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Abstract

The results on fuzzy ordered semigroups (or on fuzzy semigroups) can be
transferred to fuzzy ordered gamma (or to fuzzy gamma) semigroups. We show
the way we pass from fuzzy ordered semigroups to fuzzy ordered gamma semi-

groups.
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1 Introduction

The results of fuzzy ordered semigroups can be transferred into ordered gamma semigroups
in the way indicated in the present paper. Let us give some results to justify what we say.

As we know, a fuzzy subset f of an ordered groupoid S is called a fuzzy quasi-ideal of S
if

(1) (fel)A(lof) = [ and

(2) if z <y, then f(z) > f(y).

While the quasi-ideals are defined via the multiplication and the order of fuzzy sets, the
right, the left ideals and the bi-ideals are defined via the multiplication of S as follows:

Let (S,., <) be a po-groupoid. A fuzzy subset f of S is called a fuzzy right ideal of S if

(1) f(zy) > f(x) for every z,y € S and

(2) if <y, then f(z) > f(y).
A fuzzy subset f of S is called a fuzzy left ideal of S if
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(1) f(zy) > f(y) for every z,y € S and

(2) if <y, then f(z) > f(y).
A fuzzy subset f of an ordered semigroup S is called a bi-ideal of S' if

(1) f(zyz) > min{ f(x), f(z)} for every x,y,z € S and

(2) if z <y, then f(z) > f(y).

We have seen in [3] that a fuzzy subset of a groupoid S is a fuzzy right (resp. left) ideal
of S if and only if the following assertions are satisfied:

(1) fol =< f (resp. 1o f =< f) and

(2) if z <y, then f(z) > f(y).

For a po-I'-groupoid (M, I", <) we naturally have the following definitions: Any mapping
f from M into the real closed interval [0,1] of real numbers is called a fuzzy subset of M.
For a subset A of M the fuzzy subset f4 is the characteristic function defined by:

1 ifzecA

fA:M%[o,l]iwa@)::{ 0 ifs¢ A

For A = {a} we write f, instead of fi,}, and we have

1 ifzx=a

fa:M%[Oyl]lx%fa(“")‘:{ 0 if z#a.

For an element a of M we denote by A, the relation on M defined by
A, :=A{(y,2) | a < yyz for some vy € T'}.

For two fuzzy subsets f and g of M the multiplication f o g is defined as follows:

Vo min{f(y),g(2)} if A, #0
fog: M —=1[0,1]|a— { @2eA

0 if A, =10
and in the set of all fuzzy subsets of M we define the order relation as follows:
f =2 gifand only if f(a) < g(a) for all a € M.

We also denote
(f N g)(a) :=min{f(a),g(a)} for all a € M.

We denote by 1 the fuzzy subset of M defined by: 1 : M — [0,1] | x — 1(z) := 1 and
this is the greatest element of the set of fuzzy subsets of M. If M is a po-I'-groupoid (resp.
po-I'-semigroup), then the set of all fuzzy subsets of M with the multiplication ” o” and the
order 7 =7 above is a po-I'-groupoid (resp. po-I’-semigroup).

For a subset H of M we denote by (H] the subset of M defined by:

(H] :={te M |t <a for some a € H}.
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2 Main results

Definition 1 Let M be a po-I'-groupoid. A fuzzy subset f of M is called a fuzzy right ideal
of M if

(1) f(zxyy) > f(z) for every xz,y € M and every v € I' and

@) if £ <y, then f(z) > f(y).

Definition 2 Let M be a po-TI'-groupoid. A fuzzy subset f of M is called a fuzzy left ideal
of M if

(1) f(zyy) > f(y) for every x,y € M and every v € I' and

(2) if x <y, then f(z) > f(y).

Definition 3 A fuzzy subset f of a po-I'-semigroup M is called a fuzzy bi-ideal of S if
(1) f(zyypz) > min{ f(z), f(2)} for every x,y,z € M and every v,u € I' and
(2) if x <y, then f(z) > f(y).

Proposition 4 (cf. also [3]) Let M be a po-I'-groupoid. A fuzzy subset f of M is a fuzzy
right ideal of M if and only if

(1) fol <X f and

2) if £ <y, then f(x) > f(y).

Proof. =—>. Let a € S. Then (fo1)(a) < f(a). In fact: If A, =0, then (fo1l)(a) :=0<
f(a). Let A, # (. Then

(fol)(a):= \/ min{f(y),1(=)} = \/ min{f(y)}.

(y,2)€Aq (y,2)€Aq

On the other hand,
f(y) < f(a) for every (y,z) € Aa.

Indeed: Let (y,z) € A,. Then a < yvyz for some v € I'. Since f is a fuzzy right ideal of M,
we have f(a) > f(yyz) > f(y). Thus we have

(fol)(a)= \/ min{f(y)} < fla).
(y,2)€Aq

<. Let z,y € M and v € I'. Then f(zyy) > f(z). Indeed: By hypothesis, we have
f(xyy) > (f o1)(xyy). Since (z,y) € A,,,y, we have

(fol)(ayy) = \/ min{f(u),1(v)} = min{f(2),1(y)} = f(2).

(u,0) €A~y

Thus f(zyy) = f(2). O
In a similar way one can prove the following propositions:
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Proposition 5 Let M be a po-TI'-groupoid. A fuzzy subset f of M is a fuzzy left ideal of M if
and only if

(1) lof <X f and

(2) if # <y, then f(z) = f(y).

Proposition 6 Let M be a po-I'-groupoid. A fuzzy subset f of M is a fuzzy bi-ideal of M if
and only if

(1) folof=<f and

(2) if x <y, then f(z) = f(y).

We characterize now the regular and the intra-regular po-I'-semigroups in terms of fuzzy
right and fuzzy left ideals.

Definition 7 A po-I"-semigroup M 1is called regular if
a € (al'MTa] for every a € M.

Lemma 8 Let M be a reqular po-I'-semigroup. Then for every fuzzy right ideal f and every
fuzzy subset g of M, we have f Ng X fog.

Proof. Let f be a fuzzy right ideal, g a fuzzy subset of M and a € M. Since M is regular,
there exist © € M and 7, u € ' such that a < (ayx)pa. Since (ayzx,a) € A,, we have

(fog)a)=\/ min{f(y),9(2)} > min{f(ayz),g(a)}.

(y,2)€Aq

Since f is a right ideal of M, we have f(ayxz) > f(a). Then we have

(f o g)(a) = min{f(ayx),g(a)} = min{f(a),g(a)} = (f A g)(a).

This holds for every a € M, thus we have f Ag X fog. U

In a similar way we prove the following

Lemma 9 Let M be a reqular po-I"-semigroup. Then for every fuzzy subset f and every fuzzy
left ideal g of M, we have f Ng =< fog.

Lemma 10 Let M be a po-I'-groupoid, f a fuzzy right ideal and g a fuzzy left ideal of M.
Then we have fog X fAg.

Proof. Let a € M. Then (fog)(a) < (f Ag)(a). In fact: If A, =0, then (f o g)(a) := 0.
Since @ € M and f A g is a fuzzy subset of M, we have (f A g)(a) > 0, thus we have
(fog)a) <(fAg)(a). Let A, # 0. Then

(fog)(a):= \/ min{f(y),g(2)}.

(y,z)EAa
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On the other hand,

min{f(y),g(z)} < (fAg)(a) ¥V (y,2) € A,.

Indeed: Let (y,z) € A,. Then y,z € M and a < yyz for some v € I". Since f is a fuzzy
right ideal of M, we have f(a) > f(yvz) > f(y). Since g is a fuzzy left ideal of M, we have

g9(a) = g(yyz) = g(z). Thus
min{f(y), 9(2)} < min{f(a),g(a)} = (f A g)(a).

Hence we obtain

(fog)a)=\/ min{f(y),9(2)} < (f Ag)(a),

(y,2)€Aq

and the proof is complete. 0

Lemma 11 (cf. also [1]) Let M be a po-I'-groupoid. Then A is a right (resp. left) ideal of
M if and only if the characteristic function fa is a fuzzy right (resp. fuzzy left) ideal of M.

For an element a of M, we denote by R(a), L(a) the right and the left ideal of M,
respectively, generated by a. We have R(a) = (a U aI’'M] and L(a) = (a U MTa].

Lemma 12 A po-I"-semigroup M is reqular if and only if
R(a)N L(a) C (R(a)FL(a)} for every a € M.

Theorem 13 (see [2]) A po-I'-semigroup M is regular if and only if for every fuzzy right
ideal f and every fuzzy left ideal g of M, we have

fANg=fog, equvalently f Ng= fog.

Proof. =—>. Let f be a fuzzy right ideal and g a fuzzy left ideal of M. By Lemma 8, we
have f Ag < fog. By Lemma 10, we have fog < f Ag. Then fAg= fog.

<. Suppose f A g = fog for every right ideal f and every left ideal g of M. Then M is
regular. In fact: By Lemma 12, it is enough to prove that R(a) N L(a) C (R(a)'L(a)] for
every a € M. Let a € M and b € R(a) N L(a). By Lemma 11, fg() is a fuzzy right ideal
and fr(,) a fuzzy left ideal of M. By hypothesis, we have

1 = min {fR(a)(b)a fL(a)(b)} = <fR(a) A fL(a)> (b) < (fR(a) o fL(a)> (b),

then
1< <fR(a) o fL(a)> (0).

If Ay =0, then <fR(a) o fL(a)> (b) := 0 which is impossible. If A, # (), then we have

(fR(a) o fL(a)><b> = \/ min{ fra)(¥), fr)(2)}

(y,2)€Aq
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If y ¢ R(a) or z ¢ L(a) for every (y, z) € Ay, then

min{ fr@) (), fr@)(2)} = 0 for every (y,2) € Ay,

and then (fR(a) o fL(a)> (b) = 0 which is impossible. Thus there exists (y, z) € A, such that
y € R(a) or z € L(a). And so, there exists v € I such that b < yyz € R(a)I'L(a), that is
b € (R(a)T'L(a)]. O

Definition 14 A po-I"-semigroup M is called intra-regular if
a € (MTal'al' M] Va € M.
Lemma 15 A po-I'-semigroup M is intra-reqular if and only if
R(a) N L(a) C (L(a)FR(a)] for every a € M.

Theorem 16 A po-I'-semigroup M is intra-reqular if and only if for every fuzzy right ideal
f and every fuzzy left ideal g of M, we have

fANg=gof.

Proof. =. Let f be a fuzzy right, g a fuzzy left ideal of M and a € M. Since M is intra-
regular, there exist x,y € M and v, i, p € T' such that a < xyapapy. Since (xya,apy) € A,,
we have
(go f)(a):=\/ min{g(y), f(2)} > min{g(z7a), f(apy)}
(y,2)€Aq
Since ¢ is a fuzzy left ideal of M, g(xvya) > g(a). Since f is a fuzzy right ideal of M,
f(apy) > f(a). Thus we have

(9o f)(a) > min{g(zva), f(apy)} > min{g(a), f(a)} = (f A g)(a),

then fAg=<gof.
<. Let a € M and b € R(a) N L(a). By hypothesis, we have

1 = min{ fr(a)(b), fL(a)(0)} = (fR(a) A fL(b)) (b) < (fR(a) o fR(b)) (b).

Then A, # (), and there exists (y,z) € A, such that y € L(b) and z € R(b). Then there
exists v € I' such that b < yyz € L(b)I'R(b), so b € <L(a)FR(a)] By Lemma 15, M is
intra-regular.

Let us characterize now the intra-regular, the regular and the left (right) regular po-I'-

semigroups in terms of fuzzy subsets.

Lemma 17 (cf. also [3]) Let M be a po-I'-groupoid, f, g fuzzy subsets of M, and a € M.
The following are equivalent:

(1) (f o g)(a) # 0.
(2) There exists (x,y) € A, such that f(x) # 0 and g(y) # 0.
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Proof. (1) = (2). If A, = 0, then (f o g)(a) = 0 which is impossible. So there exists
(z,y) € A,, then

(fog)a) =\ min{f(u),f(v)} > min{f(z),g(y)}.

(u,v)€A,

If f(z) =0 or g(y) =0, then (f og)(a) > 0. Since f o g is a fuzzy subset of M, we have
(fog)(a) < 0. Then (f og)(a) = 0 which is impossible. Hence we have f(z) # 0 and

9(y) # 0.
The proof of the implication (2) = (1) is the same as in [3]. O

Corollary 18 Let M be a po-I'-groupoid, f a fuzzy subset of M, and a € M. The following

are equivalent:

(1) (f o 1)(a) # 0.
(2) There ezists (x,y) € Aa such that f(z) # 0.

Corollary 19 Let M be a po-I'-groupoid, f a fuzzy subset of M, and a € M. The following

are equivalent:

(1) (1og)(a) #0.
(2) There exists (x,y) € A, such that g(y) # 0.

Lemma 20 Let M be a po-I'-groupoid and a,b € M. Then we have
b < aya for somey €' <= (f,0 f,)(b) #0.
Proof. =>. Let b < aya for some v € I'. Since (a,a) € A, we have

(fao f)(0) =/ min{fu(w), fa(v)} > min{fu(a), fu(a)} = fa(a) = 1

(u,v)EAq

<. Since (f, o f,)(b) # 0, by Lemma 17, there exists (z,y) € A, such that f,(z) # 0 and
fa(y) # 0. Then f,(x) = fo(y) =1, and x = y = a. Since b < xuy for some p € T', we have
b < apa. 0

Lemma 21 Let M be a po-I'-groupoid and f a fuzzy subset of M. Then
f(a) < (fo f)(aya) Yae M ¥yeT.

Proof. Let a € M and v € I'. Since (a,a) € A,, we have

(fofaya):= \/  min{f(u),f(v)} = min{f(a), f(a)} = f(a).

(u,v)EAava

Thus f(a) < (f o f)(avya). O
We denote f2 = fo f.
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Lemma 22 Let M be a po-I'-semuigroup, f a fuzzy subset of M and a € M. If a < zuayapy
for some v,y € M, u,v,p €T, then f(a) < (1o f2o1)(a).

Proof. Since (zpavya,y) € A,, we have

(1o f?o1)(a) = \/ min{(1o f*)(u),1(v)}

(u,v)€EA,
> min{(1 o f?)(zpava),1(y)}
= (Lo f*)(zpaya).

Since (z,ava) € Azpaya, We have

(Lo f)(epaya) == \/  min{l(w), 2(t)}

(w,t) €Az pava
> min{l(z), f*(aya)}
= [Yava).
Then, by Lemma 21, we have (10 f2o01)(a) > f%(ava) > f(a). O

Theorem 23 A po-I"-semigroup M is reqular if and only if for every fuzzy subset f of M,
we have f <X folo f.

Proof. =—>. Let f be a fuzzy subset of M and a € M. Since M is regular, there exist
x € M and ~, p € T such that a < ayzpa. Since (ayz,a) € A,, we have

(folof)(a) = \/ min{(fol)(y). f(2)}

(yvz)EAa

> min{(fo1)(ayz), f(a)}.
Since (a,x) € Agyy, We have

(fol)(ayz) == \/ min{f(u),1(v)} > min{f(a),1(z)} = f(a).
(u,v)EAava
Then
(folo f)(a) = {min{f(a), f(a)} = f(a),

so f<folof.

<. Let a € M. Since f, is a fuzzy subset of M, by hypothesis, we have a = f,(a) <
(faolofy)(a) <1, s0 ((fao 1) ofa> (a) # 0. By Lemma 17, there exists (z,y) € A, such that
(fao1l)(z) # 0 and f,(y) # 0. By Corollary 18, there exists (u,v) € A, such that f,(x) # 0.
Since a < xyy for some v € I and z = y = a, we have a < aya < (aya)ya € al' MT'a. Then
a € (aI'MTal], and M is regular. O

Theorem 24 (see [4]) A po-I'-semigroup M is intra-reqular if and only if, for every fuzzy
subset f of M, we have
f=<1lof?ol.
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Proof. —>. Let f be a fuzzy subset of M and a € M. Since M is intra-regular, there
exist x,y € M and u,7y,p € I" such that a < xpayapy. Then, by Lemma 22, we have
fla) < (1o f?o01)(a),so f X1o f2ol.

<. Let a € M. Since f, is a fuzzy subset of M, by hypothesis, we have

1= fula) < (Lo fZo1)(a) <1,

hence ((1ofa2)ol> (a) # 0. By Corollary 18, there exists (x,y) € A, such that (1o f?)(z) # 0.
By Corollary 19, there exists (u,v) € A, such that f?(v) # 0. By Lemma 20, there exists
~v € I' such that v < avya. In addition, a < xpy and x < upv for some u,p € I'. Then we
have

a<zuy < (upv)py < uplaya)puy € MTal'al' M,

and a € (MTal'al'M], thus M is intra-regular. O

Definition 25 A po-I'-semigroup M is called right reqular if

a € (al'al'M] VY a € M.

Theorem 26 A po-I'-semigroup M is right reqular if and only if, for every fuzzy subset f of

M, we have

f=<f2ol.

Proof. =—>. Let a € M. Since M is right regular, there exist z € M and 7, u € I' such that

a < ayapx. Since (aya,z) € A,, we have

(fPol)(a) = \/ min{f*(u),1(v)}

(u,w)EAq
min{ f*(ava), 1(x)}
= [Yaya).

v

Since (a, a) € Agyq, We have
FPlava) = \/  min{f(w), f(1)} > min{f(a), f(a)} = f(a).
(w;t)€Aarya

So (/20 1)(a) > f(a), then f < fo1.

<. Let a € M. By hypothesis, we have 1 = f,(a) < (f201)(a), so (f201)(a) = 1. By
Corollary 18, there exists (x,y) € A, such that f?(x) # 0. By Lemma 20, there exists A € T'
such that 2 < ala < (ada)Aa € al'al'M, so a € (al'al' M]. O

Definition 27 A po-I'-semigroup M 1is called left reqular if

a € (MIal'a] Vae M.
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Theorem 28 A po-I"-semigroup M is left reqular if and only if, for every fuzzy subset f of

M, we have

f=1of2

Proposition 29 If M is a po-I'-groupoid and f a fuzzy right (resp. fuzzy left) ideal of M,
then fol =X f (resp. 1o f = f).

Proof. Let f be a fuzzy right ideal of M and a € M. Then (f o 1)(a) < f(a). Indeed: If
A, =10, then (fol)(a):=0< f(a). Let A, # 0. Then

(fol)(a):= \/ min{f(z),1(y)} = \/ min{f(2)}.

(:E’y)eAa (x,y)GAa

On the other hand, f(z) < f(a) for every (z,y) € A,. Indeed: Let (z,y) € A,. Then
a < zyy for some v € I'. Since f be a fuzzy right ideal of M, we have

fla) = fayy) = f(x).
Then fol =< f. O

Corollary 30 If M is a po-I'-groupoid, then the fuzzy right (and the fuzzy left) ideals of M

are subidempotent.

Proof. Let f be a fuzzy right ideal of M. Then f? < fol < f. L.

Corollary 31 If M is a reqular po-T'-semigroup, then the fuzzy right (and the fuzzy left)
1deals of M are idempotent.

Proof. Let f be a fuzzy right ideal of M. Since M is regular, by Theorem 23, we have
f=(fol)of = f2 By Corollary 30, f2 < f, thus we have f = f. O

I would like to thank the referee for his time to read the manuscript carefully and his/her
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