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Abstract. This article is concerned with ergodic theory for
transformations which preserve an infinite measure. In the first
part we present an overview of the invertible case with a focus
on weakly wandering sequences and their applications to num-
ber theory as it has developed over the last fifty years. The
second part presents a very preliminary investigation into ex-
tending weakly wandering sequences to the non-invertible case.
This consists primarily of a few examples which illustrate the
complexities which arise in the non-invertible case.
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Introduction

Let (X,B,m) be a σ-finite Lebesgue measure space. A subset A ⊂ X is
measurable if A ∈ B. (X,B,m) is said to be a finite or infinite measure
space if m(X) < ∞ or m(X) = ∞ respectively. In case m(X) = ∞ we
require X to be the countable union of sets of finite measure. For simplicity
one may consider X to be the unit interval or the whole real line with
ordinary Lebesgue measure defined on them. All the sets we consider are
assumed to be measurable, and statements are meant to be understood as
modulo sets of measure zero even when explicitly not stated.

A measure preserving transformation T is a (not necessarily invertible) map
defined on X into itself such that m(T−1A) = m(A) for all sets A ∈ B. In
this case we also say m is an invariant measure for T . Two measures m and
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µ defined on a measurable space (X,B) are equivalent (m ∼ µ) if m(A) = 0
if and only if µ(A) = 0.

Ergodic theory is the study of properties of measure preserving transfor-
mations T defined on a measure space (X,B,m). A subset E ⊂ X is an
invariant set for T if T−1E = E. It is clear that if the space X is the
union of two disjoint invariant subsets of positive measure then the study of
the properties of a transformation T on the space X reduces to the study
of its properties on these invariant subsets. The significant transformations
then are the ones defined on spaces that do not decompose into two disjoint
invariant subsets of positive measure. These transformations are usually
called ergodic. We define the following:

T is an ergodic transformation if the only T -invariant sets are trivial, i.e.
T−1A = A =⇒ m(A) = 0 or m(X − A) = 0.

Birkhoff’s Individual Ergodic Theorem is a well known and fundamental
theorem. It was published in 1932 and was instrumental in the development
of ergodic theory. We state it below without proof, see [4].

Theorem 1 (Individual Ergodic Theorem) Let T be a measure preserving
(not necessarily invertible) transformation defined on the σ-finite measure
space (X,B,m), and let f ∈ L1(X,B,m) be an integrable function, then

lim
n→∞

1

n

∞∑
i=0

f(T ix) = f ∗(x)

exists a.e. The limit function f ∗ is integrable (f ∗ ∈ L1(X,B,m)), and invari-
ant (f ∗(Tx) = f ∗(x) a.e.). If m(X) <∞ then

∫
X
f ∗dm(x) =

∫
X
f dm(x).

In the next section we discuss invertible (1-to-1 and onto) ergodic transfor-
mations. We present two examples of ergodic transformations that preserve
a finite measure then concentrate on ergodic transformations that preserve
an infinite measure. In the last section of this article we discuss the compli-
cations that are present when the transformations are not invertible.

1 Invertible Ergodic Transformations

In this section we consider invertible ergodic transformations and discuss
properties of ergodic transformations that preserve an infinite measure.
An important property of ergodic transformations is the following:

Suppose m ∼ µ are two equivalent and invariant measures
for an ergodic transformation T then m = c µ for some constant c 6= 0.
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The proof is an immediate consequence of the definition of T being ergodic
and the fact that the Radon-Nikodym derivative of m with respect to µ is
an invariant function of T .

Let us call an ergodic transformation that preserves a finite measure a finite
ergodic transformation and one that preserves an infinite measure an infinite
ergodic transformation. From the above follows that the collection of finite
ergodic transformations and the infinite ones are mutually exclusive.
For ergodic transformations since the limit function f ∗ in theorem [1] is an
integrable and invariant function it follows that it is a constant.
For finite ergodic transformations applying the above to the characteristic
functions of the sets A and B we get:

for any two sets A,B ∈ B lim
n→∞

1

n

n−1∑
i=0

m(T−iA ∩B) = m(A)m(B). (1)

For infinite ergodic transformations since f ∗ is a constant and an integrable
function with m(X) = ∞ it follows that f ∗ = 0. Applying this to the
characteristic functions of sets A and B of finite measure and using the
dominated convergence theorem we conclude:

m(A),m(B) <∞ =⇒ lim
n→∞

1

n

n−1∑
i=0

m(T−iA ∩B) = 0. (2)

The theory of finite ergodic transformations is well developed with many ap-
plications to dynamical systems, coding theory and additive number theory.
When the invariant measure is finite a number of powerful techniques from
functional analysis and probability theory apply. The literature is rich with
many of the important and powerful results that have been obtained during
the past several decades.

First we mention a few properties of finite ergodic transformations and
present two important examples. Then we discuss briefly properties of in-
finite ergodic transformations. These properties are treated more fully and
presented in more detail in [6].

For finite ergodic transformations property (1) is a significant property. It
implies that finite ergodic transformations are “mixing” on the average. This
was an exciting result when it was noticed, and quickly property (1) was
strengthened to:

A,B ∈ B =⇒ lim
n→∞

m(T nA ∩B) = m(A)m(B). (3)

Transformations satisfying property (3) were called “strongly mixing” or at
times simply“mixing” transformations. Soon several important examples
and many significant results followed. We present two important examples
of finite ergodic transformations.
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Figure 1: The transformation S of Example 1 on the space X0.

Example 1 Let (X0,B0,m0) be a finite measure space where

X0 = {x ∈ R, 0 < x < 1, x 6= dyadic rational},

B0 is the σ-field of all Lebesgue measurable subsets of X0 and m0 is the
ordinary Lebesgue measure on B0 with m0(X0) = 1. A dyadic rational in
(0,1] is a rational number of the form k/2n for n = 1, 2, · · · and 0 ≤ k ≤ n.
For n ≥ 0 we let

An = {x ∈ X0 : 1− 1/2n < x < 1− 1/2n+1}

be the dyadic interval of length 1/2n+1. We define the transformation S on
X0 onto itself as follows:

Sx = x−
(
1− 3/2n+1

)
if x ∈ An, n ≥ 0 .

Then S is an ergodic measure preserving transformation defined on the mea-
sure space (X0,B0,m0) with m0(X0) = 1 . In the literature this transforma-
tion is usually referred to as the Von Neumann adding machine transfor-
mation (or the dyadic odometer). Figure 1 describes the transformation S
acting on X0.

Example 2 We let I = [0, 1) be the unit interval and S the measure pre-
serving transformation defined on the unit square I2 = I × I by

S(x, y) =

{
(2x, y/2) if 0 ≤ x < 1

2
,

(2x− 1, (y + 1)/2) if 1
2
≤ x < 1 .

Often the transformation S is referred to as the baker’s transformation de-
fined on the unit square. It is a finite ergodic transformation satisfying
property (3), in other words it is strongly mixing.
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We introduce the following

Definition 1 Let T be a measurable transformation defined on (X,B,m).

• A set A ∈ B is a wandering set (for T ) if m(A) > 0 and T iA∩T jA = ∅
for i, j ∈ Z, i 6= j.

• A set A ∈ B is a weakly wandering (ww) set (for T ) if m(A) > 0 and
for an infinite set of integers {ni : i ≥ 0} T niA ∩ T njA = ∅ for i 6= j.

• A set A ∈ B is an exhaustive weakly wandering (eww) set (for T ) if
m(A) > 0 and for an infinite set of integers {ni : i ≥ 0} we have
X =

⋃∞
i=0 T

niA(disj).

Often we say A is a ww, or eww set (for T ) (with the sequence {ni}),
or at times say {ni} is a ww or eww sequence (for T ) (with the set A).

As we saw above the collection of infinite ergodic transformations are disjoint
from the set of finite ones. In contrast to the finite case the theory of infinite
ergodic transformations is in a primitive state, and hardly any of the prop-
erties of finite ergodic transformations generalize to the infinite ones. We
introduce several sequences associated with infinite ergodic transformations
and discuss several important features of infinite ergodic transformations
that show how they differ in fundamental ways from the finite ones.

An important property that describes an ergodic transformation T in general
is the following:

m(A) > 0, m(B) > 0 =⇒ ∃ n > 0 such that m(T nA ∩B) > 0.

This says that given two sets A and B of positive measure there exists an
integer n > 0 such that the n-th iterate of the images of the set A under the
action of T intersects B in a set of positive measure. It is not difficult to
show that all ergodic transformations defined on a non-atomic measure space
do not possess wandering sets. In fact they also possess a slightly stronger
property than recurrence. Namely, for any set A of positive measure and for
almost every point x ∈ X there exist infinitely many integers n > 0 such that
T nx ∈ A. All of these features misled several mathematicians working in
ergodic theory to a faulty conclusion that ergodic transformations in general
possess some mixing feature that precludes the existence of ww sequences for
any ergodic transformation in general, see [13]. However once it is realized
that ww sequences exist for all infinite ergodic transformations it is a simple
exercise to show their existence. Actually a bit more follows readily from
property (2) as seen in the next proposition.

Proposition 1 Let T be an infinite ergodic transformation, and let C be a
measurable set with 0 < m(C) < ∞. Then for any 0 < ε < m(C) there
exists a subset C ′ ⊂ C, m(C ′) < ε, and the set W = C \ C ′ is a ww set.
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Proof. For an infinite ergodic transformation T we use property (2) and
conclude:

m(A) <∞, m(B) <∞ =⇒ lim inf
n→∞

m(T nA ∩B) = 0. (4)

For i = 1, 2, · · · we let εi = ε/2i. We let n0 = 0, and using property (4)
choose an integer n1 > 0 such that m

(
T n1 [T−n0C] ∩ C

)
< ε1.

We note that m(T−n0C ∪ T−n1C) < ∞ and using property (4) choose an
integer n2 > n1 such that m

(
T n2 [T−n0C ∪ T−n1C] ∩ C

)
< ε2. We continue

by induction.
Having chosen the integers 0 = n0 < n1 < · · · < ni−1 we use property (4)
and choose an integer ni > ni−1 such that m

(
T ni [

⋃i−1
j=0 T

−njC] ∩ C
)
< εi.

Let C ′ =
( ∞⋃
i=1

i−1⋃
j=0

T ni−njC
)
∩ C and W = C r C ′.

Then m(C ′) ≤
∞∑
i=1

εi =
∞∑
i=1

ε/2i = ε, and m(W ) ≥ m(C)− ε > 0.

We have W ⊂ C and, for i > j, T ni−njW ∩ C ⊂ C ′. This says:

T ni−njW ∩W = ∅ for i > j, or T niW ∩ T njW = ∅ for i > j. �

The above says that for any infinite ergodic transformation a small piece
can be removed from any set of finite measure and the rest becomes a ww
set. This implies an abundance of ww sets for every infinite ergodic trans-
formation. Our next task was to actually see an example of a ww set for
some infinite ergodic transformation. There exist several examples of infinite
ergodic transformations in the literature. Yet all the attempts to locate a
concrete example of a ww set for any of these transformations failed.

Next we present an infinite ergodic transformation and a specific ww set for
it. This example first appeared in [11].

Example 3 We consider the finite ergodic transformation S defined on the
measure space (X0,B0,m0) of Example 1.
For n ≥ 0 we recall the dyadic intervals

An = {x : x ∈ X0, 1− 1/2n < x < 1− 1/2n+1}

of length 1/2n+1.
Let us put f(0) = 0 and f(n) = 2 + 23 + · · ·+ 22n−1 for n ≥ 1.
For n ≥ 1 we consider f(n) + 1 mutually disjoint copies of An ; namely

A0
n = An, A

1
n, . . . , A

f(n)
n . We denote by the same letter R all the following

isomorphisms

RAi
n = Ai+1

n , i = 0, 1, . . . , f(n)− 1; n ≥ 1.
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Next we consider the measure space (X,B,m)

X =
∞⋃
n=0

f(n)⋃
i=0

Ai
n(disj),

where B is the σ-field of all “Lebesgue measurable” subsets of X, and m is
the corresponding measure on (X,B) .
We now define the transformation T from X onto itself as follows:

Tx =

{
Rx if x ∈ Ai

n for i = 0, 1, . . . , f(n)− 1 and n ≥ 0,

SR−f(n)x if x ∈ A
f(n)
n for n ≥ 0.

(5)

It follows that T is an ergodic measure preserving transformation defined on
the σ-finite measure space (X,B,m) with m(X) =∞.
Next we consider the following subsets of X: B0 = X0,

Bj =
∞⋃
n=j

f(j)⋃
i=f(j−1)+1

Ai
n(disj) for j ≥ 1, and Ck =

k⋃
j=0

Bj(disj) for k ≥ 0 .

We observe that the sets Bj and Ck have the following properties:

m(Bj) = [f(j)− f(j − 1)]
∞∑
n=j

1/2n+1 = 2j−1 for j ≥ 1,

m(Ck) = 1 +
k∑

j=1

m(Bj) = 2k for k ≥ 0, X =
∞⋃
j=0

Bj (disj), and

C0 ⊂ C1 ⊂ C2 ⊂ · · · ⊂ Ck ⊂ · · · −→ X . (6)

Also from the above definition (5) of T we get

T n(Ck) ⊂ Ck+l for 0 ≤ n ≤ f(k + l)− f(k), k ≥ 0, l ≥ 0 . (7)

We put n0 = 0 and define for i = 1, 2, . . .

ni = ε02
1 + ε12

3 + · · ·+ εk22k+1 if i = ε02
0 + ε12

1 + · · ·+ εk2k, (8)

where εj = 0 or 1 for 0 ≤ j ≤ k. The members of the above sequence are

A = 0, 2, 8, 10, 32, 34, 40, 42, . . . . (9)

We shall return to this sequence in the next Section (see 2.3.1).

We observe the following important relations:

Bj =
2j−1⋃

i=2j−1

T niX0 (disj) for j ≥ 1.
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Figure 2: The transformation T of Example 3 on the space X.

Hence Ck =
2k−1⋃
i=0

T niX0 (disj) for k ≥ 0, and X =
∞⋃
i=0

T niX0 (disj). (10)

From the above discussion follows that for the infinite ergodic transformation
T defined by (5) relation (10) holds for the set X0 of measure 1 with the
sequence {ni : i ≥ 0} defined by (8). In other words, {ni : i ≥ 0} is an eww
sequence for the transformation T with the set X0 of measure 1.
Figure 2 describes the transformation T acting on X.

The presence of ww sets was first noticed for all infinite ergodic transforma-
tions while studying conditions for the existence of a finite invariant measure
in [8] and [10]. This was a surprising event at the time, and the fact that
an infinite ergodic transformation may possess an eww sequence was equally
surprising. The existence of an eww set of finite measure for any infinite
ergodic transformation on the other hand was unexpected. It was in [11],
Example 3 above, that an eww set of finite measure first appeared.

Let us call an infinite ergodic transformation which possesses an eww set of
finite measure a transformation of finite type, see [7]. In time it was shown
that these transformations possess several interesting properties.
For example, if T is an ergodic transformation of finite type then the cen-
tralizer of T ,
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C(T ) = {nonsingular transformations S : ST = TS},

consists of measure preserving transformations only. The proof follows from
what we saw earlier. Namely, two equivalent measures invariant for the same
ergodic transformation are constant multiples of each other. We complete
the discussion of transformations of finite type with the following proposi-
tion.

Proposition 2 Let T be an ergodic transformation of finite type. Let {ni :
i ≥ 1} be an eww sequence for T with a set W of finite measure. For a set
V ∈ B let us consider the following three statements:

1. V is an exhaustive set under {ni} (X =
⋃∞

i=1 T
niV ).

2. V is a ww set under {ni}.

3. m(V ) = m(W ).

Then any two of the above statements together imply the third.

The proof of the above proposition is not complicated and we leave it as
an interesting exercise for the reader, see also [7]. There are examples of
infinite ergodic transformations that are not of finite type. They too have
interesting properties and are discussed in [9] in more detail.

Next we mention a few interesting properties of ww and eww sequences.
Let us denote the cardinality of a set A by |A| (= the number of elements in
A). For a subset E ⊂ Z let us denote by OrbT,E(x) the set {T nx : n ∈ E}.
It was briefly mentioned earlier that an ergodic transformation T in general
possesses the following property:

For any set A of positive measure and |OrbT,Z(x)∩A| =∞ for a.a. x ∈ X.

In other words, almost all point x ∈ X visit every set of positive measure
infinitely often under images of T .

Let us call an infinite set of integers D = {ni} a dissipative sequence for a
transformation T if for every set A of finite measure |OrbT,D(x) ∩ A| < ∞
for almost all points x ∈ X. This says that almost every point x ∈ X visits
every set of finite measure only finitely often under the n-th images of T
for n ∈ D. It is an interesting fact that every ww sequence for an infinite
ergodic transformation happens to be a dissipative sequence. The proof is
simple and uses properties of the characteristic function of the set A of finite
measure.

Related to the ww sequences of a transformation there are other interesting
sequences of integers that may (or may not) exist for some infinite ergodic
transformations. We introduce the following:
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Infinite set of integers {ri} is a recurrent sequence for an infinite ergodic
transformation T if |{ri} ∩ {ni}| <∞ for all ww sequence {ni} of T .

Using similar arguments as in the proof of Proposition 1 it is possible to
give a description of recurrent sequences without making reference to the
ww sequences of a transformation T . Namely,

an infinite sequence of integers {ri} is a recurrent sequence for a
transformation T if and only if there exists a set A of finite measure such

that lim inf
i→∞

m(T riA ∩ A) > 0.

We note that the infinite ergodic transformation of example 3 possesses
recurrent sequences. It is not difficult to observe that the sequence of integers
{ri = 22i : i = 0, 1, 2, · · · } satisfies m(T riX0 ∩X0) = 1

2
for all i ≥ 0, and this

implies that the sequence {ri} is a recurrent sequence for T . In fact, for this
example it is possible to describe all the recurrent sequences for it, see [11].

We present our final example of this section. This is an example of an infinite
ergodic transformation without recurrent sequences.

Example 4 We let I = {x : 0 ≤ x < 1} be the unit interval and consider
the measure preserving transformation S of example 2 defined on I × I. It
is also possible to represent S as follows:
First we express the points x ∈ I and y ∈ I by their binary representations
x = .ε0ε1ε2 · · · and y = .ε−1ε−2 · · · where we choose to write the εi = ±1
instead of the usual choice of εi = 0 or 1. Next we represent the point
(x, y) ∈ I × I as a two sided point z = (· · · ε−2ε−1 . ε0ε1ε2 · · · ) in the product
space Z =

∏∞
−∞{−1, 1}. The dot “.” is for centralizing the representation

of z. The transformation S is then represented as the shift transformation
on Z as follows:
for z = (· · · ε−2ε−1 . ε0ε1ε2 · · · ) we let Sz = (· · · ε−2ε−1ε0 . ε1ε2 · · · ).
We consider the space X =

⋃∞
n=−∞(n, Z) and define the transformation T

on X as follows:

for a point (n, z) ∈ X, n ∈ Z and z = (· · · ε−2ε−1 . ε0ε1ε2 · · · ) ∈ Z we let
T (n, z) = (n+ ε0, Sz).

The transformation T may be considered a random walk on the integers Z.
Using standard arguments it is possible to show that T actually is an infinite
ergodic transformation defined on X.
We let A = (0, I × I). Using mathematical induction it can be shown that
m(T nA∩A) < 1√

n
for all n > 0. This says limn→∞m(T nA∩A) = 0, which

implies T is an infinite ergodic transformation without recurrent sequences.

Let us call an eww sequence {ni} a hereditary eww sequence for a trans-
formation T if every infinite subset {n′i} ⊂ {ni} is an eww sequence for
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Figure 3: The transformation T of Example 4 on the space Z×I2, displayed
for even numbered boxes {−2} × I2, {0} × I2, {2} × I2 only.

the same T . For some mathematicians working in ergodic theory it was not
easy to predict the existence of ww sequences for any ergodic transformation.
However, as we saw in Proposition 1, once the existence of ww sequences
is suspected it is not too difficult to prove their existence. The situation
for eww sequences is similar. In fact using property (2) the existence of
hereditary eww sequences can be proven directly. The proof is a bit more
intricate, and we refer to chapter 2 of [6] for a complete proof. Using the
same methods in proving the existence of eww sequences it is also possible
to prove the following fact which is far from being intuitive.

Proposition 3 If {ni} is a ww sequence for an egodic transformation T
and {2ni} is also a ww sequence for T then there exists a subset {n′i} ⊂ {ni}
which is a hereditary eww sequence for the same transformation T .

We state next the following theorem about the existence of ww and eww
sequences for infinite ergodic transformations without recurrent sequences.

Theorem 2 Let T be an infinite ergodic transformation without recurrent
sequences. Then there exists an increasing sequence {0 < N1 < N2 · · · } of
integers satisfying the following:
Let {0 < n1 < n2 · · · } be an increasing sequence of positive integers. Then

(I) ni − ni−1 ≥ Ni for i ≥ 1 =⇒ {ni} is a ww sequence for T .

(II) ni − 2ni−1 ≥ Ni for i ≥ 1 =⇒ {ni} is an eww sequence for T .

The proof of theorem 2 follows along similar lines to the proof of the existence
of ww and eww sequences with a few additional arguments. For a complete
proof see Chapter 3 of [6].

We complete this section with an application of Theorem 2 to a result in
additive number theory. For any two subset E and F of Z let us denote by

E + F = {a+ b : a ∈ E, and b ∈ F},
and by

E⊕ F = {a+ b : a ∈ E, b ∈ F such that if a+ b = a′ + b′ for a, a′ ∈ E
and b, b′ ∈ F, then a = a′ and b = b′}.
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We say the subset E ⊂ Z tiles Z if there exists another subset F ⊂ Z such
that E⊕ F = Z. Next we prove the following:

Every eww sequence {ni} for an infinite ergodic transformation tiles Z.

Let E = {ni} be an eww sequence for T with the set W . Let n ∈ Z be any
integer and x ∈ W any point. Let F(x) = {n ∈ Z : T nx ∈ W}. Then
T nx ∈ T niW for a unique integer ni ∈ E and T n−nix ∈ W . This implies
n − ni = b for an integer b ∈ F(x), which says n = ni + b with ni ∈ E, and
b ∈ F(x). The uniqueness of the representation of n as ni + b follows from
the fact that T is 1-to-1.

From Proposition 2 follows that if an increasing sequence of positive integers
{ni} increases fast enough to∞ then it tiles the integers Z. The speed with
which the sequence {ni} tends to infinity clearly depends on the transforma-
tion T . However this result prompts us to conjecture the following theorem
for which there exists a proof in [5] that follows from ergodic theoretic ar-
guments. We present a short algebraic proof that was communicated to us
by James Schmerl [18].

Theorem 3 Let E = {0 = n0 < n1 < n2 < · · · } be an increasing sequence
of positive integers. If lim

i→∞
(ani
− 2ani−1

) =∞ then A tiles Z.

Proof. Let us enumerate Z = {z0, z1, z2, · · · } and inductively define a se-
quence {0} = F0 ⊂ F1 ⊂ F2 ⊂ · · · of finite subsets of Z as follows:
Assume Fi is defined. If zi ∈ E + Fi then let Fi+1 = Fi. If zi /∈ E + Fi then
choose ni large enough so that for all j ≥ ni, aj − 2aj−1 > (|zi|+ max(|b| :
b ∈ Fi), and let Fi+1 = Fi ∪ {zi − ani

}.
Let F =

⋃
i≥0 Fi. Clearly zi = an1 +(zi−ani

) ∈ E+Fi+1, so E+F = Z.
We show E ⊕ F = Z using induction on i. That is, for all i ∈ N no z ∈ Z
can be written in two ways as a+ b for a ∈ E and b ∈ F.

It is trivial for i = 0.
Suppose E + Fi = E⊕ Fi.

If Fi+1 = Fi then E + Fi+1 = E⊕ Fi+1.
If Fi+1 6= Fi, zi /∈ E + Fi, then ni exists and Fi+1 = Fi ∪ {zi − ani

}.
Assume a ∈ Z, b ∈ Fi, and j ∈ N are such that a + b = aj + (zi − ani

)
trying to show a /∈ E, or aj + (zi − ani

) 6= a+ b with a ∈ E and b ∈ F.
Suppose j = ni. Then a+ b = zi but zi /∈ E + Fi and b ∈ F.

Therefore a /∈ E.
Suppose j < ni. Then a = aj+(zi−ani

)−b ≤ ani−1
+zi−ani

+max(Fi) <
0. Therefore a /∈ E.

Suppose j > ni.
Then a ≤ aj + (zi − ani

+ max(F) < 0, a ≥ aj + zi − aj−1 > aj−1.
Thus aj−1 < a < aj. Therefore a /∈ E. �
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2 Non-invertible Ergodic Transformations

In this section we examine three non-invertible ergodic transformations (see
Examples 5, 6, 7) on infinite σ-finite Lebesgue spaces with an eye toward
weakly wandering sequences. A great deal is known about infinite ergodic
transformations as well as a wide range of examples - we refer the reader to
J. Aaronson’s book and references therein [1].
However, very little is known about weakly wandering sequences for the
many examples presented in Aaronson’s book. These include Markov maps
(see Chapter 4), inner functions (see Chapter 6), the geodesic flow on hy-
perbolic surfaces (see Chapter 7), to name a few.

2.1 Assumptions

We restrict ourselves in this section to non-invertible transformations T
which are finite-to-one (the pre-image of each point is finite and we assume
greater than 1) on (X,B,m) a σ-finite, non-atomic Lebesgue space.
The fundamental papers of Rohlin [16], [17] apply in this case and we make
free use of all results there. We include some of the definitions for complete-
ness. In particular, if A ∈ B then TA ∈ B.
We point out, as will be seen in the examples, that even when T is mea-
sure preserving, i.e. m(T−1A = m(A) it does not follow that m(TA) = A
and moreover T need not be expanding with respect to any equivalent finite
measure.

Unless otherwise indicated all transformations will be conservative by con-
struction or assumption that is for any set A with positive measure, m(A) >
0, there exists a positive integer k such that m(A ∩ T−nA) > 0.

The main tool as usual is Birkhoff’s Ergodic Theorem presented in the Intro-
duction (Theorem 1). We remind the reader that an immediate consequence
of the theorem is:

For all sets A,B offinite measure lim inf
n→∞

m(T−nB ∩ A) = 0. (11)

When T is invertible the corresponding result for forward images also holds.

For all sets A,B offinite measure lim inf
n→∞

m(T nB ∩ A) = 0. (12)

However, in the sequel we show by example that this second result need
not be true in the non-invertible case. Specifically, it does not hold for the
Harmonic Series example (see 7), see Theorem 4.

This gives an immediate difference with the invertible case. For invertible
transformations there exist weakly wandering sequences consisting of posi-
tive images of T . But there are non-invertible transformations that do not
have positive image weakly wandering sequences.
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2.2 Definitions

A transformation T is totally ergodic if T k is ergodic for k > 0. This def-
inition applies in all cases, i.e. invertible and non-invertible cases and for
finite and infinite measure spaces.

The set τ(T ) = ∩∞i=0T
−iB is called the tail σ-field of the transformation T .

Definition 2 A transformation T is called exact if its tail σ-field is trivial,

τ(T ) = {∅, X}.

This notion holds equally in finite and infinite measure spaces. However,
invertible transformations cannot be exact as the tail σ-algebra always cor-
responds with B.
Rohlin introduced the notion of exact in [17] where he proved that exactness
implied ergodicity for the finite measure case.

Definition 3 A set A ∈ B is called full if

lim
n→∞

µ(T nA) = µ(X)

for a finite measure µ equivalent to the measure m. A transformation T is
called full if each set of positive measure is full.

The definition makes sense since

for two equivalent probability measures either the transformation is full for
both measures or not full for each of them.

In the finite measure case that means the forward T -images of every set
of positive measure converges to the entire space. However, in the infinite
measure case, the complement of T nA may still be infinite.
The notion of full was also introduced by Rohlin in [17] although he did not
give it a name. He showed that in the finite measure preserving case exact
and full are equivalent. This is no longer true for the infinite measure case
- see the 2-to-1 and 3-to-1 random walk transformations (Example 5 and
Example 6)

An immediate consequence of the definition is that a full set can have at
most a finite number of disjoint forward images.

The following definition for a set is stronger than fullness. This was also
introduced by Rohlin but not given a name by him.

Definition 4 A set A is finite-full if there exists an integer n = n(A) > 0
such that T n(A) = X and T n restricted to A is 1-to-1.
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Rohlin showed that finite-full sets always exist for non-invertible transfor-
mations.

Since not all sets may be finite-full, it may still be possible to construct a
weakly wandering set whose sequence consists of positive integers (other than
n0 of course). This will be illustrated by constructing a weakly wandering
set and sequence for 2-to-1 and 3-to-1 Random walk transformations (see
Examples 5, 6.

Theorem 4 If B is a finite-full set for a transformation T then

lim inf
n→∞

m(T nB ∩ A) = m(A) (13)

for all A, m(A) <∞.

There is a notion which is weaker than the fullness.

Definition 5 A transformation T is called limsup-full if

lim sup
n→∞

µ(T n(A)) = 1 (14)

for a finite measure µ equivalent to the measure m and each set A of positive
measure.

Again, this definition is well defined since

for two equivalent probability measures either a transformation is
lim sup-full for both measures or not lim sup-full for neither.

The following result due to J. Barnes ([3]) shows that limsup-fullness is
stronger that exactness.

Theorem 5 A limsup-full transformation is exact.

Corollary 1 Each full transformation is exact.

As mentioned Rohlin showed that properties full and exact coincide in the
finite measure preserving case. In the infinite measure preserving case a
transformation may be exact but not full (see, e.g., the 3-to-1 random walk
R3, Example 6).

The properties of fullness and limsup-fullness are clearly related to the local
expansion of the transformation. This may be understood using the Ja-
cobian function J define by W Parry in [15] which is an invariant of the
transformation and expresses the local expansion at each point. Two exam-
ples illustrate the significance of the Jacobian.
The 2-to-1 Random Walk (Example 5) has a Jacobian function identically
2 - which immediately means no set of finite measure can be finite full.
The Harmonic Series Transformation 7 has an unbounded Jacobian function
and its finite full sets generate the measure algebra.
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2.3 Wandering sets and sequences

As we have seen in the first section, ww and eww sequences are known to
exist for all invertible ergodic infinite measure preserving transformations.
In point of fact, in the invertible case, the ww and eww sequences can be
backward (strictly negative excluding n0 = 0) or forward (strictly positive
excluding n0 = 0) or two-sided sequences. However in the non-invertible
case, which has not been studied in any detail to date, the situation is quite
different and the unilateral (forward and backward) and bilateral sequences
need to be examined separately.

2.3.1 Weakly Wandering sets.

Comments on negative powers. Using property (11) which is derived
from Birkhoff’s Ergodic Theorem, the existence of ww sets whose sequences
are backward can be shown (the proof is similar to the invertible case):

Theorem 6 For any transformation T there exists a measurable set A with
0 < µ(A) < ∞ and an infinite sequence of integers {0 = n0 < n1 < n2 · · · }
such that the sets T−niA, i = 1, 2, . . . are pairwise disjoint.

However negative exhaustive weakly wandering do not always exist.

Theorem 7 If T is an exact transformation then there does not exist any
negative-imaged eww set, i.e. a set A such that X = ∪∞i=0T

−niA(disj), for
0 = n0 < n1 < n2 . . ..

This is an immediate corollary of the following fact.

Proposition 4 If X =
⋃∞

i=0 T−niA (disj) with 0 = n0 < n1 < . . ., for a
transformation T then A is a tail set, A ∈ τ(B).

A slight weakening of exactness is still able to prevent the existence of an
negative-imaged exhaustive weakly wandering set and sequence, The 2-to-
1 Random Walk (Example 5) is not exact yet still does not possess an
exhaustive weakly wandering sequence with negative powers.

Remark 1 If the tail field is large enough, then the sww construction (see
Section 1) can be applied to get an eww set and sequence.

Comments on positive powers. In the invertible case there always exist
weakly wandering sequences with positive powers, i.e. T niA are disjoint for
0 = n0 < n1 < n2, . . .. However, as mentioned previously a full set can not
have more than a finite number of disjoint forward images.

Theorem 8 If a transformation T is full then there are no positive ww
sequences.
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Note that the 2-to-1 Random Walk Transformation R2 is not full, and has
positive-imaged ww sets.

As a corollary of the Proposition 4, theorem 7 and the previous one we have
the following.

Theorem 9 If a transformation T is full then there are no eww sequences
(positive, negative or two-sided).

Comments on shifting sequences. In the invertible case, if {ni} is an
eww sequence for a transformation then for each integer k, positive and
negative, the shifted sequence {k+ni} is also eww. In the noninvertible case
a problem arises because forward images of disjoint sets need not be disjoint.
However we still have the following.

Proposition 5 Given 0 = n0 < n1 < n2 . . ., if f X = ∪∞i=0T
−niW and k > 0

then X = ∪∞i=0T
−k ◦ T−niW (disj).

For positive sequences a partial result is still possible.

Comments on Positive sequence with arithmetic properties. Recall
the sequence A = {0, 2, 8, 10, · · · } which occur (see (9) as an eww sequence
for the Hajian-Kakutani (HK) example (Example 3 of the previous section).
This can occur as an eww sequence for a 2-to-1 transformation IHK (see 8)
which is the direct product of the HK-transformation with the finite measure
preserving shift σ2 (see Example 5).

This has some curious arithmetic properties.

Returning to the issues raised at the end of the previous subsubsection, we
mention one more result.

Theorem 10 Suppose a transformation T has A as an eww sequence,
X = ∪∞i=0T

aiA (disj), ai ∈ A. Then for k > 0 the forward images are still
disjoint, that is

X = ∪∞i=0T
k(T aiA) (disj).

We have also

Theorem 11 Let T have A as an eww sequence with the set W (positive
powers). Then W is a tail set.

Corollary 2 If T is exact then the sequence A cannot be eww sequence
(positive powers).

In the invertible case, there exist eww sequences with algebraic properties
which allow for shifting positively (for example, just mentioned sequence A).
This works because the sequence A has some ”nice” arithmetic properties.
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3 Examples.

We gather here the examples mentioned earlier in the paper illustrating the
properties concerning non-invertible infinite measure preserving transforma-
tions.

Example 5 (The 2-to-1 Random walk R2) Our first non-invertible ex-
ample is constructed as a skew product. We recall the classic finite measure
preserving one-sided Bernoulli shift σ2 and remind the reader of it and its
various isomorphic realizations.

Ω =
∏∞

0 {−1, 1} product space

ω = (ω0, ω1, ω2, · · · )

λ =
∏∞

0 {
1
2
, 1
2
}, product measure

σ2 : ω → (ω1, ω2, , · · · ) (left-shift)

11
2

1

�
�
�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�
�
�

The transformation σ2 is isomorphic to the following two maps:

(i) x→ 2x (mod 1) on [0, 1) with Lebesgue measure

(ii) x→ x2 on the unit circle with normed Lebesgue arc measure.

It is well known that the transformation σ2 is a finite measure preserving
map. It is easy to see it is full, which implies it is exact which in turn implies
it is ergodic.

Let η denote the counting measure on Z.

We define the 2-to-1 random walk transformation R2 on X = Ω × Z as
follows.

X = Ω× Z

(ω, n) = (ω0ω1, · · · , n)

µ = λ× η

R2(ω, n) = (σ2(ω), n+ ω0) ...

-1

0
@
@R
x→ 2x

@
@I x→ 2x− 1

1

2

...
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This transformation R2 is infinite measure preserving and ergodic. However
it is not totally ergodic nor is it exact (the tail field is not trivial). Therefore
it cannot be full nor can it be limsup-full. These results follow by the
construction of a ww set with an associated weakly wandering sequence
which consists of strictly nonnegative integers (we omit the construction in
this survey).

This is related to W. Parry’s Jacobian function J which forR2 satsifies J = 2.
Hence if m(A) <∞ then m(R2A) <∞. Thus no set of finite measure can be
finite-full (though finite-full sets of infinite measure are easily constructed).

This example shows that exactness can be weakened and yet the same (as
for exact transformations) conclusion can be reached: the transformation R2

has no an exhaustive weakly wandering sequence with negative powers.
Note that there exists a positive ww set for R2.

The next example is only a slight modification of the previous. However
where R2 is not exact or totally ergodic R3 is.

Example 6 (Random walk 3-to-1 R3) Now recall the finite measure pre-
serving one-sided Bernoulli 3-to-1 shift σ3. It is defined similarly to σ2 and
also has various isomorphic realizations.

Ω =
∏∞

0 {−1, 0, 1} product space

ω = (ω0, ω1, ω2, · · · )

λ =
∏∞

0 {
1
3
, 1
3
1
3
, }, product measure

σ3 : ω → (ω1, ω2, , · · · ) (left-shift)

11
3

2
3

1

�
�
�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�
�
�

Other isomorphic realizations:

(i) x→ 3x (mod 1) on [0, 1) with Lebesgue measure

(ii) x→ x3 on the unit circle with normed Lebesgue arc measure.

The transformation σ3 is full, exact and ergodic.

The analysis of the random walk 3-to-1 transformation R3 is the same as
R2 but improves on the results. We assume again that η is the counting
measure on Z and define the transformation R3 by the following way.
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X = Ω× Z

(ω, n) = (ω0ω1, · · · , n)

µ = λ× η

R3(ω, n) = (σ3(ω), n+ ω0)
...

-1

0
HHHjx→ 3x

H
HH

HY x→ 3x− 2

1

2

...

���
�

I

x→ 3x− 1

As in the case of R2, it is possible to construct for R3 a set A of positive mea-
sure which is ww under a positive sequence ni > 0 for all i > 0. Thus R3 is
not full. However, in contrast to the 2-to-1 random walk this transformation
is limsup-full, and exact.

Example 7 (Harmonic series transformation.)

Given any divergent series with positive members 1 = a1 > a2 > . . ., we can
construct a 2-to-1 infinite measure preserving transformation.

We illustrate this with the Harmonic series {1, 1/2, 1/3, . . .}.

...
...

0

0

0

0

0

0

0

0

0

0

1

1
2

1
3

1
4

1
5

1

1
2

1
3

1
4

1
5

�
�
��∗2

�
�
��
∗3
2

�
�
��
∗4
3

�
�
��

�
�
��∗2

�
�
��
∗3
2

�
�
��
∗4
3

�
�
��

Left Right

H ↑
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Description. There are two descending columns, denoted Left and Right.
Each column consists of the intervals [0, 1), [0, 1

2
), [0, 1

3
), [0, 1

4
), . . . [0, 1

n
) . . ..

The transformation H is defined to move up linear.

To define H on the tops, we first create a partition P of the Unit Interval
by taking consecutive differences of the Harmonic series.

The tops are similarly partitioned.

0 1
2

2
3

3
4

4
5
· · · 1︸ ︷︷ ︸

1− 1
2

︸ ︷︷ ︸
1
2
− 1

3

︸︷︷︸
1
3
− 1

4

· · ·

Partition P on the unit interval

The transformation is defined on the top levels by each element of the par-
tition maps to the corresponding level of the other column.

�

H

�

...
...

0

0

0

0

0

0

0

0

0

0

1

1
2

1
3

1
4

1
5

1

1
2

1
3

1
4

1
5

Left Right
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We mention the following properties of this transformation:

(i) H is measure preserving 2-to-1 limsup-full transformation (therefore
exact and ergodic).

(ii) H has sets of finite measure which map to sets of infinite measure.

(iii) The top level of each column is finite-full in 2 steps.

(iv) Each level of either column is finite-full. Level n fills the entire space
in n+ 1 steps.

(v) The collection of disjoint unions of finite full sets is dense in the mea-
sure algebra (with respect to a finite equivalent measure.

(v) The Jacobian for H is unbounded.

It remains an open question whether H is full or not.

Example 8 Irreversible Hajian-Kakutani (IHK) transformation.
We consider the direct product of the 2-to-1 Bernoulli one-sided shift σ2
and the Hajian-Kakutani (HK) transformation described in the first section
(Example 3).

The transformation IHK obviously inherits all the ww and eww sequences of
the HK-transformation.

Conjecture 1 The transformation IHK has no additional ww sequences.
That is, any HK-ww sequence is already ww for IHK-transformation.

References

[1] Aaronson, J. An introduction to infinite ergodic theory Mathematical
Surveys and Monographs, 50. American Mathematical Society, Provi-
dence, RI, 1997. xii+284 pp.

[2] Adler, R. L., Weiss, B. The ergodic infinite measure preserving trans-
formation of Boole, Israel J. of Math., 16, no. 3 (1973) 263–278.

[3] Barnes, J. A., Conservative exact rational maps of the sphere, J. Math.
Anal. Appl., 230, no. 2 (1999) 350–374.

[4] Birkhoff, G. D., Proof of the ergodic theorem, Proc. Nat. Acad. Sci.
USA, 17 (1932) 650-660.



ERGODIC THEORY IN INFINITE MEASURE SPACES 119

[5] Eigen, S., Hajian, A., Hereditary tiling sets of the integers, Integers, 8
(2008) A54, 9 pp.

[6] Eigen, S., Hajian, A., Ito, Y., Prasad, V., Weakly Wandering Sequences
in Ergodic Theory, Springer, Tokyo, 2014, 154 pp.

[7] Eigen, S., Hajian, A., Ito, Y., Ergodic measure preserving transforma-
tions of finite type, Tokyo J. of Math. 11 (1988), 459–470.

[8] Hajian, A., Measurable transformations and invariant measures, Thesis
(Ph.D.), Yale University, New Haven CT, 1957.

[9] Hajian, A., Ito, Y., Kakutani, S., Invariant measures and orbits of
dissipative transformations, Advances in Math. 9 (1972) 52–65.

[10] Hajian, A., Kakutani, S., Weakly wandering sets and invariant mea-
sures, Trans. Amer. Math. Soc. 110 (1964) 136–151.

[11] Hajian, A., Kakutani, S., Example of an ergodic measure preserving
transformation on an infinite measure space, Contributions to Ergodic
Theory and Probability (Proc. Conf. Ohio State Univ., Columbus,
Ohio), Springer, Berlin (1970) 45–52.

[12] Halmos, P. R., Lectures on Ergodic Theory, Chelse, New York, 1961.

[13] Hopf, E., Ergodentheorie, Springer, Berlin, 1937.

[14] Kakutani, S., Induced measure preserving transformations, Proc. Imp.
Acad., Tokyo. 30 (1943) 635–641.

[15] Parry, W. Entropy and Generators in Ergodic Theory, W. A. Benjamin,
Inc., New York-Amsterdam, 1969, xii+124pp.

[16] Rohlin, V. A. On The Fundamental Ideas of Measure Theory, Amer.
Math. Soc. Translations, 71,1952, 55 pp.

[17] Rohlin, V. A. Exact endomorphisms of a Lebesgue space., Amer. Math.
Soc. Translations, Ser. 2, 39, 1964, iv+298 pp.

[18] Schmerl, J.,Private communication, Dept of Mathematics, University
of Connecticut, Storrs, CT

[19] Walters, P. Roots of n:1 measure-preserving transformations. J. London
Math. Soc. 44 (1969) 7-14.



120 VICTOR ARZUMANIAN, STANLEY EIGEN AND ARSHAG HAJIAN

Victor Arzumanian
Institute of Mathematics, NAS of Armenia,
24/5 Baghramian Ave., Yerevan, 0019, Armenia
vicar@instmath.sci.am

Stanley Eigen
Northeastern University
360 Huntington Avenue, Boston, MA, 02115 USA
s.eigen@neu.edu

Arshag Hajian
Northeastern University
360 Huntington Avenue, Boston, MA, 02115 USA
a.hajian@neu.edu

Please, cite to this paper as published in
Armen. J. Math., V. 7, N. 2(2015), pp. 97–120

mailto:vicar@instmath.sci.am
mailto:s.eigen@neu.edu
mailto:a.hajian@neu.edu

