bi-periodic Leonar-
do numbers. In particular, Catalan’s and Cassini’s identities for bi-periodic
Leonardo numbers are established.

First of all, recall a result established in [Theorem 5, [3]]: for all integers
m and n, it holds

. 1 b\ Elm+1eln] p Emiglnt1]
F — 5 [(_) Fladp 4 (-) F@dp o (22)
a a

We prove the following new relation between the Fibonacci and Lucas
bi-periodic numbers.

Lemma 3 For any nonnegative integer n, we have

£t if n is even
FY,, 4+ B, = ! 23
n+1+r n+l—r Fr(a’b)ln-i-l an is Odd, ( )

Proof. By , we obtain

i | [/ p\Sn2er p ElnHglr+1
F((;Llji*i)‘i’?“:§ (_) Fn((-lﬁl)lr+< ) Fr(a’b)lnﬂ : (24)

a a

On the other side, since F” = (—1)"+1F“? and _, = (=1)"*'_, by
[Corollary 1, [3]], we get

) Ly [p\ e b\ Eln el +1]
resy =S [(—) Fi, - (—) Fe,0 | (25)

2 a a
Thus, for r even, the sum of expressions and gives

(a,b) (a,b)  1a(ab)
Fn+1+7“ + Fn+17r — FnJrl lT'



A NOTE ON BI-PERIODIC LEONARDO SEQUENCE 11

Hence, for r odd we verify the equality

a,b a,b a
F75+1)+r + F75+1)—r = F* .

O

Note also that Lemma 3| can be proved by direct application of the Binet
formulas for F\*” and [,,, namely,

F(a,b) _ al—&(n) o — Bn
"’ (ab)'2) )] a—p

4 o
~ (g -

by considering the parity of integers n and r.
The next result establishes Catalan’s identity for the bi-periodic Leonardo
numbers.

and

Theorem 5 For two positive integers n and r, the following equation holds
true:

oSyt =t rlQ e, GLeyy, — afMpt=El GLeé? (26)

_ ab(af[n+l]+2§[r—1}—2b1—£[n+1}—2§[r—1] (_1)n+2—r(GLer_1 + 1)2

+2a5["]b1’£[”](GLen +1)— sl bl’f["’ﬂ(GLen,r +GLepyy +2)
L gfln—rlpl=gln—r] _ gelnlpielnl,

Proof. By , we get

af I =G e, GLeyy, — atMb MG L2 (27)
= frrlpt=tlnrl (gt =Eln—rlpgin=rl pled) (g1 -Elmtrlpgintr pled) )

Sl it (g1 =€l elnl plad) _ )2

_ 4a275[n+r]b1+§[n+r]FT(Lz:li)+lFéi%l . 4a2f§[n]bl+£[n}<F7Efil{))2

+4abFD — 2ab(F@D | 4 b ) 4 gtlnrlpi-ghr] _ gelnlpl—gln]

Since {[n—r+1]=1=¢n—r] =1—¢[n+r] and {[n+1] = 1 —¢&[n], further
we can write
4ab(a1*§[n+ﬂb§[n+7‘]Fé@fllpfbfiﬁll _ alfi[n]bé[n](péill’)f) (28)

4ab(a§[n_r+1]bl_g[n_rH]Fé(i’i)HFrgigh _ aﬁ[”"‘l]bl—f[”"'l] (FT(L‘JL;?))Q)

dab(aflmHIpt=El sl (g2 r (ple)?),
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Hence, by substituting in , we obtain
=y =rrlQ e, GLeyy, — aﬂ"]bl_ﬂ"]GLe2 (29)
= 4ab(a E[n+1]bl—€[n+1](_1)n+2—r(F7§a,b)) )+4abF(a b)
2ab(F( 2 +F¢(Lii)+1) + gfln—rlpt=gin=r] _ ;Elnlpl=¢ln]

n—

Therefore, putting

GLerp_l + 1 o F(u"b) GLen + ]. . F(a b)
2ql—€lr=1plr=1 — "7 2at—¢Mlpelnl ntl
GLen—r +1 o F(a,b) GLen-i—r +1 _ (ad)
2ql—Etln—rlptln—r] = "o+l 2ql—Elntrlpéntr] — T ntrtl

in (29), we get
af[”_r]bl_f[n_T]GLen_rGLenM — aﬂ"}bl_g["]GLei
_ ab( E[n+1]+2¢[r—1] —2b1—§[n+1}—2§[r—1](_1>n+2—r(GLeT_1 + 1)2

+2at M= (G Le, 4 1) — oSV (G Le, 4 GLepy, + 2)
| fln=rlpi=gln—r] _ gnlpl—eln]

The next result provides Cassini’s identity for the bi-periodic Leonardo
numbers, established in [Proposition 4.1, [5]], it also can be verified by setting
r =1 in Theorem [

Proposition 4 For any integer n, it holds

o MG Le, 1GLep — aﬂ”]blff["}GLei (30)
= 4(=1)" Y (ab)a—MIpsll — gfnlpt=€l(9G Le,,
+(a' It — 2@ Le, + ab + 4afMp M) 4 (1) (a — D),

Proof. By , we get

afnpt=€ntlGre, 1GLen+1 — aflr bl_g["]GLe2 (31)
= 4a(2—§["+1])b1+£[n+1}p(a b)F( QabF ab) _ 9uhF ‘ig + gfln—1pl=gn=1]
— 4> lpHEn (a2 4abF£il{) — q&lpt=Elnl,

Now, according to (31)) for n even, we can write

aGLen_lGLenH — bGL62
— 4ab?FYFY — 2ab(F@Y + F%Y) 4 0 — 4a?b(FL%Y)? + 4abF%Y — b
= 4ab(bF(*Y F,Ei? — a(F%D)?) = 2ab(F@Y + F“Y) + 4abF%Y + a —b.
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Since
bEORS — a(F5Y)? = a(=1)" (),

for n even,

aGLe,_1GLepy 1 — bGLE:2 = 4a(—1)""ab — b(2GLe,_1)
—b((a — 2)GLey, + ab+ 4b) + a — b.

Similarly, according to for n odd, we have
bGLe, 1GLensy —aGLe: = 4a?'F@YFE@Y — 20p Y — 2abFY)

+b — 4ab?(FL%Y)? + 4abFY) — a.
Since
aF\" ) = b(ESY) = b(=1)" ()

for n odd, we obtain
bGLe, 1GLeyy 1 —aGLe? = 4(—1)""ab® — a(2GLe, )
—a(b—2)GLe, + ab+4a) + (b —a).
U

As a corollary of Proposition[4], we have Cassini’s identity for the Leonardo
numbers established in also [Proposition 4.1, [5]] and [Corollary 2.16,[1]]).

Corollary 2 For positive integer n and a = b = 1, the following identity
holds

GLen 1GLepy1 — GLe2 = 4(—1)""' — (GLe,_1 — GLe,_5). (32)

The next result establishes d’Ocgane’s identity for the bi-periodic Leonardo
numbers.

Theorem 6 For m, n positive integers, the following expressions hold true:

gflmntmlpdlmntnl e GLe, — afmrtrlpEmntmlare Gre,
= (GLe,,_1GLe, — GLe,,GLe,_; (33)
= (—1)roq €€l G e 1)
—~GLe,,_1+GLe,_1 — GLe, + GLe,,

if m and n have the same parity, and, otherwise,

aflrmtmlpglntnl Gre  GLe, — aftEm Tt G Le, GLe,

= P2 (G e, |+ 1)(GLe, + 1)
=22 (G e, 1) (GLep y + 1) (34)
— X3 (G e, 4 GLe, + 2)
L3 (G e+ GLe,, + 2).
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Proof. By , we get

allmntm] pémn+n] Le,, 1GLe, — aflmn-tn] pélmn-t+m] Le,,GLe, 1
= Slmntmlpelmntn]y  2—Elm—1]=¢{[n] pe[m—1]+£[n] Fﬁf’b) Féil;)
_ glmnan] pémntm] g 2—=¢[m]—E{[n—1]p¢[m]+£{[n—1] FT(Y?H) Féa,b) (35)
+gélmntm] pElmntn] (_Qalfﬁ[mfll bé[m%]F?(T?,b) — 9} €l peln] Ffl‘i?))

_ Sl nlyglmntm] (g 1-€mlpetm] o)

) — 2a1—f[n—1]b§[n—1} F7(La,b)).

Considering the same parity {[n] = £[m| for n and m in (35)), we have

2—=¢m—1]—¢n]=2—¢n—-1]-¢m], ¢{m—1]+¢[n]=¢n—1]+¢m].
Then

afmmtmlpsmninlGre  GLe, — afmmtrlpEmntmlG e GlLe, o
= 42 St U€nlpem 1€l (g lmntm] pelmntn] plab) (o)
mn-+n mn+m a,b a,
_ gElmntn] pglmn+ }FT(nH)FT(L )
= gffmnmlpeimntn](_gq1=€m=1)j¢lm=1] plab) _ gql-thlpelnl plad))

_ gl pelmnm] (g 1=€lmlpeim] ()

) — 2a1—§[n—1]b§[n—1} FT(La,b)).

According to the identities
aﬁ[mn—i—m} bg[mn—i-n] F$7b) Ff;ill)) . aﬁ[mn+n] b{[mn—km] Frsfil)FT(La,b)

- (_1)na£[mfn]F(a’b)

E[nm 4+ n| = Emn +n] =0,
and , we obtain

gftmntmipdimntnl e GLe, — afmrtrlptmntmlare Gle, s
= GLe,,_1GLe, — GLe,,GLe,_;
= (—1)"2a2’5[m’1]’5["]bg[m’”*ﬂn]’l(GLem,n,l +1)

—GLe,,_1 + GLe,_1 — GLe, + GLe,,,

for m, n with the same parity.

Now suppose that m and n have opposite parity. This implies that
E[mn + m| = &[m] and ¢[mn + n] = £[n]. Then, we can rewrite in the
following form:

gflmntmlpdlmntnl e GLe, — aSmrtrlptmntmlare Gre,
= MG Le,, GLe, — af"MEMGLe,,GLe, 4
4(@3EI3Elm o) ) aelmlpseinl o) e

g2l (o) 4 pab)) | o€l gatm) (p(eh) | pla))
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By ([15)), we get

attmrtmlpEmntnlG e, GLe, — ottt MG Le, .G Le,
= "y GLe,,GLe, — a®"b ™ G Le,, GLey
= @2 (G re,, | +1)(GLe, + 1)
— P22l (G e 4 1)(GLen_y + 1)
— 213 (G e, |+ GLe, + 2)
X=X (G Le 4 GLe,, + 2).

0

5 Conclusions

In this paper, we defined a new generalization of the Leonardo sequence
of numbers, the bi-periodic Leonardo sequence {GLe, },>0, and established
algebraic properties, the Binet formula and generating function for this se-
quence. In addition, identities involving the bi-periodic Leonardo numbers,
the bi-periodic Fibonacci numbers, and the bi-periodic Lucas numbers are
provided. Moreover, we established the analogous of classical identities,
such as Catalan’s, Cassini’s, and d’Ocgane’s identities for the bi-periodic
Leonardo numbers.

We believe that the introduced sequence of numbers can serve as an
object for study in several aspects such as combinatorial, analytical, and
matrix perspectives.
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