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1 Introduction

Frame for a Hilbert space was first introduced by Duffin and Schaeffer [4] in
1952 to study some fundamental problems in non-harmonic Fourier series.
In abstract Hilbert spaces, Daubechies et al. [3] gave the formal definition
of frame in 1986. Frame theory has been widely used in signal and image
processing, filter bank theory, coding and communications, etc. Several
generalizations of frames, namely, g-frames [18], fusion frames [1], g-fusion
frames [I7], etc., have been introduced in recent times. A generalized fusion
frame is used to generalize the theory of fusion frame and g-frame. Frame
operator for the pair of g-fusion Bessel sequences was studied by the authors
in [§], who also presented the stability of dual g-fusion frames in Hilbert
spaces in [7].

The basic concept of the tensor product of Hilbert spaces was presented
by Robinson [16]. Frames and bases in the tensor product of Hilbert spaces
were introduced by Khosravi and Asgari [I12]. Reddy et al. [19] studied
the frame in the tensor product of Hilbert spaces and presented the tensor
frame operator on the tensor product of Hilbert spaces. The concepts of
fusion frames and g-frames in the tensor product of Hilbert spaces were
introduced by Khosravi and Mirzaee Azandaryani [I3]. Fusion frame and
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its alternative dual in the tensor product of Hilbert spaces were studied by
the authors [9]. Also, we considered a generalized fusion frame in the tensor
product of Hilbert spaces [10].

In this paper, we present a controlled generalized fusion frame in the
tensor product of Hilbert spaces and establish some of its properties. The
relation between the frame operators for the pair of controlled g-fusion Bessel
sequences in Hilbert spaces and the tensor product of Hilbert spaces is also
obtained.

Throughout this paper, H and K are considered to be separable Hilbert
spaces with associated inner products (-,-), and (-, -),, respectively. By Iy
and Ix we denote the identity operators on H and K, and B(H, K) is the
collection of all bounded linear operators from H to K. In particular, B(H)
stands for the space of all bounded linear operators on H. By Py, we denote
the orthogonal projection onto the closed subspace V' C H. Everywhere
below, I and J stand for subsets of Z. Let {V;},; and {W;},_; be collections
of closed subspaces of H and K, {H,},.; and {K;},_; be collections of
Hilbert spaces, {A; € B(H, H;)},; and {I'; € B(K, K})},; be sequences of
operators. By GB(H) we denote the set of all bounded linear operators
which have bounded inverse. If S,R € GB(H), then R*, R~! and SR also
belong to GB(H). Let GBT(H) be the set of all positive operators in GB(H)
and T, U be invertible operators in GB(H ).

For any I C Z, define

I (‘{Hi}ief) = {{fi}ief D fi € Hz',z ||fz||2 < OO}

iel
with the inner product given by
({fitier. {gi}ier) = Z <fz>gz>Hl .
iel
Clearly (see also [I7]), 1? ({H,},;) is a Hilbert space with respect to the
above inner product. We can similarly define the space [ ({K j }j c J>.

2 Preliminaries

In this section, we recall some basic definitions and theorems.

Theorem 1 [6] Let V. C H be a closed subspace and T € B(H). Then
PyT* = PyT*Pry. If T is a unitary operator, i.e., T*T = Iy, then
P = TPy

Theorem 2 [2] The set S(H) of all self-adjoint operators on H is a partially
ordered set with respect to the partial order <: for T,S € S(H), T < S if

and only if (T'f, f), < (Sf, f), forall f € H.
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A sequence {f;},.; of elements in H is called a frame for H (see [2]) if
there exist constants A, B > 0 such that

AlFIR < DI fnl* < BISIR
iel
for all f € H. The constants A and B are called frame bounds.
Let {v;i},.; be a collection of positive weights. The family A =
{(Vi, Ai,vi) }ier is called a g-fusion frame for H with respect to {H;},., if
there exist constants 0 < A < B < oo such that

ANIFIF <D o INPR(DIT < BIAIR,  feH. (1)
iel
The constants A and B are called the lower and the upper bounds of g-fusion
frame, respectively. If A = B, then A is called tight g-fusion frame, and if
A = B =1, we say that A is a Parseval g-fusion frame. If A satisfies only
the right inequality in , it is called a g-fusion Bessel sequence with the
bound B in H (see [IT]).
Let A = {(Vi, Ai,vi) },e; and A = {(V/, A}, v) },.; be two g-fusion Bessel

sequences in H with bounds D; and D,, respectively. The operator Sy, :
H — H defined by

San(f) =Y wii Py APy (), feH,
el
is called the frame operator for the pair of g-fusion Bessel sequences A and
A’ (see [§]).

Now we recall the notion of a controlled g-fusion frame and related con-
cepts (see [14]). Let {W;},_; be a collection of closed subspaces of H and
{vj};c; be a collection of positive weights. Let {H;},_; be a sequence of
Hilbert spaces, T,U € GB(H) and A; € B(H,H,), j € J. The family
Ary = {(Wj,Aj,v;)} ¢, s called a (T, U)-controlled g-fusion frame for H if
there exist constants 0 < A < B < oo such that

ANFIR < Y vf (NP, US NP, Tf), < BIFIE,  feH (2
jed
If A = B, then Apy is called (T, U)-controlled tight g-fusion frame and if
A = B =1, we say that Apy is a (T, U)-controlled Parseval g-fusion frame.
If Ary satisfies only the right inequality in , it is called a (T, U)-controlled
g-fusion Bessel sequence in H.
Let Ary be a (T, U)-controlled g-fusion Bessel sequence in H with a
bound B. The synthesis operator T : Ky, — H is defined by

Te ({vj (T Pu, A3 A, Py, U) 2 f}je}) = 02T By, ASA; P, U,

jeJ
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and the analysis operator T¢, : H — Ky, is given by

Thf = {vj (T* P, A A, Py, U) 2 f} fed,

)
jeJ
where

Ka, = {{Uj (T P, N P, U0) ' £ | ife H} C ({H}jes)

je
J C Z. The frame operator S¢ : H — H is defined as follows

Scf =TcTof =Y vlT*Py, N\ PyUf,  feH,

jed
and it is easy to verify that for any f € H,

<SCf7 f>1 = ZU? <AjPWjUf> AjPWij>1 :

jeJ

Furthermore, if Apy is a (T, U)-controlled g-fusion frame with bounds A and
B, then Aly < S¢c < Bly. Hence, S¢ is bounded, invertible, self-adjoint
and positive linear operator. It is easy to verify that B~y < 551 < Ay
(see [14]).

Let K € B(H), {W;},; be a collection of closed subspaces of H and
{vj},c; be a collection of positive weights. Let {H;},_; be a sequence of
Hilbert spaces, T,U € GB(H) and A; € B(H, H;) for each j € J. The family
Ary = {(Wj, Aj,v5)},; is called a (T', U)-controlled K-g-fusion frame for H
(see [15]) if there exist constants 0 < A < B < oo such that

AIK FIF <> 0 (A Pw, U NPy, Tf), <B|IfI}.  fe€H.

jeJ

There are several ways to introduce the tensor product of Hilbert spaces.
The tensor product of Hilbert spaces H and K is a certain linear space of
operators which was presented by Folland [5] and independently by Kadison
and Ringrose [11]. Below we give the definition according to [19)].

The tensor product of Hilbert spaces H and K is denoted by H ® K and
is defined to be an inner product space associated with the inner product

(fog fegd)={1){99) (3)
for all f, f' € H and ¢,¢' € K. The norm on H ® K is given by
If@gll=1fl:llglls  feHgekK (4)

The space H ® K is complete with respect to the above inner product.
Therefore, the space H ® K is a Hilbert space.
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For Q € B(H) and T € B(K), the tensor product of operators @ and T
is denoted by Q ® T and is defined as

(Q&T)A=QAT*, AcH®K.
It can be easily verified that Q ® T' € B(H ® K) (see, for example, [5]).
Theorem 3 [5] Suppose Q,Q" € B(H) and T,T" € B(K). Then
i) QT eBH@K) and QT = QT

(i
(ii) (Q@T)(f®g)=Q(f)®©T(g) forall f € H,geK;
(iid) (@& T)(Q'®T) = (QQ) @ (TT);

(

iw) QT is invertible if and only if Q and T are invertible, in which case
Qe =@ eT);

(v) (QeT) =(Q ®T);
(vi) Ig ® Ix = Iggk, where Iggy is the identity operator on H ® K.

3 Controlled g-fusion frame in H ® K

In this section, we present the notion of a controlled g-fusion frame in tensor
product of Hilbert spaces. This concept is a generalization of the notion of
g-fusion frame in H ® K.

Let {vi};c; and {w;}, ; be two families of positive weights. Suppose
T.U e GB(H), Th,U, € GB(K) and A; € B(H, H;), I'; € B(K, K;) for each
i €I, j € J. The family A = {(V; @ Wj, A; @ I'j,vw;) }, e 5 18 called
a generalized fusion frame controlled by the operators (T ® T1,U ® U;) (or
(T'® T1,U @ Uy)-controlled g-fusion frame) for H ® K with respect to
{H; ® Kj}ie[,jeJ if there exist constants 0 < A < B < oo such that

AllR|?
<> viw] (A Prsw, (U@ Ur) b, AijPrew, (T @ Ty) h)
i,

< BJ|A|*, ()

h=f®ge H®®K, where Py,gw, is the orthogonal projection of H @ K
onto V; ® W; and A;; = A; ® I';. The constants A and B are called the
frame bounds. If A = B, then it is called a (T'® T1,U ® U, )-controlled
tight g-fusion frame.

Let us make several remarks.
(7) If the family A satisfies only the right inequality in (5], it is called
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a (T'® Ty, U ® Up)-controlled g-fusion Bessel sequence in H ® K with the
bound B.

(3) U T = Iy and Ty = Ik, then A is called a (Iygx,U ® Up)-controlled
g-fusion frame for H @ K.

(tit) U T = U = Iy and T} = Uy = Ik, then A is called a (Iggk, Ingk)-
controlled g-fusion frame for H ® K. In this case, inequalities can be
written as follows

Allf@gl® <3 v2?||(A @ T)) Praw,(f @ 9)||* < BIf @ gl
1,j

for all f ® g€ H® K. Hence, A is a g-fusion frame for H ® K. For more
details on g-fusion frame in the tensor product of Hilbert spaces, see [10].
For i € I and j € J, define the space

P({H, ® K;}) = {{fi®gj}  fi®yg; € H; ®Kjaz Ifi @ g;]” < OO}

with the inner product

{fiogt {fledh)e=> (fivg. fiog)

i)j

=D Fis Fiu, (93 90, = (Z <f¢,f;>Hi> (Z <gj,g;>Kj>

iel jeJ

!/ /
<{fl}zEI ’ {fz}161>l2({Hi}i€I) <{g]}]ej ) {g] }j€J>l2({Kj}jeJ) :
The space I? ({H; ® K;}) is complete with the above inner product. There-
fore, it is a Hilbert space with respect to the above inner product.

Since {Vi},c;, {Wj},e, and {V; @ W;}, ; are the families of closed sub-
spaces of the Hilbert spaces H, K and H ® K, respectively, it is easy to
Verify that PVi®Wj = P\/Z ® PWj-

For the remaining part of this paper, we denote A; ® I'; by A;;, and
the families {(V;, Aj, vi)},c; and {(W;,T'j,w;)}._; by Apy and 'y, , respec-
tively.

jedJ

Theorem 4 The family A = {(V;@W;, AL, viwj)b e, s a
(T ®T1,U @ Uy)-controlled g-fusion frame for H ® K with respect to
{H; ® Kj}iel,jej if and only if Ary is a (T,U)-controlled g-fusion frame for
H with respect to {H;},.; and U'pyy, is a (11, Uy)-controlled g-fusion frame
for K with respect to {Kj}, ;.
Proof. First, suppose that Aisa (T ® Ty, U ® Uy )-controlled g-fusion frame
for H ® K with respect to {H; ® K;} having bounds A and B. Then

i€l jeJ
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foreach h=f® g€ H® K — {0 ® 0}, using (3)) and (4)), we have

AllR|® < ZU?U}? (Ai;Prigw, (U @ Uy) h, Ay Prew, (T @ Ty) h) < B|h|%,
i

and hence,

AlR? <> viw? (MPLUf @ T3Py, Urg, Py T f @ TPy, Tig) < B |)*.

i?j

Further,
AllfIRNg3 <) viws (MPGUf, APy Tf), (T Pw,Urg, T P, Thg),
(2]

< BlIfI3llgl3,

and thus,

Al FIFNgll5 < ZUZQ NPy Uf, NPT f), ZUJJQ (L Pw,Urg, TPy, Thg),

iel jeJ

< BI flilgllz-

Since f ® g is non-zero vector, f and g are also non-zero vectors, and there-
fore,

S NP UL NPT, > wi (TP, Ug, T P, Thg),

el jeJ

are non-zero. Thus, from the above inequality, we get

Allglls IF113 9
< vi (M Py U f, N Py Tf)
%w? <FjPWleg, FjPWjT1g>2 ; !
j
B |gll3 1117
~ X wi (L Pw,Ug, T P, Thg),
jeJ
Then

ALNAIE <Y vl (MPGU L NPT ), < BLIfII, feH,

el

where

2
. Algl?
LT K S w2 (T Py Urg. T Py T
g€ zwj< gtw; P19, LW 1g>2

jeJ
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and

Bl
By =sup 2
geic > w2 (T;Pw,Urg, TPy, Trg),
jeJ

This shows that Apy is a (T, U)-controlled g-fusion frame for H with respect
to {H;},c;- Similarly, it can be shown that I'yy, is (17, Up)-controlled g-
fusion frame for K with respect to {K;},_;.

Conversely, suppose that A7y is a (T, U)-controlled g-fusion frame for
H with respect to {H,},.; and I'ryy, is a (17, Uy)-controlled g-fusion frame
for K with respect to {K j}j ¢, having bounds A, B and C, D, respectively.
Then

ANFIE <D v NP U NPT, < B|FIT,  feH,  (6)

el

Clgll; <> w?(T;Pw,U1g.T;Pw,Tig), < Dglls,  g€K. (7)

jeJ
Multiplying @ with and using and , we get

AC||f®gl* < Z P (NPLUf A PUT f), (T3 Pw,Urg, T P, Tag),

S BD||f®g|?,

Allf®gl* < Zv (NPyUf @T; Py, Urg, NPy, Tf @ T;Pw, Tig)

S B|f @4l

AC |R)* < viw? (A Praw, (U@ Ur) h, Ay Prgw, (T ® T1) h)
i,J

< BD ||h|

forall h = f®g € H® K. Hence, A is a (T ® T1,U ® Uy)-controlled g-
fusion frame for H ® K with respect to {H; ® K,} with bounds AC
and BD. This completes the proof. [

el jeg

Note, that Theorem 3.4 in [10] can be obtained as a corollary of Theo-
rem [] by substituting 7' = U = Iy and T} = Uy = Ix.

Now, we validate this theorem by considering the following example.
Example. Let H = R3 and {ej, ez, e3} be an orthonormal basis for H.
Suppose that V; = span {es, es}, Vo = span {e1,e3} and V3 = span {e;, e2}
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with V; = H;, i = 1,2,3. Define A1f = (f,e2)es, Aof = (f,e3)e; and
Asf = (f,e1) ea. Consider the following two operators on H:

T(fi, for f3) = (2£1.3f2,5f5) . U (fis for fi) = (%% %) |
It is easy to verify that T,U € GB*(H), TU = UT. Now, for any f =

(fl; fas f3) € H,
3
5
; (NP US AP TS = fE+ 13+ 13

Thus,

3
£ < S PRUL AR < ISP f € B
i=1

Hence, {(V;, As, 1)}, is a (T, U)-controlled g-fusion frame for H with bounds
1 and 5/4.

Next, we consider the Hilbert space K = R? with an orthonormal basis
{e1,e2}. Let W; = span{e;}, j = 1,2, with W; = K;, j = 1,2. Define
g = (g,e1) e1, [ag = (g, €2) e2. Consider two operators on H defined by

T (91:92) = (5g1,4g2) . Uilg1,92) = (%7 %) '
It is easy to verify that T,U € GBT(H) and TU = UT. Then, for any
g=(g1,92) € H, we have

4
~gs.

5 5
—91+3

2
Z <FjPWjU197 FjPWjT19> = 6
Thus, {(W;,T}, 1)}521 is a (71,U;)-controlled g-fusion frame for K with
bounds 5/6 and 4/3. Therefore, according to Theorem W] the family
{(VioW;, A @, 1)} ey isa (T ®Th,U® Uy )-controlled g-fusion frame
for H ® K = R® with bounds 5/6 and 5/3.

Remark 1 Let A be a (T ®T1,U ® Uy)-controlled g-fusion frame for the
Hilbert space H ® K. According to its definition, the frame operator Sa :
H® K — H® K is described by

SAh Z U®U1 P‘/Z®Wj (A ®F ) (Az ®F]) PVZ-(X)WJ- (T@Tl)h

forallh=f®gec H® K.
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Theorem 5 If Sry, Sy, and Sa are the corresponding frame operators
for the controlled g-fusion frames Apy, Uy, and A, respectively, then Sa =
Sru @ Styu, and S;l = S;llj ® SilUl.

Proof. Foreach h= f®g € H® K, we have

Sah = Z F (U@ U)" Prew, (M @T))" (A @) Praw, (T ®T)h

= Z viw? (U* Py, AjA Py T f @ U; P, T3T; P, T19)

— (Z V2U* PVZ,A;‘AiPVin> ® (Z wj?UfPer;rjPWjTlg)

il jeJ
= Srvf @ Snvg = (Stv @ Snwy) (f ® g).

This shows that San = Sy ® Syu,. Since Spy and Sp,y, are invertible, by
(1v) of Theorem (3] it follows that

S&l = (STU ® STlUl)_l = S;llj X SilUl'
This completes the proof. [J

Theorem 6 If Sry, Sy, and Sa are the corresponding frame operators
for the controlled g-fusion frames Ary, Uy, and A, respectively. Then

ACIH®K < SA < BDIH@K;

where (A, B) and (C, D) are frame bounds of Ary and Uy, respectively,
and Iggi 15 the identity operator on H @ K.

Proof. Suppose Ary isa (T, U)-controlled g-fusion frame for H with respect
to {H;},.; and I'nyy, is a (11, Uy )-controlled g-fusion frame for K with respect
to {K;},., having bounds A, B and C| D, respectively. Then

Aly < Sty < Bly, Clkx < Snuy, < Dlik.
Taking tensor product of the above two inequalities, we get
AC([H®[K) S STU®ST1U1 S BD([H®[K) .

Hence,
AClpgkx < Sa < BDIggk.
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The frame decomposition formula is the most important result in the
frame theory. It shows that if Apy and I'ryy, are controlled g-fusion frames
in H and K, respectively, then every element in H ® K has a representa-
tion as a superposition of the frame elements. Now, we present the frame
decomposition formula in H ® K.

Theorem 7 Let Ary be a (T, U)-controlled g-fusion frame for H and I'p,y,
be a (Ty,Uy)-controlled g-fusion frames for K with the corresponding frame
operators Sty and Stu,, respectively. Then for each f® g € H® K, we
have

feog= ZU?M?SZI (U ® Ul)* PVi@Wj (Az X F])* (A, ® F]) P%®th
,J
and

fog= Z viw? (U @ Ui)* Prgw, (A @ T))" (A @ T;) Pow, Sa'h,

where h = (T® ) (f®g).

Proof. Since Spy and St,y, are the corresponding frame operators for Ay
and I'r,y,, respectively, for each f € H and g € K, we have

f=SruSpif =Y vU Py A NPT Sy f,
i€l

g= Z w?Ul*PWj [T Py, T\ S70,9-

jed
Then for each f ® g € H ® K, we can write

fRg= <Z vIU* Py, NN Py, T ST f) ®

el

(Z w?Uy P, T3T; Py, Ty Sy, g)

JjeJ
= Z 2 (U Py AN Py TS f @ Uy Py, T3T Py, Ty S, 9)

= Z F(URU) Prew, (A @T;)" (A ® ;) Prow, S5 'h,

where h = (T'® T) (f ® g). On the other hand, for each f® g€ H® K,
f®9=SwSruf ® Sz, Stl,g
= vawfﬂ&l (U@ )" Praw, (N @T;)" (A @ Ty) Prew,h.

This completes the proof. [
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To get the frame decomposition in H ® K, we need to find the operator
Sx'. However, from the practical point of view, this is difficult. To avoid
such a problem, we consider controlled tight g-fusion frame.

Corollary 1 Let Apy be a (T, U)-controlled tight g-fusion frame for H and
let T'ryp, be a (Th, Uy)-controlled tight g-fusion frame for K with bounds Ay
and As, respectively. Then for each f ® g € H® K,

f@g—A1A2ZU U®U1) PVZ®WJ (A ®F) (Ai@rj)PW@Wa‘h7

where h = (T @ Ty) (f ®g).

In the next theorem, using controlled K-g-fusion frames and some ele-

ments of B(H) and B(K), we construct a new controlled g-fusion frame in
H® K.

Theorem 8 Let Ky € B(H) and Ky € B(K). Let Ary be (T, U)-controlled
Ki-g-fusion frame for H and let T'ry, be (T1,Uy)-controlled Ky-g-fusion
frame for K with bounds A, B and C, D and frame operators Sty and
Stv,, respectively. Let Cy € B(H) and Cy € B(K) be invertible operators
such that Cy commutes with T and U, while C5 commutes with T and Uy,
respectively. Then the family

0 = {(C1® C) (Vi@ W;), (A ® 1) Praw, (C1 ® Co)" vy} oy oo

is a (T®T,U®U;)-controlled (Cy @ Cy) (K1 ® K3) (Cy @ Cy)"-fusion frame
for H® K. The corresponding frame operator for © is

(Chy ®Cy) Sa (Cr ® 02)* .

P’I"OOf. Take @,’j = (A2 & Fj) PVZ@WJ‘ (Cl ® CQ)* P(01®Cg)(Vi®Wj)- Then by
Theorems [1] and [3, we get

0 = (N ®Ty) (Py, ® Pw,) (Cf @ C5) (Peyy, ® Poyw,)

Using the obtained relation, for each f ® g € H ® K, we can write

Z viw? (04 (U@ Uy) (f ® ), 045 (T @ T1) (f ® g))

= Z viw? (A Py,CiUf @ TPy, C3Usg, APy, CiT f ® TPy, C3Tig)

—Z 2 (NP CTUf, N Py, CiT f), (T Pw, C3Uvg, T P, C3 Thg),
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= 0} (NPLUCTf, APy TC; f), %

i€l
> w (TP, UiC39.1; P, TiCsg),
JjeJ
< BI|C;£1; DIICsgll3 < BDIICHE I FIZ ICaP gz
= BD||C @ Gl |If @ gl

On the other hand, for each f ® g € H ® K, we have

AC k¥
m\\[((h@@) (K1 ® 52) (CL @ Co)'] (f @ g)|*
1 2
AC S 2
= m |(C, @ Cy) (KT @ K3) (C] @ C3) (f @9
1 2
AC . -
= G G I(CHIG ® GESC) (f @ 9)|°
1 2
AC . .
- W HOlchlfo HCQKQCQgH;

< A|IK;CE 3 C K5 Csls
< ZU? (NP UCTf, NPy, TCT f), X
el
ijz (T;Pw,U1Cs9,T Py, Ty C59),
JjeJ

= vauﬁ- 05 UU)(f®49),0,4(TT)(f9)).

Hence, © is a (T'® Ty, U ® Uy)-controlled (C; @ Cy) (K ®@ Ks) (C; @ Cy)*-
fusion frame for H ® K.
Further, take A = (A; ® I';) Py,ew, (C1 ® C2)". Then, applying Theo-
rem [3] we obtain
A*A = (M ®T) Prgw, (C1®© C2)")" (M @) Prgw, (Cr @ Co)”
= (1@ Cy) (Py, ® Pw,) (A; @T5) (A @ Ty) (P, @ Pw,) (Cf @ C3)

Now,

Perecy)(view)) A" AP ciecy) view,)

- (Pclw ® PC2W.7‘) A™A (PCM ® PC2WJ')

= Po,v,C1 Py NS APy, Ci Peyv, ® Peyw,CoPw, T3 Py, Cs Poyw,
= (Py,C5)" A\ Py,Cy ® (P, C3) " T Py, Cy

= C1Py ATA Py, C @ Co Py 5T Py, Cs.

13
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Therefore, for each h = f ® g € H ® K, we have
Z 2w} (U @ U)" Poyecy)view,) A AP acy)wview,;) (T © Ty) b
= Z 2(U* @ Uy) (Cy Py AfA Py, C; ® CoPy, T3 Py, C ) (T f ® Thg)

= Z viw? (U*Cy Py A A Py, C; T f @ Uy Co Py, TiT; Py, C3 Th g)

- (Z V2CLU* Py NS Py TCE f) ® Y w?CyU; P, 5T Py, TiC3 g
el JjeJ

= C1SruCl f ® CaStu, Csg

= (Cy ® Cy) (Stv @ Srypy) (C1 @ Co)* (f ® g)

= (C1®@Cy) Sa (CL® o) (f®g).

Thus, the corresponding frame operator for © is (C} ® Cy) Sa (C; ® Cy)".
O

In the following theorem, we show that controlled g-fusion Bessel se-
quences in H and K become controlled g-fusion frames in H ® K.

Theorem 9 Let Ary = {(Vi, Ai,vi) e Ay = {(V/ AL v)},ep be (T,U)-
controlled g-fusion Bessel sequences with bounds B, D i H and 'y, =
{W;,Ly,w)}ies Do, = {(W/, I, w )}jGJ be (Tl,Ul)—controlled g-fusion
Bessel sequences with bounds E, F in K, respectively. Suppose (T, Ty:) and
(Tr, Tt) are their synthesis operators such that Ta/Tx = Iy and Tr/T} = Ik.
Then

A= {(Vl ® ij A ® Fj? inj)}ie],jej
and
— {(V/®W/ A/®P/

g+ Vi J) }z‘el,jeJ

are (T ®@ Ty, U ® Uy)-controlled g-fusion frames for H® K.

Proof. By Theorem i, A and A’ are (T’ ® T3, U ® Uy)-controlled g-fusion
Bessel sequences in H ® K with bounds BE and DF', respectively. For each
f®ge H® K, we can write

If@alt=1f g fea)l> =, NI g ),
= (T f, T P (T g, Tig) |
< Txf 1PN T G N Tl T gl
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= > W) (NPUL NPT, x Y () (TP Urg, T PayTag )

iel jeJ

X ZU? (NP U f NPT [ % wa <FjPWjU1Q7 FjPWjT19>2

iel jeJ

< DF|flI}lgll3 (Z v (APLUS, Ainin>1> X

el

(Z w? (T; Py, Upg, rjPWjT1g>2)

jeJ

= DF||f @g|I* x > viw} (APyUf @ T;Pw,Urg, APy Tf @ TPy, Thg)
1,]

Thus, forh:f®g€H®K, we can write

HhH2 < ZU A’LJP\/@W (U ® Ul) h Az]PV®W <T®T1) h>

Hence, A is a (T ® T}, U ® Uy )-controlled g-fusion frame for H ® K. Simi-
larly, it can be shown that A’ is also a (T’ ® T3, U ® U;)-controlled g-fusion
frame for H ® K. [J

Now, we present the frame operator for a pair of g-fusion Bessel sequences
in H® K.
Let Ary = {(Vi, Ai, vi) },cp and Ay = {(VY, Af, ) }ep be (T, U)-controlled

g-fusion Bessel sequences in H. The operator Sy : H — H defined by

SAA/(f) = ZUJwJU*ijA;FJPV]Tf, f € H,
jed
is called the frame operator for the pair of controlled g-fusion Bessel se-

quences Ary and A,
Let the families

A={(V,;oW;,A; @ Tj,v;w;)}

i€l je
and
_ {(V’ ® W/ A® F;, : J)}iel,jEJ

be two (T'® Ty, U ® Uy )-controlled g-fusion Bessel sequences in H® K. The
operator S : H ® K — H ® K defined by

Sh = szwj (U U1)" Pugw, (A @ T;)" (A; ® F;) PV/®W}h’

where h = (T ®T)) (f®g), f®g € H® K, is called the frame operator for
the pair of (T'® T1,U ® Uy )-controlled g-fusion Bessel sequences A and A’.
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If we put T = U = Iy and T} = U; = Ik in the above definition,
the operator S becomes the frame operator for the pair of g-fusion Bessel
sequences in H ® K. Thus, this concept is a generalization of the concept
given in [10].

Now, let A and A’ be two (T'® T3, U ® Uy)-controlled g-fusion frames for
H® K. If we take v; = v;, V; = V/, Ay = Aj and w; = w);, W; = W}, T'; =T
for each @ € I and j € J, we obtain A = A’. According to Remark [1], it
follows that S = Sa.

In the next theorem, we establish a relationship between the frame op-

erator for a pair of controlled g-fusion Bessel sequences in H ® K with those
of H and K.

Theorem 10 Let Syy: be the frame operator for the pair of (T, U)-controlled
g-fusion Bessel sequences Ay = {(Vi, Ai, vi) },cp and Ny = {(V/, A}, v) }ies
in H, and let Srrs be the frame operator for the pair of (T1,Uy)-controlled
g-fusion Bessel sequences

FTlUl = {U/Vjarj’wj)}jej and 1—‘/T1U1 = {(VVJI’F;’ >}j€J
m K. Then S == SAA’ X Srr/.

Proof. Noting that S is the associated frame operator for the pair of
(T'® T1,U ® Uy)-controlled g-fusion Bessel sequences A and A’, for all h =
f®ge H® K, we can write

Sh = Z viwopwl (U @ Uh)" Praw, (A @ T;)" (A @ T) Prrgw: (T @ Th) h

- Z viw; vl (U*PV A APy Tf ® Uj Py, T PW/Tlg)

= (Z v U Py AN Py, T f> ® <Z wjw,U; Py, T3, PW/TLq)

el jeJ

= San(f) ® Srrv(g) = (Saar ® Srrv) (f @ g).
This shows that S = Sap ® Srpy. O
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